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Devwudfw

Zh vxuyh| vrph uhfhqw ghyhorsphqwv lq wkh dssolfdwlrq ri wkh phwkrg ri

ixqgdphqwdo vroxwlrqv iru wkh qxphulfdo vroxwlrq ri hoolswlf dqg sduderolf

sduwldo gl�huhqwldo htxdwlrqv1 Ri sduwlfxodu lqwhuhvw duh wkh h{whqvlrqv ri

wkh phwkrg wr vroyh lqkrprjhqhrxv dqg qrqolqhdu erxqgdu| ydoxh sureohpv

dqg wlph ghshqghqw sureohpv wkurxjk wkh xvh ri wkh Odsodfh wudqvirup1 Zh

glvfxvv d qxpehu ri frqyhujhqfh uhvxowv iru Odsodfh*v htxdwlrq lq wkh sodqh

dqg h{whqg wkhvh wr hvwdeolvk frqyhujhqfh uhvxowv iru Srlvvrq*v htxdwlrq

zkhq wkh vrxufh whup lv dssur{lpdwhg e| udgldo edvlv ixqfwlrqv1 Qxphulfdo

uhvxowv duh suhvhqwhg vkrzlqj wkh h!flhqf| dqg vwdelolw| ri wkh phwkrg1

4 Lqwurgxfwlrq

Lq wkh wudglwlrqdo erxqgdu| hohphqw phwkrg +EHP, vroxwlrqv ri sdu0

wldo gl�huhqwldo htxdwlrqv +SGHv, duh uhsuhvhqwhg e| od|hu srwhqwldov

rq wkh vxuidfh ri wkh grpdlq dqg xvlqj ydulrxv olplwlqj surshuwlhv

ri wkhvh srwhqwldov rqh duulyhv dw lqwhjudo htxdwlrqv iru wkh ghwhupl0

qdwlrq ri wkhlu ghqvlwlhv ^4/ 5`1 Vroylqj wkhvh htxdwlrqv qxphulfdoo|

surylghv d srzhuixo wrro iru wkh vroxwlrq ri qxphurxv vflhqwl�f dqg

hqjlqhhulqj sureohpv ^4/ 5`1 Zlwk kxqguhgv ri sdshuv ehlqj sxe0

olvkhg hdfk |hdu rq wklv whfkqltxh ^6`/ lw kdv ehfrph hvwdeolvkhg dv



rqh ri wkh edvlf frpsxwdwlrqdo wrrov lq hqjlqhhulqj dqdo|vlv dqg d

yldeoh dowhuqdwlyh wr wkh �qlwh hohphqw dqg �qlwh gl�huhqfh phwkrgv

+IHPv dqg IGPv,1 Ghvslwh lwv srsxodulw|/ wkhuh duh pdq| sureohpv

uhodwhg wr lwv h!flhqw lpsohphqwdwlrq1 Dprqj wkhvh duh gl!fxow| lq

phvklqj vxuidfhv/ sduwlfxoduo| lq wkuhh glphqvlrqv +6G, ^7`/ wkh qhhg

wr frpsxwh frpsolfdwhg vlqjxodu lqwhjudov ^5/ 7/ 8` dqg wkh riwhq vorz

frqyhujhqfh gxh wr wkh xvh ri orz rughu sro|qrpldo dssur{lpdwlrqv

^4/ 5`1 Dv d frqvhtxhqfh/ lw lv ri vrph lqwhuhvw wr ghyhors phwkrgv

zklfk zrxog doohyldwh wkhvh sureohpv1 Rqh whfkqltxh iru grlqj wklv

lv wr uhsuhvhqw vroxwlrqv xvlqj od|hu srwhqwldov rq vxuidfhv zklfk duh

qrw wkh sk|vlfdo vxuidfhv1 Wklv phwkrg/ riwhq fdoohg wkh uhjxodu EHP

^9`/ grhv qrw uhtxluh frpsolfdwhg phvklqj dqg dyrlgv wkh sureohp ri

hydoxdwlqj vlqjxodu lqwhjudov1 Zkhq wkhvh srwhqwldov duh glvfuhwl}hg/

rqh duulyhv dw uhsuhvhqwdwlrqv ri wkh vroxwlrq lq whupv ri ixqgdphq0

wdo vroxwlrqv ri wkh jlyhq sduwldo gl�huhqwldo htxdwlrq +SGH,1 Lq wklv

irup wkh phwkrg lv nqrzq dv wkh Phwkrg ri Ixqgdphqwdo Vroxwlrqv

+PIV, dqg fdq eh d kljko| h!flhqw dowhuqdwlyh wr wkh wudglwlrqdo

EHP ^:046`1 +Wkh phwkrg lv dovr nqrzq e| pdq| rwkhu qdphv lq wkh

olwhudwxuh1 Dprqj wkhvh duh wkh vxshusrvlwlrq phwkrg ^46`/ ghvlqjx0

odul}hg phwkrg ^47`/ dqg wkh fkdujh vlpxodwlrq phwkrg +FVP, ^48`1,

Lq wklv fkdswhu zh glvfxvv vrph uhfhqw zrun rq wkh dssolfdwlrq

ri wkh PIV wr vroyh Odsodfh*v/ Srlvvrq*v/ Khopkrow}*v dqg gl�xvlrq

htxdwlrqv lq U2 dqg U� dqg h{sdqg rq pdwhuldo ghyhorshg lq ^5`1 Ri

sduwlfxodu lqwhuhvw duh vrph qhz frqyhujhqfh uhvxowv iru wkh PIV iru

Odsodfh*v dqg Srlvvrq*v htxdwlrqv lq U2 dqg h{whqvlrqv ri wkh phwkrg

wr vroyh wlph0ghshqghqw sureohpv ^49`1

Wkh sdshu lv glylghg lqwr vl{ vhfwlrqv1 Lq Vhfwlrq 5 zh uhylhz sdvw

zrun rq wkh PIV iru Odsodfh*v htxdwlrq dqg glvfxvv vrph frqyhujhqfh

uhvxowv ri Ndwvxudgd dqg Rndprwr ^4:` dqg Ndwvxudgd ^4;` zklfk

h{whqgv wkh suhylrxv zrun ri Fkhqj ^4<` zkr vwxglhg wkh frqyhujhqfh

ri wkh PIV rq flufxodu grpdlqv lq U2= Wklv zrun lv lpsruwdqw lq wkdw

lw ohqgv ixuwkhu vxssruw wr wkh frqmhfwxuh wkdw iru vprrwk vroxwlrqv

wkh frqyhujhqfh ri wkh PIV lv h{srqhqwldo +vshfwudo, dqg lpsuryhv

wkh iduwkhu wkh vrxufh vxuidfh lv iurp wkh sk|vlfdo rqh1 Lq dgglwlrq/

wkh zrun ri Nlwljdzd ^53/ 54` jlyhv vrph jxlgdqfh dv wr zkhq wkh loo0

frqglwlrqlqj ri wkh PIV htxdwlrqv fdq fdxvh qxphulfdo gl!fxowlhv1

Wklv kdv ehhq rqh ri wkh shusoh{lqj sureohpv ri wkh phwkrg ^5/ 55`1

Zh dovr glvfxvv wkh zrun ri Ndudjhrujklv hw do rq xvlqj vlqjxodu

vroxwlrqv wr vroyh pl{hg erxqgdu| ydoxh sureohpv rq grpdlqv lq U2



zlwk fruqhuv ^5`1

Lq Vhfwlrq 6 zh h{dplqh vrph dssolfdwlrqv ri wkh PIV wr vroyh wkh

Khopkrow} htxdwlrq1 Lq frqwudvw wr Odsodfh*v htxdwlrq/ zkhuh lqwhulru

sureohpv duh xvxdoo| ri prvw lqwhuhvw/ iru wkh Khopkrow} htxdwlrq wkh

sureohpv ri prvw lqwhuhvw duh h{whulru sureohpv uhvxowlqj iurp wkh

vfdwwhulqj ri dfrxvwlf dqg hohfwurpdjqhwlf zdyhv iurp vxuidfhv ^46`1

Wklv sureohp lv gl!fxow wr vroyh e| vwdqgdug EHPv ehfdxvh vroxwlrqv

wr wkh od|hu htxdwlrqv duh qrw xqltxh ^56`1 Rq wkh rwkhu kdqg/ wkh

PIV vhhpv wr eh iuhh ri vxfk frpsolfdwlrqv zklfk lv dq dgglwlrqdo

prwlydwlrq iru lwv ixuwkhu lqyhvwljdwlrq ^46`1

Lq Vhfwlrq 7 zh h{whqg wkh PIV whfkqltxh wr vroyh Srlvvrq*v htxd0

wlrq dqg zh uhsruw rq vrph uhfhqw h{shulphqwv frpsdulqj wkh PIV

zlwk vhyhudo pruh wudglwlrqdo EHPv1

Lq Vhfwlrq 8 zh frqvlghu dq dssurdfk wr vroylqj wkh gl�xvlrq htxd0

wlrq xvlqj wkh PIV1 Khuh zh surfhhg dorqj wkh olqhv ri ]kx hw do ^57`

zkr xvhg wkh Odsodfh wudqvirup dqg vwdqgdug EHPv +Vhh Fkdswhu

4,1 Udwkhu wkdq xvlqj wlph0ghshqghqw srwhqwldov ^58`/ zh uhpryh wkh

wlph ghshqghqfh e| xvlqj wkh Odsodfh wudqvirup/ vroyh wkh uhvxowlqj

hoolswlf sureohp e| wkh PIV dqg wkhq qxphulfdoo| lqyhuw wkh wudqv0

irup wr rewdlq wkh wlph ghshqghqw vroxwlrq1

Zkhq wkh lqlwldo frqglwlrq iru wkh gl�xvlrq htxdwlrq lv qrw kdu0

prqlf/ wkh wlph0lqghshqghqw sureohp lv lqkrprjhqhrxv1 Dv iru Srlv0

vrq*v htxdwlrq/ wklv uhtxluhv wkdw rqh eh deoh wr fdofxodwh sduwlfxodu

vroxwlrqv iru d Khopkrow}0w|sh htxdwlrq1 Lq ^49` wklv zdv grqh e| qx0

phulfdo lqwhjudwlrq wr hydoxdwh d jhqhudol}dwlrq ri Dwnlqvrq*v irupxod

^5`1 Pruh uhfhqwo|/ wkh dxwkruv dqg Udvkhg ^59` kdyh glvfryhuhg dqd0

o|wlf irupxodv iru sduwlfxodu vroxwlrqv zkhq wkh lqkrprjhqhrxv whup

lv d wklq sodwh vsolqh +WSV, ru kljkhu rughu vsolqhv1 Wklv rshqv dq

dssurdfk wr wkh h!flhqw vroxwlrq ri lqkrprjhqhrxv Khopkrow}0w|sh

htxdwlrqv erwk iru wkh PIV dqg vwdqgdug EHPv1 Zh forvh zlwk vrph

gluhfwlrqv iru ixwxuh uhvhdufk1

5 Wkh PIV iru Odsodfh*v htxdwlrq

514 Ghulydwlrq

Wr looxvwudwh wkh edvlf lghdv ri wkh PIV zh frqvlghu wkh vroxwlrq ri wkh

lqwhulru Glulfkohw sureohp iru Odsodfh*v htxdwlrq lq U_> g @ 5> 6= Iru

wklv/ ohw G eh d erxqghg/ frqqhfwhg/ vlpso| frqqhfwhg grpdlq lq U_

zlwk erxqgdu| V dqg frqvlghu vroylqj wkh erxqgdu| ydoxh sureohp



+EYS,

�x+S, @ 3> S 5G> +4,

x+S, @ j+S,> S 5 V> +5,

zkhuh j lv d nqrzq ixqfwlrq1 Dv lv zhoo nqrzq/ zkhq V lv vx!flhqwo|

vprrwk +jhqhudoo| Olsvfklw} frqwlqxrxv, Htq1 +4, 0 Htq1 +5, kdv d

xqltxh vroxwlrq ^5`1 Ehfdxvh ri lwv sudfwlfdo lpsruwdqfh/ qxphurxv

qxphulfdo whfkqltxhv kdyh ehhq sursrvhg iru vroylqj Htq1 +4, 0 Htq1

+5,1 Dprqj wkhvh duh wkh IHP/ IGP/ vshfwudo phwkrgv ^5:` dqg

wkh EHP ^4/ 5`1 Iru wkh odwwhu/ wkh wudglwlrqdo dssurdfk kdv ehhq wr

uhsuhvhqw x lq whupv ri wkh grxeoh od|hu srwhqwldo

x+S, @

]
7

CJ+S>T,

Cq"
�+T,gv> S 5G> +6,

zkhuh � lv wkh xqnqrzq ghqvlw| dqg

J+S>T, @

;AA?AA=
4

5�
orj nS�Tn > +S>T, 5 U2>

�4
7� nS�Tn > +S>T, 5 U�>

+7,

lv wkh ixqgdphqwdo vroxwlrq ri �= Wdnlqj wkh olplw S$V ohdgv wr d

Iuhgkrop lqwhjudo htxdwlrq ri wkh vhfrqg nlqg iru � ^5`1 Pruh uhfhqwo|/

ydulrxv dxwkruv kdyh frqvlghuhg xvlqj wkh vlqjoh od|hu uhsuhvhqwdwlrq

^5/ 5;/ 5<`

x+S, @

]
7

J+S>T,�+T,gv> S 5G> +8,

zklfk jlyhv wkh htxdwlrq]
7

J+S>T,�+T,gv @ j+S,> S 5V> +9,

iru �= Glvfuhwl}dwlrq ri Htq1 +9, riwhq jlyhv h!flhqw dojrulwkpv iru

vroylqj Htq1 +4, 0 Htq1 +5, ^5/ 5;/ 5<`1

Wr ryhufrph sureohpv zlwk hydoxdwlqj wkh vlqjxodu lqwhjudov lq

Htq1 +9, dqg wkh phvklqj ri V> dq dowhuqdwlyh dssurdfk wr vroylqj

Htq1 +4, 0 Htq1 +5, dqdorjrxv wr Htq1 +8,/ uhsuhvhqwv wkh vroxwlrqv

dv

x+S, @

]
	7

J+S>T,�+T,gv> S 5G> +:,

zkhuh aV lv wkh vxuidfh ri d grpdlq aG frqwdlqlqj G=



Iljxuh 41 Jhrphwu| iru wkh PIV=

Lw lv hdvlo| yhul�hg wkdw�x @ 3= Wr vdwlvi| wkh erxqgdu| frqglwlrq

lq Htq1 +5,/ ohw S$V jlylqj]
	7

J+S>T,�+T,gv @ j+S,> S 5V> +;,

wr ghwhuplqh �+T,>T 5 aV= Vroylqj Htq1 +;, qxphulfdoo| iru � dqg

vxevwlwxwlqj wkh vroxwlrq lqwr Htq1 +9, jlyhv d qxphulfdo whfkqltxh

iru vroylqj Htq1 +4, 0 Htq1 +5, rqfh aV kdv ehhq ghwhuplqhg1 Wklv

phwkrg lv riwhq fdoohg wkh uhjxodu EHP lq wkh hqjlqhhulqj olwhudwxuh

^9`1

Dvvxplqj aV lv nqrzq/ rqh fdq vroyh Htq1 +;, e| whfkqltxhv dqdo0

rjrxv wr wkrvh iru Htq1 +9,1 Iru h{dpsoh/ vxssrvh i*�+T,j"
�

lv d

frpsohwh vhw ri ixqfwlrqv rq aV> wkhq zh dssur{lpdwh � e|

�?+T, @

?[
�'�

f�*�+T,> T 5 aV= +<,

Vxevwlwxwlqj Htq1 +<, lqwr Htq1 +;, dqg froorfdwlqj dw q srlqwv rq

iS&j?� rq V jlyhv

?[
�'�

f�

]
	7

J+S&>T,*�+T,gv @ j+S&,> 4 � n � q> +43,

wr ghwhuplqh if�j?� = Lq jhqhudo/ wkh lqwhjudov]
	7

J+S&>T,*�+T,gv> 4 � m � q> +44,



kdyh wr eh fdofxodwhg qxphulfdoo|1 Vlqfh S& 9@ T>4 � n � q> wkh

lqwhjudqg J+S&>T, lv qrqvlqjxodu/ vr wkdw vwdqgdug txdgudwxuh uxohv

fdq eh xvhg wr dssur{lpdwh Htq1 +44, jlylqj]
	7

J+S&>T,*�+T,gv *
�[
,'�

z,J+S&>T,,*�+T,, +45,

Vxevwlwxwlqj Htq1 +45, lqwr Htq1 +43, jlyhv iaf�j?� > wkh dssur{lpd0
wlrqv wr if�j?� > dv wkh vroxwlrqv wr

?[
�'�

af�

%
�[
,'�

z,J+S& >T,,*�+T,,

&

@

�[
,'�

z,

57 ?[
�'�

af�*�+T,,

68J+S&>T,, @ j+S&,> 4 � n � q=+46,

Ohwwlqj

e, @

?[
�'�

af�*�+T,, +47,

Htq1 +46, ehfrphv

�[
,'�

d,J+S&>T,, @ j+S&,> d, @ z,e,> 4 � n � q= +48,

Li P @ q> wkh glvfuhwh uhjxodu EHP lq Htq1 +48, lv htxlydohqw wr

dssur{lpdwlqj wkh vroxwlrq wr Htq1 +4, e|

x?+S, @

?[
�'�

d�J+S>T�,> T� 5 aV +49,

dqg vdwlvi|lqj Htq1 +5, e| vhwwlqj

x?+S&, @ j+S&,> 4 � n � q= +4:,

Zh uhihu wr wkh uhsuhvhqwdwlrq lq Htq1 +49, dv wkh PIV1 Wklv htxly0

dohqfh ehwzhhq wkh uhjxodu EHP dqg wkh PIV vhhpv wr kdyh ehhq

ryhuorrnhg lq wkh olwhudwxuh ^9`1



Dowkrxjk Htq1 +49, iroorzv qdwxudoo| iurp Htq1 +:, lq U�> zh

jhqhudoo| qhhg wr dgg d frqvwdqw wr Htq1 +49, lq U2 iru frpsohwhqhvv

sxusrvhv ^55`1 Lq wklv fdvh zh xvh

x?+S, @

?[
�'�

d�J+S>T�, . f> +4;,

dqg froorfdwh dw q. 4 srlqwv iS&j?n�� rq V jlylqj

?[
�'�

d�J+S&>T�, . f @ j+S&,> 4 � n � q. 4= +4<,

Zkhq V lv d flufoh/ zh fdq jhqhudoo| wdnh f @ 31 Qxphulfdo h{dpsohv

ghprqvwudwlqj wkh h!flhqf| ri wklv phwkrg duh jlyhq lq ^5/ :045/ 55`1

Revhuyh wkdw lq xvlqj Htq1 +49, ru Htq1 +4;, qhlwkhu erxqgdu|

phvklqj qru qxphulfdo lqwhjudwlrq lv uhtxluhg1 Pruhryhu/ zkhq V

dqg j duh vprrwk x? riwhq frqyhujhv h{srqhqwldoo| wr x vr wkdw lq

frqwudvw wr xvxdo EHPv wkh v|vwhp ri htxdwlrqv jlyhq e| Htq1 +4:,

ru Htq1 +4<, lv xvxdoo| vpdoo/ riwhq q � 63 vx!fhv lq U2 dqg q � 433

lq U� ^44`1

D ixuwkhu dgydqwdjh ri wkh PIV ryhu wkh EHP lv wkdw wkh df0

fxudf| ri wkh PIV grhv qrw ghwhulrudwh qhdu wkh erxqgdu| V dv lv

frpprq lq wkh EHP ^5`1

Dowkrxjk zh kdyh lqwurgxfhg wkh PIV lq whupv ri wkh Glulfk0

ohw sureohp/ txlwh duelwudu| erxqgdu| frqglwlrqv/ erwk olqhdu dqg

qrqolqhdu ^5/ 43 `/ fdq eh lqfrusrudwhg lq wkh PIV zlwk qr pruh gli0

�fxow|1 Iru h{dpsoh/ d frpprq vlwxdwlrq lv wr kdyh pl{hg erxqgdu|

frqglwlrqv rq V ri wkh irup

x+S, @ j�+S,> S 5 V�> +53,

Cx+S,

Cq�
@ j2+S,> S 5 V2> +54,

zkhuh V� _ V2 @ > dqg V� ^ V2 @ V= Wkhq fkrrvlqj q� froorfdwlrq

srlqwv rq V� dqg q2 srlqwv rq V2> q�.q2 @ q.4 lq U2 ru q�.q2 @ q



lq U�> id�j lq Htq1 +49, ru Htq1 +4;, fdq eh rewdlqhg e| vroylqj;AAAAA?AAAAA=

?�[
�'�

d�J+S&>T�, . �_f @ j�+S&,> 4 � n � q�>

?�n?2[
�'?�n�

d�
C

Cq�
J+S&>T�, @ j2+S&,> q� . 4 � n � q� . q2>

+55,

zkhuh

�_ @

�
4> iru g @ 5>

3> iru g @ 6=

Ixuwkhu/ wkh PIV fdq dffrpprgdwh qrqwudglwlrqdo erxqgdu| frq0

glwlrqv dv hdvlo| dv wkh pruh wudglwlrqdo Glulfkohw ru pl{hg erxqgdu|

frqglwlrqv1 Dq lqwhuhvwlqj fodvv ri vxfk frqglwlrqv duh wkh reoltxh

erxqgdu| frqglwlrqv

d+S, . e+S,
Cx

C�
@ j+S,> S 5V> +56,

zkhuh � lv d xqlw yhfwru �hog rq V ^63`1 Zkhq d @ 3> � @ q> wkh xqlw

qrupdo/ zh kdyh Qhxpdqq frqglwlrqv dqg zkhq d 9@ 3> e 9@ 3> � @ q

zh kdyh Urelq frqglwlrqv1 Lq d qxpehu ri lpsruwdqw sureohpv lq

jhrghv| � 9@ q dqg wkhq xvlqj Htq1 +6, ru Htq1 +8, ohdgv wr Fdxfk|

vlqjxodu ru k|shuvlqjxodu lqwhjudo htxdwlrqv zklfk fdq eh gl!fxow

wr vroyh qxphulfdoo| ^63`1 Krzhyhu/ wkh PIV fdq eh lpsohphqwhg

dv lq Htq1 +55,1 Lq sulqflsoh/ qr dgglwlrqdo sureohpv vkrxog rffxu1

Wklv sureohp zdv glvfxvvhg lq ^64` zkhuh vrph frpsohwhqhvv uhvxowv

zhuh jlyhq/ exw qr qxphulfdo uhvxowv zhuh rewdlqhg1 Lq ylhz ri wkh

lpsruwdqfh ri wklv fodvv ri sureohpv/ zh ihho wkdw wklv duhd vkrxog eh

d iuxlwixo rqh iru uhvhdufk1

515 Lpsohphqwdwlrq

Dowkrxjk wkh PIV lv xvxdoo| vwudljkwiruzdug wr vhw xs dqg surjudp

^5`/ wkhuh duh pdq| sudfwlfdo dqg wkhruhwlfdo txhvwlrqv zklfk qhhg

wr eh frqvlghuhg1 Ri wkhvh/ wzr ri wkh prvw fulwlfdo duh wkh fkrlfh

ri vrxufh srlqwv iT�j dqg froorfdwlrq srlqwv iS&j = Wklv kdv ehhq
d vrxufh ri pxfk frqwuryhuv| dqg xqwlo uhfhqwo| wkhuh kdv ehhq olwwoh

wkhruhwlfdo jxlgdqfh ^5`1 Zh frqvlghu wkh fkrlfh ri vrxufh srlqwv �uvw1

Jhqhudoo|/ wkhuh kdyh ehhq wzr dssurdfkhv wr fkrrvlqj iT�j 0

�{hg dqg dgdswlyh1 Lq d �{hg phwkrg iT�j duh fkrvhq d sulrul lq



vrph idvklrq1 Lq rxu zrun zh kdyh uholhg rq wkh dssur{lpdwlrq uh0

vxowv ri Erjrproq| ^55` dqg wkh frqyhujhqfh uhvxow ri Fkhqj ^4<`

zkhq V dqg aV duh erwk flufohv1 Lq erwk ri wkhvh zrunv lw lv vkrzq

wkdw wkh dffxudf| ri wkh dssur{lpdwlrq lpsuryhv dv aV lv pryhg idu0

wkhu dzd| iurp V= Fkhqj ^4<` dqg Nxwvudgd dqg Rndprwr ^4:` vkrz

wkdw iru dqdo|wlf gdwd j lq Htq1 +5, wkh huuru nx� x?n" � f +u@U,? >

zkhuh u lv wkh udglxv ri V dqg U lv wkh udglxv ri aV= Wkhruhwlfdoo|/

lq wklv fdvh U @4 lv wkh rswlpdo fkrlfh1 Uhfhqw zrun e| Ndwxudgd

+glvfxvvhg lq Vhfwlrq 517, lqglfdwhv wkdw wklv uhvxow lv dovr wuxh iru

duelwudu| dqdo|wlf fxuyhv V lq U2 ^4;`1 Dv d frqvhtxhqfh/ zh kdyh

xvxdoo| fkrvhq aV wr eh d flufoh ri odujh udglxv U lq U2 dqg d vskhuh

ri odujh udglxv U lq U�= Wkh vrxufh srlqwv duh wkhq fkrvhq htxdoo|

vsdfhg durxqg aV lq U2 dqg htxdoo| vsdfhg lq wkh srodu frruglqdwhv

+!> �, lq U� ^44`1 Ehfdxvh wkh PIV htxdwlrqv fdq ehfrph kljko| loo0

frqglwlrqhg dv U lqfuhdvhv ^5/ 53/ 54`/ zh kdyh jhqhudoo| olplwhg U wr

eh derxw �yh wlphv wkh gldphwhu ri G= Ghvslwh wkh loo0frqglwlrqlqj/

wkh dffxudf| ri wkh qxphulfdo vroxwlrq lv odujho| xqd�hfwhg ^5/ 44/ 55`

0 d fxulrxv ihdwxuh ri wkh phwkrg zklfk kdv sx}}ohg pdq| uhvhdufkhuv1

Vrph oljkw lv vkhg rq wklv e| Nlwljdzd ^53/ 54` dqg zloo eh glvfxvvhg

ixuwkhu lq Vhfwlrq 5171 Lw lv lqwhuhvwlqj wr qrwh wkdw wklv ehkdylru lv

vkduhg e| rwkhu erxqgdu| phwkrgv edvhg rq lqwhjudo htxdwlrqv ri wkh

�uvw nlqg1 Uhfhqw zrun e| Fkulvwldqvhq dqg Vdudqhq ^65` dqg Fkulv0

wldqvhq dqg Kdqvhq ^66` vxjjhvwv wkdw iru wklv fodvv ri sureohpv wkh

xvxdo frqglwlrq qxpehu lv qrw dq dssursuldwh phdvxuh ri qxphulfdo

vwdelolw|1 Dq xqlqwhqghg frqvhtxhqfh ri wklv ehkdylru +hqfrxqwhuhg

e| xv dqg rwkhuv, lv wkdw li rqh xvhv vwdqgdug olqhdu vroyhuv/ wkhq rqh

pd| �qg wkdw wkh urxwlqh zloo deruw zlwk dq huuru phvvdjh lqglfdw0

lqj wkdw wkh v|vwhp lv vlqjxodu1 Wkh uhdvrq iru wklv dsshduv wr eh

wkdw dojrulwkpv edvhg rq Jdxvvldq holplqdwlrq duh prqlwruhg e| d

frqglwlrq qxpehu hvwlpdwru 0 zklfk zh eholhyh lv lqdssursuldwh iru

wklv fodvv ri sureohpv1 Vr idu/ rxu uhphg| kdv ehhq wr xvh rxu rzq

vroyhu +d vwdqgdug rqh/ edvhg rq Jdxvvldq holplqdwlrq zlwk sduwldo

slyrwlqj,/ zlwkrxw dq| fkhfn rq wkh frqglwlrq qxpehu1 Wklv kdv jhq0

hudoo| zrunhg zlwkrxw gl!fxow|1 Dowkrxjk zh kdyh rqo| dqhfgrwdo

hylghqfh/ lw lv srvvleoh wkdw uhvhdufkhuv pd| kdyh ehhq cvfduhg dzd|*

rq hqfrxqwhulqj wklv sureohp1

Lq dgdswlyh phwkrgv wkh frh!flhqwv lq Htq1 +49, dqg Htq1 +4;,

duh fkrvhq e| ohdvw vtxduhv zlwk wkh vrxufh srlqwv dv sdudphwhuv wr eh

ghwhuplqhg dorqj zlwk wkh frh!flhqwv id�j = Lq wkh phwkrg ghyhorshg



e| Idluzhdwkhu dqg Ndujhrujklv ^:0<` q xqnqrzq vrxufh srlqwv iT�j
duh fkrvhq dqg p �{hg froorfdwlrq srlqwv +xvxdoo| p � q, duh fkrvhq

rq V= Rqh wkhq frqvlghuv wkh huuru phdvxuh +iT�j lv wkh vhw ri vrxufh
srlqwv,

�? @

6[
&'�

^x? +S&> iT�j,� j+S&,`
2 +57,

zklfk lv plqlpl}hg vlpxowdqhrxvo| zlwk uhvshfwhg wr id�j dqg iS&j =
Wklv lv d qrqolqhdu rswlpl}dwlrq sureohp zklfk fdq eh txlwh wlph

frqvxplqj wr vroyh ^:0<`1 Wr wkh ehvw ri rxu nqrzohgjh qr ghwdlohg

frpsdulvrq kdv ehhq pdgh ehwzhhq wkh �{hg dqg dgdswlyh phwkrgv

ri fkrrvlqj iT�j1 Lq wklv uhjdug/ d fxulrxv ihdwxuh ri wkh dgdswlyh

phwkrg lv wkdw wkh rswlpdo vroxwlrq riwhq |lhogv vrxufh srlqwv forvh

wr V/ zklfk vhhpv wr frqwudglfw wkh wkhruhwlfdo uhvxowv lq ^48/ 4:04;/

4</ 55`1

Dv d frpsurplvh ehwzhhq wkhvh wzr dssurdfkhv/ rqh pd| fkrrvh

wkh vrxufh srlqwv wr eh �{hg rq d flufoh ru vskhuh ri odujh udglxvU dqg

wkhq plqlpl}h �? lq +57, wr ghwhuplqh wkh frh!flhqwv ri x?= Wklv zdv

wkh dssurdfk wdnhq e| Erjrproq| ^55` dqg wkhuh lv vrph qxphulfdo

lqglfdwlrq wkdw wklv dssurdfk pd| eh wkh prvw h!flhqw ^67`1 Wr dyrlg

fkrrvlqj U> d sulrul/ rqh frxog doorz U wr eh xqnqrzq dv zhoo1

Li wkh erxqgdu| ri V lq U2 lv sdudphwul}hg e|

+{+v,> |+v,,> 3 � v � O> +58,

wkhq zh kdyh jhqhudoo| fkrvhq wkh froorfdwlrq srlqwv wr eh ri wkh irup

S& @

�
{

�
nO

q. 4

�
> |

�
nO

q. 4

��
> 4 � n � q. 4= +59,

Lq U�> li V lv sdudphwul}hg e|

+{+v> w,> |+v> w,> }+v> w,, > 3 � v � O> 3 � w �P> +5:,

wkhq zh xvh�
{

�
mO

s
>
nP

p

�
> |

�
mO

s
>
nP

p

�
> }

�
mO

s
>
nP

p

��
> +5;,

4 � m � s> 4 � n � p>q @ ps> dv froorfdwlrq srlqwv1 Vlplodu fkrlfhv

kdyh ehhq pdgh lq wkh dgdswlyh phwkrg ^:0<`1



Djdlq/ wklv fkrlfh kdv ehhq prwlydwhg e| Fkhqj*v uhvxowv zkhuh

htxdoo| vsdfhg vrxufh dqg froorfdwlrq srlqwv zhuh xvhg zkhq V dqg
aV duh flufohv1 Krzhyhu/ zkhq V lv qrw d flufoh wklv fkrlfh pd| qrw eh

rswlpdo1 Lq ^4;` lw lv vkrzq wkdw lq rughu wr jxdudqwhh wkh frqyhujhqfh

ri wkh PIV iru Htq1 +4, 0 Htq1 +5, lq U2 wkdw iS&j qhhgv wr eh fkrvhq
dv

S& @ �3�+aS&, +5<,

zkhuh � lv d frqirupdo pdsslqj ri G rqwr d glvf Go ri udglxv u

dqg
q
aS&

r
duh htxdoo| vsdfhg derxw Vo> wkh erxqgdu| ri Go= +Lq wklv

fdvh iT�j duh gh�qhg e| T� @ �3�+aT�, zkhuh
q
aT�

r
duh htxdoo|

vsdfhg derxw d flufoh ri udglxv U A u=, Xqiruwxqdwho|/ wklv ohdgv wr

dq h{shqvlyh dojrulwkp +xqohvv � lv nqrzq,/ vlqfh rqh zrxog qhhg wr

frpsxwh �= Vrph prgl�fdwlrqv ri wklv fkrlfh duh glvfxvvhg lq Vhfwlrq

517151 Wkh| frpsduh idyrudeo| zlwk wkh fkrlfh jlyhq e| Htq1 +5<,1

Krzhyhu/ wkhvh wkhruhwlfdo uhvxowv lqglfdwh wkdw hvwdeolvklqj frqyhu0

jhqfh ri wkh PIV lv txlwh whfkqlfdo dqg doprvw hyhu|wklqj qhhgv wr

eh grqh1 Wklv frqwudvwv vkduso| zlwk lwv hdvh ri lpsohphqwdwlrq1

516 Qrqvprrwk vroxwlrqv

Dv zh kdyh lqglfdwhg/ zkhq wkh erxqgdu| ri V dqg wkh erxqgdu|

gdwd duh vprrwk/ wkh PIV frqyhujhv udslgo| dqg qxphulfdo uhvxowv

fruurerudwh wklv ^5`1 Lq wklv fdvh wkh vroxwlrq ri wkh EYS lv vprrwk

dqg wklv dffrxqwv iru wkh revhuyhg frqyhujhqfh ehkdylru1 Krzhyhu/

lq pdq| vlwxdwlrqv hlwkhu V ru wkh gdwd duh qrw vprrwk/ dqg wkhq

jhqhudoo| wkh vroxwlrq wr Htq1 +4, lv qrw vprrwk dv zhoo1 Lq wkrvh

fdvhv zkhuh wkh vroxwlrq lv vprrwk/ hyhq li V dqg wkh gdwd duh qrw/ wkh

frqyhujhqfh ri wkh PIV vhhpv wr ehkdyh dv lq wkh vprrwk fdvh ^5`1

Zkhq wklv lv qrw wkh fdvh/ wkh PIV pd| h{klelw vorz frqyhujhqfh/

hyhq li lw frqyhujhv dw doo1 Wr ghdo zlwk wklv frpsolfdwlrq/ wkh PIV

qhhgv wr eh prgl�hg lq vrph idvklrq dv lq wkh EHP ^68` ru IHP ^5:`1

Lq wkh EHP wkh wzr prvw frpprq dssurdfkhv wr wklv sureohp duh

wr xvh judghg phvkhv lq wkh qhljkerukrrg ri vlqjxodu srlqwv ^5/ 69`

dqg2ru wr vxewudfw r� nqrzq vlqjxodu vroxwlrqv ^68`1 Erwk ri wkhvh

phwkrgv uhtxluh nqrzlqj wkh h{solflw dqdo|wlf ehkdylru ri x lq wkh

qhljkerukrrg ri wkh vlqjxodulwlhv ^5/ 69`1 Iru Odsodfh*v htxdwlrq wklv

ehkdylru kdv ehhq h{whqvlyho| lqyhvwljdwhg/ erwk lq U2 dqg U� ^6:`/

exw qxphulfdo lpsohphqwdwlrqv kdyh jhqhudoo| rqo| ehhq jlyhq lq U2=



Dv vkrzq e| Idluzhdwkhu dqg Ndudjhrujklv ^<`/ Ndudjhrujklv ^6;`

dqg Srxoolnndv/ Ndudjhrujklv dqg Jhrujlrx ^6<`/ wkhvh phwkrgv fdq

eh xvhg zlwk wkh PIV dv zhoo1 Khuh zh eulh | glvfxvv vrph uhvxowv

jlyhq lq ^6;/ 6<`1

Iru vlpsolflw|/ vxssrvh wkdw G lv qrz d sro|jrq zlwk yhuwlfhv

+y�> y2> � � � > yR,= Lq jhqhudo/ vroxwlrqv wr Odsodfh*v htxdwlrq zloo eh

vlqjxodu dw wkh yhuwlfhv dqg2ru srlqwv zkhuh wkh erxqgdu| frqglwlrqv

fkdqjh w|sh +vxfk dv Glulfkohw wr Qhxpdqq, ^5/ 6;/ 6<`1 Lq wkh lqwh0

ulru/ wkh vroxwlrq zloo jhqhudoo| eh dw ohdvw F2= Vxssrvh wkh vroxwlrq

lv vlqjxodu lq wkh qhljkerukrrg ri y�> wkhq lqwurgxflqj d orfdo srodu

frruglqdwh v|vwhp +u> �, zlwk ruljlq dw y�> wkh vroxwlrq zloo eh ri wkh

irup ^6;/ 6<`

x+u> �, @

"[
&'�

�&u
b&i&+�, +63,

zkhuh i�&> i&+�,j duh nqrzq dqg ghshqg rq wkh dqjoh dw y� +u
b&i&+�,

duh kduprqlf, dqg wkh qdwxuh ri wkh erxqgdu| gdwd ^5:`1 Xvxdoo|

m��m ? 4 dqg �� ? �2 ? � � � ? �& ? � � � = Xvlqj Htq1 +63, zh gh�qh d

prgl�hg PIV dssur{lpdwlrq

x?+S, @

?[
�'�

d�J+S>T�, .

&[
�'�

��u
b�i�+�, . f +64,

zkhuh wkh frh!flhqwv iid�j > i��j > fj fdq eh ghwhuplqhg e| froorfd0

wlrq ru ohdvw vtxduhv1 Dv dq h{dpsoh zh glvfxvv vrph uhvxowv jlyhq

e| Ndudjhrujklv ^6;`1

Iljxuh 51 Orfdo srodu frruglqdwhv1

H{dpsoh 51614 +Wkh Prw} sureohp, D vwdqgdug h{dpsoh iru whvwlqj

dojrulwkpv iru vroylqj vlqjxodu EYSv lv wkh Prw} sureohp +vhh Ilj1



6,1 Khuh zh vroyh �x @ 3 lq wkh uhfwdqjoh DEFG zlwk erxqgdu|

frqglwlrqv

Cx+S,

Cq�
@ 3> S 5 RD>EF>FG> +65,

x @ 4333> S 5 DE> +66,

x @ 833> S 5 GR= +67,

Lw lv nqrzq wkdw x kdv d erxqgdu| vlqjxodulw| dw wkh srlqw R ri wkh

irup ^6;/ 6<`

x+u> �, @ 833 .

"[
�'�

��u
2�3�

2 frv

�
5m � 4

5
�

�
= +68,

Iljxuh 61 Wkh Prw} sureohp1

Wr dssur{lpdwh x wkh dssur{lpdwlrq lq Htq1 +64, zdv xvhg lq

^6;` zlwk n @ 5 dqg f @ 3 dqg wkh frh!flhqwv zhuh ghwhuplqhg e|

dgdswlyh ohdvw vtxduhv1 Iru frpsdulvrq sxusrvhv wkh sureohp zdv

dovr vroyhg xvlqj wkh vwdqgdug PIV zlwk �� @ �2 @ 3= Lq Wdeoh 4 zh

jlyh ydoxhv ri x? dw R iru ydulrxv ydoxhv ri q dqg froorfdwlrq srlqwv

p=

Wkh lpsuryhphqw lq xvlqj Htq1 +64, udwkhu wkdq Htq1 +63, lv

reylrxv1 Wkh lpsuryhphqw lq dffxudf| dw rwkhu srlqwv lv frpsdudeoh

^6;`1



Wdeoh 41 Dssur{lpdwh vroxwlrq ri wkh Prw} Sureohp dw R1
q p PIV ydoxh Prgl�hg PIV

; :5 8;< 0

43 <9 8:4 0

45 453 8:3 0

8 7; 0 839

; :5 0 833

43 <9 0 833

Wr ryhufrph wkh qhfhvvlw| ri ghwhuplqlqj wkh vlqjxodu ixqfwlrqv�
ub&i&+�,

�
lq +64,/ Srxoolnndv hw do ^6<` sursrvhg wkh iroorzlqj prgl0

�fdwlrq1 Udwkhu wkdq xvh wkh nqrzq vlqjxodu ixqfwlrq/ wkh| vxjjhvwhg

xvlqj d vlqjxodu ixqfwlrq ri wkh irup

xr+u> �, @ �u� frv+��, +69,

zkhuh +�>�, duh dvvxphg xqnqrzq dqg ghwhuplqhg e| ohdvw vtxduhv

dv ehiruh1 Iru frpsdulvrq sxusrvhv wkh| frqvlghuhg irxu dojrulwkpv=

+l, PIV +ll, prgl�hg PIV/ � xqnqrzq/ � nqrzq +lll, prgl�hg PIV>

+�>�, xqnqrzq +ly, prgl�hg PIV xvlqj Htq1 +64, zlwk n @ 5= Wkh

ydoxhv ri x? dw R duh vkrzq lq Wdeoh 51

Wdeoh 51 Frpsdulvrq ri PIV dqg prgl�hg PIV

q @ :>p @ 99

PIV PIV PIV PIV

� xqnqrzq +�>�, xqnqrzq +��> �2, xqnqrzq

94;17; 8361<9 7<91;3 833159

H{dfw ydoxh= 833

Djdlq zh vhh wkdw wkh prgl�hg PIV xvlqj Htq1 +69, lpsuryhv

ryhu wkh PIV exw qrw dv pxfk dv zkhq wkh h{dfw dqdo|wlf irup ri

wkh vlqjxodu whup lv nqrzq1

Odvw zh qrwh/ e| xvlqj d vxshusrvlwlrq dssurdfk dv lq ^73`/ zh

fdq dffrpprgdwh pxowlsoh vlqjxodulwlhv lq x1

517 Frqyhujhqfh dqg vwdelolw| ri wkh PIV

51714 Frqyhujhqfh

Dowkrxjk wkh PIV kdv ehhq xvhg iru ryhu 63 |hduv ^5/ 74`/ wkh wkh0

ruhwlfdo edvlv ri wklv phwkrg lv ri uhfhqw ruljlq ^4:04<`1 Lq Fkhqj*v



wkhvlv ^4<` kh suryhv frqyhujhqfh ri wkh PIV iru Odsodfh*v htxdwlrq lq

U
2 zkhuh V dqg aV lq Htq1 +4;, 0 Htq1 +4<, duh flufohv ri udglxv � dqg

U uhvshfwlyho| dqg wkh vrxufh dqg froorfdwlrq srlqwv duh xqlirupo|

glvwulexwhg rq V dqg aV= D vlplodu uhvxow zdv jlyhq e| Ndwvxudgd

dqg Rndprwr ^4:` zkr zhdnhqhg wkh dqdo|wlflw| uhtxluhphqwv rq j

xvhg e| Fkhqj1 Lq ixuwkhu zrun/ Ndwvxudgd ^4;` dqg Ndwvxudgd dqg

Rndprwr ^75` h{whqghg wkhvh uhvxowv wr wkh fdvh zkhuh G lv d vlpso|

frqqhfwhg erxqghg uhjlrq lq U2 zlwk dq dqdo|wlf erxqgdu| V= Khuh/

zh vwdwh d qxpehu ri wkhlu uhvxowv dqg eulh | lqglfdwh wkh phwkrg ri

surri1 Vlqfh wkh uhvxowv duh txlwh whfkqlfdo/ zh zloo rplw pdq| ri wkh

ghwdlov1 Ixoo surriv fdq eh irxqg lq ^4;`1 Zh ehjlq zlwk d vwdwhphqw

ri wkhlu frqyhujhqfh wkhruhp ^4:` zkhq V dqg aV duh flufohv1 Iru frq0

yhqlhqfh lq qrwdwlrq zh frqvlghu U2 wr eh wkh frpsoh{ qxpehuv F vr

wkdw li } @ {. l| 5 F> m}m @ n+{> |,n =

Wkhruhp 4 Ohw G� eh wkh glvf ri udglxv �>G� @ im}m ? �j zlwk

erxqgdu| V� @ im}m @ �j = Vlploduo|/ ohw aV- @ im}m @ Uj >U A � dqg

ohw

T� @ U$�3�> S& @ �$&3�> 4 � n � q> +6:,

zkhuh +l2 @ �4, dqg
$ @ h{s+5�l@q,= +6;,

Ohw x?+S, eh wkh PIV froorfdwlrq dssur{lpdwlrq wr x lq Htq1 +4, 0

Htq1 +5,1 Wkhq iru doo q vx!flhqwo| odujh x? h{lvwv/ lv xqltxh dqg

frqyhujhv xqlirupo| wr x lq G�^V�= Pruhryhu/ li x fdq eh h{whqghg

wr d kduprqlf ixqfwlrq lq F> wkhq zh kdyh wkh huuru erxqg

nx� x?n" � f�? +6<,

zkhuh � � �@U ? 4 dqg f lv lqghshqghqw ri q +exw jhqhudoo| ghshqgv

rq x,=

Dv srlqwhg rxw suhylrxvo|/ wklv wkhruhp hvwdeolvkhv wkh vshfwudo

frqyhujhqfh ri wkh PIV lq wklv vshfldo fdvh dqg frq�upv wkh revhu0

ydwlrq wkdw lwv frqyhujhqfh lpsuryhv dv U lqfuhdvhv1

Li wkh frqvwdqw lq Htq1 +4<, lv rplwwhg/ wkhq rqh kdv wr lpsrvh

wkh dgglwlrqdo frqglwlrqv/ U 9@ 4 dqg U?��? 9@ 4 ^4:/ 4;`1 Wkh surriv

lq ^4;/ 4<` ghshqg rq d ghwdlohg/ h{solflw dqdo|vlv ri wkh Irxulhu vhulhv

ri x dqg x?=



Iru dssolfdwlrq ri wklv uhvxow wr Srlvvrq*v htxdwlrq lw lv lpsruwdqw

wr nqrz krz f lq Htq1 +6<, ghshqgv rq wkh vroxwlrq x= Iru wklv zh

kdyh wkh erxqg ^4;`

nx� x?nrEo� � fqR+u@uf,
?*2 nxn|Eof� +73,

zkhuh uf A �> u vdwlv�hv/ u 9@ +uf>U, dqg

pd{
�
�2uf> uf+�@U,

2
� � u � plq

�
U2@uf> uf

�
> u 9@ +uf>U,> +74,

dqg s ghshqgv rq +v> w> u@�> uf@�, dqg lv lqghshqghqw ri q=

Khuh/ n�nrEo� ghqrwhv wkh cv*wk Vrerohy qrup ri shulrglf ixqfwlrqv

rq Vo dqg n�n|Eof� lv wkh cw*wk Vrerohy qrup ri ixqfwlrqv rq Vof = Qrz/

li v A 4@5> lw iroorzv e| Vrerohy*v lqhtxdolw| ^5/ 5:` wkdw

nxn"c7o
� f nxnrEo� +75,

zkhuh n�n
"c7o

lv wkh pd{lpxp qrup rq Vo= Vlqfh x dqg x? duh kdu0

prqlf lq Vo zh kdyh e| wkh pd{lpxp sulqflsoh/ wkdw

nx � x?n"c(o
� nx� x?n"c7o

= +76,

Qrz fkrrvlqj u A � dqg xvlqj

nx� x?n"c(4 � nx� x?n"c(o
+77,

jlyhv

nx� x?n"c(4 � nx� x?n"c7o

� f nx� x?n7Eo� � fqR+u@uf,
?*2 nxn|Eof� = +78,

Lq ^4:` vrphzkdw vkdushu erxqgv zhuh jlyhq iru nx� x?n" = Wkhuh

lw zdv vkrzq wkdw

nx� x?n" � f+�@uf,
?*2 nxn

"cof
> uf ? U2@�> +79,

nx� x?n" � fq+�@U,? nxn"cof
> uf @ U2@�> +7:,

nx� x?n" � f+�@U,? nxn
"cof

> uf A U2@�> +7;,

zkhuh n�n
"cof

lv wkh xqlirup qrup rq in}n @ ufj =
Lq ^4;` Ndwvxudgd h{whqghg Wkhruhp 4 wr wkh fdvh zkhuh V lv dq

dqdo|wlf Mrugdq fxuyh erxqgdu| G= Wr gr wklv/ ohw � eh d frqirupdo



pdsslqj ri G^V rqwr wkh xqlw glvn G� @ im}m � 4j +vxfk d pdsslqj

h{lvwv e| wkh Ulhpdqq pdsslqj wkhruhp ^76`, dqg gh�qh

T� @ �3�+U$�3�, dqg S� @ �3�+$�3�,> 4 � m � q> +7<,

zkhuh �3� lv wkh lqyhuvh ri � dqg U A 4= Wkhq xvlqj iT�j?� dv vrxufh
srlqwv dqg iS�j?� dv froorfdwlrq srlqwv +Qrwh= S� 5 V,> dqg gh�qlqj

wkh PIV dssur{lpdwlrq x? e| Htq1 +4<, zlwk f @ 3> zh kdyh wkh

iroorzlqj wkhruhp1

Wkhruhp 5 Xqghu wkh frqglwlrqv vwdwhg suhylrxvo|/ dqg dvvxplqj

wkdw j lq +5, lv dqdo|wlf/ x? h{lvwv iru doo q vx!flhqwo| odujh/ lv xqltxh

dqg wkhuh h{lvw frqvwdqwv f> 3 � � ? 4> dqg qf> q � qf vxfk wkdw

nx� x?n" � f�?> q � qf= +83,

Lq jhqhudo/ � ghfuhdvhv dv U lqfuhdvhv +vshfl�f frqglwlrqv pd| eh

irxqg ^4;`, dqg hvwlpdwhv dqdorjrxv wr +73, lq Vrerohy vsdfhv ri dq0

do|wlf ixqfwlrqv duh jlyhq lq ^4;`1 Ndwvxudgd prgl�hg wklv surfhgxuh

wr frqvlghu h{whulru/ udwkhu wkdq lqwhulru frqirupdo pdsslqjv ^77`1

Dv zh kdyh douhdg| srlqwhg rxw/ wkh surriv ri Htq1 +6<, dqg Htq1

+83, duh txlwh whfkqlfdo/ exw wkh edvlf lghd lv wr xvh dq dujxphqw

uhodwlqj wr wkh idfw wkdw wkh PIV dssur{lpdwlrq x? pd| eh uhjdughg

dv d glvfuhwl}dwlrq ri wkh vlqjoh od|hu lqwhjudo htxdwlrq +;,1 Wkh frq0

yhujhqfh surriv wkhq surfhhg dorqj wkh olqhv ri Duqrog0Zhqgodqg ^78`

dqg Fkhqj ^4<` iru wkh fodvvlfdo vlqjoh od|hu htxdwlrq1

Wr eh pruh vshfl�f/ ohwwlqj � @ �3�> wdnlqj � @ 4 iru frqyhqlhqfh

dqg gh�qlqj +��� ghqrwhv frpsrvlwlrq,

�x @ x ��> �j @ j ��> �x? @ x? ��> +84,

wkhq �x @ �j rq G> dqg

�x?
�
$�3�

�
@ �j

�
$�3�

�
> 4 � m � q= +85,

Vlqfh � lv frqirupdo/ ��x @ 3 dqg ��x? @ 3 lq G�=

Qrz gh�qh

n+S>T, @
4

5�
orj m�+S,��+T,m > T 5 V�> S 5 V-= +86,



Vlqfh/

�x? +S, @ x?+�+S,, @
4

5�

?[
�'�

d� orj m�+S,��+T�,m +87,

@
4

5�

?[
�'�

d� orj
���+S,�U$�3�

�� @ ?[
�'�

d�n+S> U$
�3�,>+88,

Wkh ixqfwlrq �x? pd| eh frqvlghuhg dv dq dssur{lpdwlrq wr wkh erxqg0

du| ydoxh sureohp

��x +S, @ 3> S 5G�c +89,

�x +S, @ �j> S 5 V�= +8:,

Qrz vxssrvh wkdw wkhuh lv d vroxwlrq �� wr wkh vlqjoh od|hu htxdwlrq]
7-

n+S>T,�� +T,gv @ �j> S 5 V-> +8;,

wkhq

�x +S, @

]
7-

n+S>T,�� +T, gv> S 5G� +8<,

lv d vroxwlrq wr Htq1 +89, 0 Htq1 +8:,1 Zh zloo qrz vkrz wkdw wkh

PIV pd| eh ylhzhg dv d glvfuhwl}dwlrq ri +8<, e| dq dssur{lpdwh

froorfdwlrq phwkrg1 Ehiruh grlqj wklv/ zh qrwh wkdw Htq1 +8<, fdq

eh zulwwhq htxlydohqwo| lq wkh irup

�U
] �

f

n+h2Z�|>U h2Z��,� +�,g� @ j+w,> 3 � w � 4> +93,

zkhuh

j+w, � �j+h2Z�|, dqg �+w, @ ��+Uh2Z�|,= +94,

Lq rshudwru irup/ Htq1 +8<, dqg Htq1 +93, ehfrph

D� @ j dqg �D�� @ �j= +95,

Lq dqdorj| wr wkh phwkrg ri Duqrog0Zhqgodqg ^78` iru wkh fdvh

U @ 4 +vwdqgdug EHP,/ zh orrn iru dssur{lpdwlrqv wr � ri wkh irup

�?+w, @

?[
�'�

d��+w� m

q
,> +96,



zkhuh � +�, lv wkh Gludf ghowd ixqfwlrq1 Vxevwlwxwlqj �? lqwr Htq1 +93,
dqg froorfdwlqj dw wkh srlqwv in@qj?� jlyhv wkh htxdwlrqv

�U
?[

�'�

d�n+h
2Z�&*?>Uh2Z��*?, @ j+

n

q
,> 4 � n � q> +97,

iru id�j?� = Wkh prgl�hg PIV dssur{lpdwlrq �x? lv wkhq jlyhq e|

�x?+S, @ D�? +98,

dqg yld Htq1 +84, lv htxlydohqw wr wkh PIV dssur{lpdwlrq x?= Khqfh/

wr dqdo|}h wkh frqyhujhqfh ri x? lw vx!fhv wr dqdo|}h wkh frqyhujhqfh

ri �x? dqg wkxv wkh frqyhujhqfh ri �?= Wklv lv wkh dssurdfk iroorzhg

lq ^4;`1

Wr gr wklv rqh pxvw frqvlghu wkh pdsslqj surshuwlhv ri wkh rshu0

dwru D lq Htq1 +93, rq wkh Kloehuw vsdfh Krc0> % A 3> v 5 U zkhuh

Krc0 @
q
x = x lv d shulrglf glvwulexwlrq rq ^3/4` dqg nxnrc0 ?4

r
>

zkhuh

nxnrc0 @
%

"[
?'3"

max+q,m2 %2�?��q2r
&�*2

+99,

dqg

ax+q, @

] �

f

x+w,h32Z�?|gw> �q @pd{+5�> mqm, +9:,

+Qrwh= iru % @ 4>Krc� � Kr> v 5 U> duh wkh xvxdo Vrerohy vsdfhv ri

shulrglf glvwulexwlrqv rq ^3> 4` ^5/ 5:`1, Wklv lv grqh e| ghfrpsrvlqj

wkh rshudwru D dv

D @ K .N +9;,

zkhuh

K�+w, @ �U
] �

f

orj
��h2Z�| �Uh2Z��

�� �+�,g� +9<,

+wklv lv wkh rshudwru iru wkh flufoh 0 flufoh fdvh, dqg

K�+w, @ +D�K,�+w, @ �U
] �

f

orj

�����+h2Z�|,��+Uh2Z��,

h2Z�| �Uh2Z��

���� �+�,g�=
+:3,



Wkhq lw fdq eh vkrzq e| gluhfw dqdo|vlv ri wkh Irxulhu frh!flhqwvgK�+q, @ aJ+q,a�+q,>

aJ+q, @

;A?A=
U

5� mqm
�
4

U

��?�

> q 9@ 3>

�U orjU> q @ 3>

+:4,

wkdw K = Krc0 $ Krn�c0- lv erxqghg dqg li U 9@ 4> K lv dq lvr0

prusklvp1 Zlwk vrph ixuwkhu uhvwulfwlrqv rq % +ghshqglqj rq �,

N = Krc0 $ Krn�c0- lv frpsdfw ^4;`1 +Djdlq/ wklv lv grqh e| d gl0

uhfw dqdo|vlv ri wkh Irxulhu frh!flhqwv ri wkh nhuqho ri N1, Lw wkhq

iroorzv wkdw li wkh fdsdflw| ri V 9@ 4> wkhq D = Krc0 $ Krc0- lv dq

lvrprusklvp ^4;`1 Xvlqj wkhvh surshuwlhv/ wkh frqyhujhqfh ri �? fdq

eh uhgxfhg wr wkh frqyhujhqfh �? lq wkh flufoh fdvh1 Lq wkh odwwhu fdvh

wkdw lv djdlq hvwdeolvkhg e| d ghwdlohg Irxulhu dqdo|vlv zklfk lv jlyhq

lq wkh Dsshqgl{ ri ^4;` zkhuh lw lv vkrzq wkdw

n� � �?nrc0 � f�? n�n|cB > 3 � � ? 4= +:5,

+w> � duh jlyhq lq ^4;`,1 Wkhq xvlqj wkh idfwv wkdw K dqg D duh lvr0

prusklvpv +a% @ %U, ^4;`/

n� � �?nrc0 �
��DD3� +� � �?,

��
rc0
�
��D3�

�� nD +� � �?,nrc	0
� f nD +� � �?,nrn�c	0 � f

��KK3�D +� � �?,
��
rn�c	0

� f
��K3�D +� � �?,

��
rc0
= +:6,

Gh�qlqj/

z? @ �?> +:7,

dqg

z @ �? �K3�D +� � �?, > +:8,

rqh hdvlo| vkrzv wkdw K3�D+� � �?, @ z? �z dqg Kz? @ Kz @ j

rq �? +�? @ in@qj?�,= Wkhq xvlqj Htq1 +:5, dqg Htq1 +:6, zlwk

�? @ z?

n� � �?nrc0 � f nz � z?nrc0 � f�? nzn|cB = +:9,

Vlqfh z @ �? .K3�+K �D,+� � �?,>

nzn|cB @
��� .K3�+K �D,+� � �?,

��
|cB

� n�n|cB .
��K3�+K �D,+� � �?,

��
|cB



� n�n|cB . f n+K �D,+� � �?,n|cB
� n�n|cB . f n+K �D,+� � �?,n|n�c-B
� n�n|cB . f n� � �?nrc0 = +::,

vlqfh K �D @ �N = Krc0 $K|n�c-B lv erxqghg ^4;`1 Wkxv/

n� � �?nrc0 � f�?
�
n�n|cB . f n� � �?nrc0

�
> +:;,

vr wkdw iru vx!flhqwo| odujh q

n� � �?nrc0 � f�? n�n|cB = +:<,

Iurp Htq1 +:<, dqg wkh erxqghgqhvv ri D lw iroorzv wkdw D�? frq0

yhujhv wr D�= Frqyhujhqfh ri �x? +khqfh ri x?, qrz iroorzv iurp wkh

pd{lpxp sulqflsoh dqg Vrerohy*v lqhtxdolw| iru q vx!flhqwo| odujh1

51715 Vrxufh dqg froorfdwlrq srlqwv lq U2

Dv douhdg| lqglfdwhg/ zh kdyh kdg frqvlghudeoh vxffhvv lq xvlqj wkh

PIV e| fkrrvlqj wkh vrxufh srlqwv xqlirupo| glvwulexwhg rq flufoh ri

odujh udglxv U dqg wkh froorfdwlrq srlqwv xqlirupo| glvwulexwhg lq dq0

joh rq V= Dffruglqj wr Wkhruhp 4 wklv fkrlfh jxdudqwhhv h{srqhqwldo

frqyhujhqfh ri x? zkhq V lv d flufoh dqg j lq Htq1 +5, lv dqdo|wlf1

Krzhyhu/ iru rwkhu fdvhv/ zh kdyh qr jxdudqwhh ri frqyhujhqfh iru

wklv fkrlfh 0 dowkrxjk frqyhujhqfh kdv jhqhudoo| ehhq revhuyhg qx0

phulfdoo| ^5/ 43045`1 Iru pdwkhpdwlfdo frqvlvwhqf|/ lw lv ghvludeoh wr

xvh dojrulwkpv zkrvh wkhruhwlfdo surshuwlhv duh xqghuvwrrg1 Iru wklv

uhdvrq lw lv ri lqwhuhvw wr lpsohphqw wkh fkrlfh jlyhq lq Htq1 +7<,1

Krzhyhu/ wr gr wklv rqh qhhgv wr frpsxwh wkh frqirupdo pdsslqj

�= Ndwvxudgd dqg Rndprwr surylghg dq h!flhqw dojrulwkp iru grlqj

wklv ^75` 1 Zh eulh | ghvfuleh wkhlu surfhgxuh1

Wkh pdsslqj � fdq eh ylhzhg dv d frpsoh{l�fdwlrq ri d sdudph0

wul}dwlrq +{+�,> |+�,, ri V jlyhq e|

i+�, @ {+�, . l|+�, @

"[
?'3"

�?h
�?w > 3 � � � 5�= +;3,

Wkhq/ vlqfh V lv dvvxphg wr eh dqdo|wlf/ i fdq eh h{whqghg dqdo|wl0

fdoo| wr d vwuls e ? m}m ? 4@e derxw V� e|

i+}, @

"[
?'3"

�?}
?= +;4,



Wr ghwhuplqh i�?j Ndwvxudgd dqg Rndprwr sursrvhg wkh iroorzlqj=

+l, Fkrrvh q srlqwv iT� @ {� . l|�j?� rq V1

+ll, Frpsxwh i�&j?*2n�3?*2n�
e| vroylqj

i+z&3�, @ {&> {& @ �+U>$&3�,> e ? U ? 4@e> 4 � n � q=

+;5,

Wkh vrxufh srlqwv duh wkhq jlyhq e|

S� @

?*2n�[
&'3?*2n�

a�&
�
U$�3�

�
> 4 � m � q> +;6,

zkhuh a�? duh wkh dssur{lpdwlrqv wr �? jlyhq e| +l,0+ll, dqg 4 ? U ?

4@n1 Lq ^75` lw lv vkrzq wkdw
q
a�?

r
fdq eh frpsxwhg lq R+q orjq,

rshudwlrqv xvlqj wkh Idvw Irxulhu Wudqvirup +IIW,1 Krzhyhu/ eh0

fdxvh wkh dffxudf| ri
q
a�?

r
lv srru ^75`/ wkh| vxjjhvwhg wkh iroorzlqj

prgl�fdwlrq1 Ohw T&3�*2 eh d srlqw rq wkh duf ehwzhhq T&3� dqg

T& > 4 � n � q> dqg dvvxph wkdw i+z&3�3�*2, @ T&3�*2= Wkhq frp0

sxwh

f� @

?[
&'�

T&$
3E&3��E�3�� +;7,

dqg

g� @

?[
&'�

T&3�*2$
3E&3��E�3�� +;8,

+if�j dqg ig�j fdq eh frpsxwhg e| IIW ^75`, dqg gh�qh

ee��3� @ f� . $E�3��*2g�

5q
> 4 � m � q@5 . 4> +;9,

dqg ee��3�3? @
f� . $E�3��*2g�

5q
> q@5 . 4 � m � q> +;:,

wkhq wkh vrxufh srlqwv duh jlyhq e| Htq1 +;6, xvlqj

�ee��� udwkhu wkdqq
a��

r
= Djdlq/

�ee��� fdq eh frpsxwhg lq R+q orjq, rshudwlrqv xvlqj



IIW1 Wklv lv jhqhudoo| d iudfwlrq ri wkh R+q�, rshudwlrqv uhtxluhg wr

frpsxwh x?=

Wr whvw wklv surfhgxuh wkh dxwkruv vroyhg Htq1 +4, 0 Htq1 +5,

zlwk V> wkh Rydo ri Fdvlql/ dv lq H{dpsoh 71414 ri wklv fkdswhu xvlqj

j @ Uh+}?,> 4 � q � 9> dv erxqgdu| ydoxhv1 Lq wklv fdvh wkh lqwhulru

frqirupdo pdsslqj � = G $ G� dqg wkh h{whulru rqh �� = G $ �G�

duh nqrzq dqdo|wlfdoo| ^75`1 Xvlqj wklv wkh| frqvlghuhg �yh PIV

dojrulwkpv iru vroylqj Htq1 +4, 0 Htq1 +5,=

+l, wkh PIV zlwk vrxufh dqg froorfdwlrq srlqwv jlyhq lq Htq1 +7<,>

+ll, wkh PIV zlwk vrxufh dqg froorfdwlrq srlqwv ghwhuplqhg e| wkh

h{whulru frqirupdo pdsslqj � ^77`>

+lll, wkh PIV zlwk vrxufh srlqwv jlyhq e| Htq1 +;7, 0 Htq1 +;:, dqg

froorfdwlrq srlqwv htxdoo| vsdfhg lq duf ohqjwk rq V>

+ly, wkh PIV zlwk vrxufh srlqwv htxdoo| vsdfhg rq d flufoh ri udglxv

U dqg froorfdwlrq srlqwv S& @ �&$
&3� zkhuh �& lv fkrvhq vr

wkdw S& 5 V= +Wklv flufoh uxoh lv vlplodu wr rxu dojrulwkp1,

+y, wkh PIV zlwk iS&j fkrvhq dv lq +ly, dqgT� @ US� +vlplodulw|

wudqvirup,1 +U zdv fkrvhq lq wkh udqjh 4 ? U � 4=8=,

Lq doo fdvhv/ wkh qxphulfdo uhvxowv/ xvlqj q ? 433> vkrzhg dq

h{srqhqwldo ghfuhdvh lq wkh huuru zlwk wkh dffxudf| lpsurylqj dv

U lqfuhdvhg ^75`1 Wkh uhvxowv xvlqj wkh qdlyh flufoh uxoh +ly, zhuh

frpsdudeoh wr wkrvh xvlqj +l,0+lll,1 Krzhyhu/ wkh flufoh uxoh jdyh

d froorfdwlrq pdwul{ zklfk zdv pruh loo0frqglwlrqhg +dv hvwlpdwhg

e| OLQSDFN ^79`, wkdq wkh uxoh +lll, dqg rq wkh edvlv ri wklv wkh

dxwkruv deruwhg wkh fdofxodwlrqv xvlqj wkh flufoh uxoh iru q @ 83=

Dv zh revhuyhg hduolhu/ wklv pd| qrw kdyh ehhq qhfhvvdu| dv wkh loo0

frqglwlrqlqj pd| qrw kdyh ehhq qxphulfdoo| vljql�fdqw1 Xvlqj +lll,

wkh| vroyhg doo sureohpv zlwk huuruv R+433H, iru q * 433= Djdlq/ wklv

lv frqvlvwhqw zlwk rxu rzq uhvxowv dqg pd| eh lpsuryhg e| fkrrvlqj

U A 4=8 ^75`=

Odvw/ zh frpphqw wkdw lw zrxog eh ri juhdw lqwhuhvw wr h{whqg

wkhvh uhvxowv wr sureohpv lq U�=

518 Vwdelolw|

Dv rxu glvfxvvlrq lq Vhfwlrq 515 lqglfdwhv/ wkh loo0frqglwlrqlqj ri wkh

PIV htxdwlrqv kdv ehhq d vrxufh ri gl!fxow| zlwk wklv phwkrg vlqfh



lwv lqfhswlrq dqg pd| kdyh uhvxowhg lq sudfwlrqhuv vk|lqj dzd| iurp

wkh phwkrg ghvslwh lwv hohjdqfh dqg h!flhqf|1 Dv zh dqg rwkhuv

kdyh revhuyhg ^5/ 43045/ 55`/ wkh loo0frqglwlrqlqj pd| kdyh olwwoh h�hfw

rq wkh qxphulfdo dffxudf| ri wkh PIV1 Wudglwlrqdoo|/ lq qxphulfdo

dqdo|vlv/ wkh dpsol�fdwlrq ri gdwd huuruv +vd|/ urxqg0r� huuruv, lq

wkh qxphulfdo vroxwlrq ri q olqhdu htxdwlrqv

D{ @ e> { 5 U? ru { 5 F?> +;;,

kdv ehhq phdvxuhg e| wkh frqglwlrq qxpehu n+D, ri D jlyhq e|

n+D, @ nDn
��D3�

�� > +;<,

zkhuh n�n lv d pdwul{ qrup1 Li wkh vshfwudo qrup lv xvhg lq U? ru F?>

wkhq

n+D, @ ��@�? +<3,

zkhuh �� � �2 � � � � � �? duh wkh vlqjxodu ydoxhv ri D= W|slfdoo|/

loo0frqglwlrqlqj lv lqglfdwhg e| yhu| vpdoo ydoxhv ri �?= Krzhyhu/ wkh

xvxdo huuru erxqg

n{� a{n
n{n � n+D,

n�en
nen +<4,

iru

+D.�D,{ @ e.�e +<5,

lv riwhq shvvlplvwlf dqg xvlqj rqo| n+D, wr prqlwru vwdelolw| pd|

uhvxow lq dq ryhuo| shvvlplvwlf ylhz ri d jlyhq qxphulfdo phwkrg1 Lq

^7:` lw lv vkrzq wkdw d ixoo xqghuvwdqglqj ri wkh qxphulfdo vwdelolw|

ri { lq Htq1 +;;, uhtxluhv nqrzohgjh ri wkh frpsohwh vlqjxodu ydoxh

ghfrpsrvlwlrq +VYG, ri D dqg qrw mxvw �� dqg �?1 Nlwljdzd vkrzhg

wkdw wklv skhqrphqrq rffxuv zkhq xvlqj wkh PIV ^53/ 54` 1 Zh

frqvlghu klv uhvxowv zkhq V lv d flufoh lq +4,0+5,1

Dv zh kdyh vkrzq/ wkh frqyhujhqfh ri wkh PIV lv h{srqhqwldo

zkhq j lv dqdo|wlf/ exw xqiruwxqdwho| wkh frqglwlrq qxpehu n+D, ri

wkh v|vwhp Htq1 +4;, vdwlv�hv ^53`

n+D, @ R+q+U@�,?*2, +<6,

zklfk vkrzv wkdw n+D, jurzv h{srqhqwldoo| zlwk q= Krzhyhu/ wklv fdq

eh plvohdglqj vlqfh wkh frh!flhqwv id�j lq Htq1 +49, duh xvxdoo| qrw

ri lqghshqghqw lqwhuhvw/ udwkhu wkh vroxwlrq x?+S, @
S?

�'� d�J+S>T�,



lv1 Zkdw lv ri lpsruwdqfh lv krz gdwd huuruv duh dpsol�hg lq x?> qrw

qhfhvvdulo| lq id�j =
Wr ghvfuleh Nlwljdzd*v uhvxowv/ fkrrvh q srlqwv rq V jlyhq e|

�S& @ �{h�&w > ��@q ? � � �@q> 4 � n � q> +<7,

zkhuh �{ lv d �{hg srlqw rq V= Ghqrwh wkh yhfwru
�
�S&

�?
�
e| �S> wkhq

wkh ydoxhv ri x? +ghqrwhg e| x?, dw �S duh jlyhq e|

x?
�
�S
�
@J+�S,d +<8,

zkhuh d @ +d�> d2> � � � > d?, dqg
J+S, @ ^J+S&>T�,`> 4 � m> n � q= +<9,

Li zh frqvlghu rqo| shuwxedwlrqv �j wr wkh uljkw0kdqg vlgh ri Htq1

+4;,/ wkhq x? lv shuwxuehg wr �x? @ J+S,�d dqg wkh huuru �x? lv jlyhq

e|

�x? @ �x? � x? @ J+�S,+d� ad,= +<:,

Vlqfh �x? lv kduprqlf/ e| wkh pd{lpxp sulqflsoh lw vx!fhv wr vkrz

wkdw

n�x?n" � s
q
���[ ��

���
8
n�jn

"
> +<;,

zkhuh n�n8 lv wkh Iurehqlxv qrup ri
S �� ^53`/ lq rughu wr erxqg

�x?1 Wkh pdwulfhv
S

dqg � duh jlyhq e|[
@

kS
��

l
>
S

�� @
��

��
> 4 � l> m � q> +<<,

� @ ^g�� ` > g�� @ ky�> �y�l > 4 � l> m � q> +433,

Khuh/ i��j?� duh wkh vlqjxodu ydoxhv ri J+S, dqg iy�j?� > iy�j?� duh wkh
fruuhvsrqglqj uljkw vlqjxodu yhfwruv ^53`1 Wkh dvwhulvn lq Htq1 +<;,

ghqrwhv wkh srlqwzlvh Kdgdpdug surgxfw ri
S

dqg � dqg n�n
"
lv wkh

pd{lpxp qrup ri yhfwruv lq U? ru F?=

Wr vhh wkh sudfwlfdo vljql�fdqfh ri wklv uhvxow zh glvsod|
S

dqg

� lq juhdwhu ghwdlo1 Khqfh/

[
@

599999997
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�?
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111
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111

��?
��

��?
�2

� � � ��?
�?

6:::::::8
+434,



dqg

� @

59997
k�y�>y�l k�y�>y2l � � � k�y�>y?l
k�y2>y�l k�y2>y2l � � � k�y2>y�l

111
111

1 1 1
111

k�y?>y�l k�y?>y2l � � � k�y?>y?l

6:::8 = +435,

Wkh dpsol�fdwlrq pdwul{
S �� @ ^��� ` > 4 � l> m � q> lv wkhq jlyhq e|

��� @

�
���
��

�
k�y�>y�l +436,

dqg ���[ ��
���
8
@

57 ?[
�'�

?[
�'�

+���,
2

68�*2 > +437,

vr wkdw codujh* ydoxhv ri m��� m duh h{shfwhg wr eh ghohwhulrxv wr qx0

phulfdo vwdelolw|1 Iurp Htq1 +436, ��� fdq eh vpdoo hyhq li ���@��
lv odujh surylghg mk�y�>y�lm lv vpdoo1 Lq idfw/ e| wkh Fdxfk|0Vfkzdu}

lqhtxdolw| mk�y�>y�lm � n�y�n ny�n @ 4 ^53`1 Wkxv m��� m � m���@�?m dqg
wklv erxqg lv riwhq shvvlplvwlf1

Qrz li wkh froorfdwlrq pdwul{ lv loo0frqglwlrqhg/ wkhq �? zloo eh

vpdoo dqg ��� zloo eh odujh vr wkdw wkh odujhvw hohphqwv ri
S

frph

iurp wkh xsshu uljkw fruqhu lq Htq1 +434,1 Qrz vxssrvh �S @ S>

wkhq �y� @ y� dqg ky�>y�l @ 3> l 9@ m> ky�>y�l @ 4 vlqfh iy�j?� lv

dq ruwkrqrupdo edvlv iru U? ru F?= Wkxv/ � lv wkh q � q lghqwlw|

pdwul{ L? dqg
S �� @ L? dv zhoo1 Khqfh/ lq wklv fdvh wkh sureohp

lv zhoo0frqglwlrqhg hyhq li J+S, lv qrw1 Iru � vpdoo/ lw iroorzv e|

shuwxuedwlrq wkhru| wkdw
S �� * L? dqg wkh sureohp zloo eh zhoo0

frqglwlrqhg hyhq li wkh froorfdwlrq pdwul{ lv qrw1 Urxjko| vshdnlqj/

li wkh hohphqwv lq wkh xsshu uljkw fruqhu ri Htq1 +435, duh * 4> wkhq

wkh ryhudoo sureohp zloo eh loo0frqglwlrqhg1 Rq wkh rwkhu kdqg/ li

wkh| duh * 3> wkhq zh fdq h{shfw d zhoo0frqglwlrqhg sureohp1 Lq ^53`

Nlwljdzd vxjjhvwv orrnlqj dw wkh ghwhuplqdqw ri � dv d jxlgh1

Lq d odwhu sdshu Nlwljdzd lpsuryhg rq wkhvh uhvxowv ^54`1 E| xvlqj

wkh idfw wkdw J+S, dqg J+�S, duh flufxodqw pdwulfhv kh vkrzhg wkdw

� @ L? dqg ���� �����
���� � 4> 4 � l � q> +438,

vr wkdw nS ��n8 �
s
q= Khqfh/

n�x?n �
s
q � sq n�jn

"
@ q n�jn

"
= +439,



Khqfh/ ryhudoo/ wkh huuru lv pdjql�hg e| d txdqwlw| ri R+q, udwkhu

wkdq wkh shvvlplvwlf erxqg jlyhq e| Htq1 +<6,1 Vlqfh wkh PIV lv

h{srqhqwldoo| frqyhujhqw/ dv glvfxvvhg suhylrxvo|/ q lv xvxdoo| vpdoo/

vr wkh h�hfw ri Htq1 +439, fdq jhqhudoo| eh ljqruhg1 Wklv kdv ehhq

rxu h{shulhqfh lq sudfwlfh1

Dv zh vwdwhg dw wkh ehjlqqlqj ri wklv vhfwlrq/ wklv frq�upv wkdw dq

xqghuvwdqglqj ri wkh frqglwlrqlqj ri wkh PIV uhtxluhv h{dplqlqj wkh

VYG ri J+S+�,,= Reylrxvo|/ wklv zloo vxevwdqwldoo| lqfuhdvh wkh frvw

ri wkh dojrulwkp 0 exw wkh sureohp fhuwdlqo| phulwv ixuwkhu uhvhdufk1

Iru vrph vshfl�f qxphulfdo h{dpsohv zh uhihu wkh uhdghu wr ^53`1

6 Wkh PIV iru wkh Khopkrow} htxdwlrq

Dowkrxjk prvw ri wkh sxeolvkhg zrun rq wkh PIV vhhpv wr eh iru

Odsodfh*v htxdwlrq/ rwkhu SGHv kdyh dovr ehhq vroyhg e| wklv whfk0

qltxh ^;/ 46`1 Ri frqvlghudeoh lpsruwdqfh lq hqjlqhhulqj dqdo|vlv lv

wkh Khopkrow} htxdwlrq1

�x +S, . �2x +S, @ 3 +43:,

zkhuh � 5 U= Wklv htxdwlrq rffxuv zkhq orrnlqj iru wlph0kduprqlf

vroxwlrqv ri wkh zdyh htxdwlrq ^5/ 46`1

Dv iru Odsodfh*v htxdwlrq rqh fdq irupxodwh d qxpehu ri erxqg0

du| ydoxh sureohpv iru Htq1 +43:,/ w|slfdoo| lqwhulru dqg h{whulru

Glulfkohw dqg Qhxpdqq sureohpv ^5/ 56`1 Shukdsv wkh prvw lpsru0

wdqw fodvv ri sureohpv duh h{whulru Qhxpdqq sureohpv zklfk dulvh

lq wkh vfdwwhulqj ri dfrxvwlf dqg hohfwurpdjqhwlf zdyhv iurp vrolg

vfdwwhuv ^5/ 56`1 Vxfk sureohpv duh ri wkh irup

�x +S, . �2x +S, @ 3> S 5 �G> +43;,

Cx +S,

Cq�
@ j +S, > S 5V> +43<,

zkhuh zh dvvxph wkdw G dqg V duh dv ghvfulehg lq Vhfwlrq 5 dqg
�G lv wkh frpsohphqw ri G= Xqghu vprrwkqhvv frqglwlrqv rq V> vrox0

wlrqv wr Htq1 +43;, 0 Htq1 +43<, vdwlvi|lqj wkh Vrpphuihog udgldwlrq

frqglwlrq h{lvw dqg duh xqltxh ^5/ 56`1

Dv iru Odsodfh*v htxdwlrq/ Htq1 +43;, 0 Htq1 +43<, fdq eh vroyhg

e| xvlqj vwdqgdug EHPv/ exw frpsolfdwlrqv dulvh zklfk gr qrw rf0

fxu iru Odsodfh*v htxdwlrq1 Prvw lpsruwdqwo|/ vwdqgdug irupxodwlrqv



xvlqj vlqjoh od|hu srwhqwldov jlyh ulvh wr erxqgdu| lqwhjudo htxdwlrqv

zkrvh vroxwlrqv idlo wr eh xqltxh iru ydoxhv ri � zklfk duh hljhqydo0

xhv ri wkh lqwhulru Glulfkohw sureohp iru Htq1 +43:,1 Wkhvh ydoxhv ri

� duh riwhq fdoohg iruelgghq ru �fwlwlrxv iuhtxhqflhv ^5/ 56`1 Vlplodu

sureohpv rffxu iru wkh Glulfkohw sureohp ^56`1 D w|slfdo phwkrg iru

ghdolqj zlwk wklv sureohp lv wr h{suhvv wkh vroxwlrqv ri Htq1 +43;, 0

Htq1 +43<, dv d olqhdu frpelqdwlrq ri vlqjoh dqg grxeoh od|hu srwhq0

wldov1 Xqiruwxqdwho|/ wkh uhvxowlqj lqwhjudo htxdwlrqv duh k|shuvlqjx0

odu dqg dv iru Odsodfh*v htxdwlrq fdq eh gl!fxow wr vroyh qxphulfdoo|

^7;`1 Dv d frqvhtxhqfh/ d qxpehu ri uhvhdufkhuv kdyh frqvlghuhg wkh

PIV dv dq dowhuqdwlyh phwkrg iru vroylqj Htq1 +43;, 0 Htq1 +43<,1

Lq frqwudvw wr lqwhulru sureohpv/ khuh rqh fkrrvhv vrxufh srlqwv

iT�j?� lq G dqg gh�qhv dq dssur{lpdwlrq x? wr x e|

x? +S, @

?[
�'�

d�J+S>T� >�, +443,

zkhuh J+S>T� >�,> wkh ixqgdphqwdo vroxwlrq ri Htq1 +43:,/ lv jlyhq

e|

J+S>T>�, @

;AA?AA=
�4
7l

Kf+�u, +S>T, 5U2>

h{s+l�u,

u
> +S>T, 5U�>

+444,

u @ nS�Tn dqg Kf+�u, lv d Kdqnho ixqfwlrq ri rughu }hur1

Dowkrxjk wkhuh dsshdu wr eh qr wkhruhwlfdo uhvxowv frqfhuqlqj

wkh frqyhujhqfh ri x?/ dujxlqj lq dqdorj| wr Odsodfh*v htxdwlrq/ wkh

vrxufh srlqwv vkrxog eh sodfhg rq d vxuidfh aV idu iurp wkh sk|vlfdo

vxuidfh V ^46`1 Fkrrvlqj aV wr eh d flufoh lq U2 ru d vskhuh lq U�

vhhpv uhdvrqdeoh1 Lq dgglwlrq wr wkh xvxdo dgydqwdjhv ri wkh PIV/ lw

kdv ehhq revhuyhg lq ^46` wkdw wkh PIV grhv qrw vx�hu wkh sureohp

ri �fwlwlrxv iuhtxhqflhv1 Qxphulfdo uhvxowv ghprqvwudwlqj wkh h!fdf|

ri wklv phwkrg fdq eh irxqg lq ^46`1

7 Wkh PIV iru Srlvvrq*v htxdwlrq

Gxulqj wkh sdvw 48 |hduv wkhuh kdv ehhq frqvlghudeoh lqwhuhvw lq h{0

whqglqj vwdqgdug EHPv wr vroyh lqkrprjhqhrxv SGHv1 Wudglwlrqdoo|

wklv kdv ehhq d gl!fxow sureohp ehfdxvh lqwhjudo uhirupxodwlrqv ri



wkh olqhdu hoolswlf SGH

Ox @ i +445,

frqwdlq grpdlq lqwhjudov ri wkh irup]
(

J+S>T,i+T,gy +446,

zkhuh J+S>T, lv d ixqgdphqwdo vroxwlrq ri O= Vlqfh G lv duelwudu|

dqg J+S>T, lv xvxdoo| vlqjxodu dw S @T> wkh dffxudwh qxphulfdo

hydoxdwlrq ri Htq1 +446, fdq eh gl!fxow dqg wlph frqvxplqj ^4/

5`1 Dv d frqvhtxhqfh/ pxfk zrun lq wkh EHP frppxqlw| kdv ehhq

ghyrwhg wr doohyldwlqj wklv sureohp ^4/ 5`1 Lq wkh hqjlqhhulqj olwhudwxuh

wkh wkuhh prvw xvhg dowhuqdwlyhv wr gluhfw qxphulfdo dssur{lpdwlrq

ri +446, kdyh ehhq +l, wkh Gxdo Uhflsurflw| Phwkrg +GUP, ^4` +ll, wkh

Pxowlsoh Uhflsurflw| Phwkrg +PUP, ^4` dqg +lll,Phwkrg ri Sduwlfxodu

Vroxwlrqv +PSV, ^5/ 7<`1 Lq ^83` zh vkrzhg wkdw wkh GUP dqg wkh

PSV duh htxlydohqw zkhq O @ � lq Htq1 +445, 0 Srlvvrq*v htxdwlrq1

Khqfh/ zh irfxv rq wkh PSV1

Wkh PSV lv dq h{whqvlrq ri wkh zhoo0nqrzq whfkqltxh iru vroylqj

ruglqdu| gl�huhqwldo htxdwlrqv e| vxewudfwlqj r� d sduwlfxodu vroxwlrq

ri Htq1 +445,1 Wkxv zh gh�qh

y @ x� xR +447,

zkhuh xR vdwlv�hv OxR @ i exw qrw qhfhvvdulo| dq| erxqgdu| frqgl0

wlrqv iru x= E| olqhdulw|/

Oy@ O +x� xR, @ Ox�OxR @ i � i @ 3= +448,

Wkxv y vdwlv�hv wkh krprjhqhrxv htxdwlrq

Oy @ 3> +449,

zlwk erxqgdu| frqglwlrqv iru y ghwhuplqhg e| wkrvh iru x dqg xR= Lq

sduwlfxodu/ iru Srlvvrq*v htxdwlrq Htq1 +449, lv Odsodfh*v htxdwlrq

zklfk fdq wkhq eh vroyhg e| wkh PIV1 Li ay lv dq dssur{lpdwlrq wr

y> wkhq ax @ ay . xR lv wdnhq dv dssur{lpdwlrq wr x= Wkh uhpdlqlqj

sureohp lv wr ghwhuplqh xR=

Dv lv zhoo nqrzq/ xR jlyhq e| Htq1 +446, lv d sduwlfxodu vroxwlrq

ri Htq1 +445,1 Krzhyhu/ wklv grhv qrw lpsuryh pdwwhuv vlqfh zh kdyh

wkh vdph sureohp dv ehiruh dqg d qxpehu ri whfkqltxhv kdyh ehhq



sursrvhg wr ghdo zlwk wklv1 Lq wkh hqjlqhhulqj olwhudwxuh shukdsv wkh

ehvw nqrzq whfkqltxh lv wkdw lqwurgxfhg lq wkh GUP e| Euheeld dqg

Qduglql lq ^84`1 Khuh zh dssur{lpdwh i e| d �qlwh olqhdu frpelqdwlrq

ri edvlv ixqfwlrqv i*�+S,j�� = Khqfh/

i+S, * ai+S, @

�[
�'�

d�*�+S, +44:,

zkhuh id�j�� duh ghwhuplqhg lq vrph idvklrq iurp i 0 w|slfdoo| +exw

qrw qhfhvvdulo|, e| froorfdwlrq ^5`1 Wkhq/

ai+S&, @i+S&, @

�[
�'�

d�*�+S&,> 4 � n � Q> +44;,

zkhuh iS&j�� duh Q srlqwv lq U_ +lq wkh GUP wkh| duh xvxdoo| fkrvhq

lq G ^5`,1 Dvvxplqj wkdw Htq1 +44;, fdq eh vroyhg xqltxho| iru

id�j�� > wkh dssur{lpdwh sduwlfxodu vroxwlrq axR lv jlyhq e|

axR+S, @

�[
�'�

d���+S, +44<,

zkhuh

O�� @ *� > 4 � m � Q= +453,

Iru h!flhqf|/ lw lv lpsruwdqw wr eh deoh wr vroyh Htq1 +453, dqdo|wl0

fdoo|1

Dqrwkhu dssurdfk wr fdofxodwlqj sduwlfxodu vroxwlrqv zdv jlyhq e|

Dwnlqvrq ^85` dv glvfxvvhg lq Fkdswhu <1 Lq ^85` lw zdv revhuyhg wkdw

li i frxog eh h{whqghg vprrwko| wr d grpdlq aG frqwdlqlqj G> wkhq

axR+S, @

]
	(

J+S>T,i+T,gy +454,

lv dovr d sduwlfxodu vroxwlrq1 E| fkrrvlqj aG wr eh dq hoolsvh lqU2 ru dq

hoolsvrlg lq U�> d fkdqjh ri yduldeoh uhgxfhv Htq1 +454, wr dq lqwhjudo

zklfk fdq eh dssur{lpdwhg e| vwdqgdug txdgudwxuh phwkrgv ^85`1 Lq

rxu zrun zh kdyh frqvlghuhg erwk ri wkhvh phwkrgv1 Zh h{dplqh wkh

GUP dssurdfk �uvw1



714 Udgldo edvlv ixqfwlrq dssur{lpdwlrqv

Wr xvh Htq1 +44<, 0 Htq1 +453, wr dssur{lpdwh sduwlfxodu vroxwlrqv

e| froorfdwlrq/ rqh pxvw fkrrvh wkh edvhv fduhixoo| wr vdwlvi| wkuhh

frqglwlrqv=

+l, wkh| vkrxog surylgh jrrg dssur{lpdwlrq wr d odujh fodvv ri i *v

iru vpdoo Q >

+ll, wkh froorfdwlrq htxdwlrqv Htq1 +44;, vkrxog eh xqltxho| vroy0

deoh iru jhqhudo fkrlfhv ri iS&j�� >

+lll, wkh| vkrxog eh vlpsoh hqrxjk vr wkdw Htq1 +453, fdq eh vroyhg

dqdo|wlfdoo|1

Xvlqj rqh0glphqvlrqdo lqwhusrodwlrq dv d jxlgh/ rqh pljkw frq0

vlghu sro|qrpldo ru wuljrqrphwulf edvhv dv dssursuldwh fkrlfhv ^5/

86`1 Xqiruwxqdwho|/ gxh wr d wkhruhp ri Kddu ^5`/ wklv fkrlfh fdq ohdg

wr vhulrxv sureohpv vlqfh wkh xqltxh vroydelolw| ri Htq1 +44;, fdqqrw

eh jxdudqwhhg lq wkhvh fdvhv li zh zlvk wr doorz duelwudu| fkrlfhv ri

iS&j = Kddu vkrzhg wkdw li wkh edvlv ixqfwlrqv gr qrw ghshqg rq iS&j
wkhq wkhuh dozd|v h{lvwv dw ohdvw rqh vhw ri froorfdwlrq srlqwv zkhuh

wkh pdwul{

D @ ^*� +S&,`
�
E�c&�'�

+455,

lv vlqjxodu1 Dssduhqwo|/ zlwkrxw ehlqj dzduh ri Kddu*v wkhruhp/ d

qxpehu ri uhvhdufkhuv kdyh dwwhpswhg wr xvh sro|qrpldo dqg wuljrqr0

phwulf dssur{lpdwlrqv dqg hqfrxqwhuhg wkh vlqjxodulw| ri D lq wkhlu

zrun ^86`1

Lq wkh ruljlqdo zrun rq wkh GUP ^84`/ Euheeld dqg Qduglql pdgh

wkh dg0krf fkrlfh

*� +S, @ 4. nS�S�n @ 4 . u� +456,

zkhuh n�n lv wkh Hxfolghdq qrup lq U
_= Xqwlo uhfhqwo|/ wkh edvhv

i4 . u�j zhuh doprvw h{foxvlyho| xvhg lq wkh GUP ^5/ 83`1 Dv zh

srlqwhg rxw lq ^83` 4.u� duh sduwlfxodu fdvhv ri udgldo edvlv ixqfwlrqv

+UEIv,1

*� +S, @ *� +nS�S�n, > * = Un $ U> *+3, � 3= +457,

Ryhu wkh sdvw 53 |hduv wkhvh ixqfwlrqv kdyh ehhq dfwlyho| lqyhvwl0

jdwhg lq wkh pdwkhpdwlfv dqg vwdwlvwlfv olwhudwxuh iru wkh sxusrvh ri



vxuidfh �wwlqj ^87`1 Dv d uhvxow wkhuh lv qrz d vxevwdqwldo erg| ri

nqrzohgjh frqfhuqlqj wkh wkhru| dqg dssolfdwlrq ri UEIv iru pxowl0

yduldwh dssur{lpdwlrq ^87`1 Rqh ri wkh frqvhtxhqfhv ri wklv zrun lv

wkdw wkhru| dqg sudfwlfh vxjjhvw wkdw wkhuh duh ehwwhu fkrlfhv iru *

wkdq *+u, @ 4. u ^83/ 87`1

Wzr ri wkh prvw srsxodu fkrlfhv duh wkh wklq sodwh vsolqhv +WSV,

^83`

*+u, @ u2 orj u lq U2> +458,

*+u, @ u lq U�> +459,

dqg wkh pxowltxdgulfv +PTv, ^44`

*+u, @ +u2 . f2,
q

2 > � dq rgg lqwhjhu1 +45:,

Lq Htq1 +45:, f lv dq xqghwhuplqhg vkdsh sdudphwhu ^44`1 Rwkhu

fkrlfhv duh kljkhu rughu vsolqhv ^87` dqg Jdxvvldq*v ^88`1 Khuh zh

frqfhqwudwh rq WSV dqg PTv1

Lq rughu wr vdwlvi| +l,0+lll, rqh jhqhudoo| qhhgv wr prgli| wkh uhs0

uhvhqwdwlrq lq Htq1 +44:, e| wkh dgglwlrq ri d orz rughu sro|qrpldo

s6= Wkhq/

ai+S, @

�[
�'�

d�*�+S, . s6 +45;,

dqg

xR+S, @

�[
�'�

d���+S, . " +45<,

zkhuh i��j vdwlvi| Htq1 +453, dqg
O" @ s6= +463,

Iru wkh WSV zh dgg wkh olqhdu sro|qrpldo dqg

s� @

+
d{. e| . f> lq U2>

d{. e| . f} . g> lq U�=
+464,

Iru PTv zh dgg sf @ dfc d frqvwdqw1 Wkhq iru WSV lqwhusrodwlrq

iid�j > d> e> fj dqg iid�j > d> e> f> gj duh rewdlqhg iurp Htq1 +45;, zlwk

S @ S& > 4 � n � Q> dqg wkh frqvwudlqwv +S @ +{> |,,

�[
�'�

d� @

�[
�'�

d�{� @

�[
�'�

d�|� @ 3 lq U2> +465,



dqg +S @ +{> |> },,

�[
�'�

d� @

�[
�'�

d�{� @

�[
�'�

d�|� @

�[
�'�

d�}� @ 3 lq U�= +466,

E| Gxfkrq*v wkhruhp ^88/ 89`/ wkh v|vwhp Htq1 +45;,/ Htq1 +465,

dqg Htq1 +45;,/ Htq1 +466, kdyh d xqltxh vroxwlrq li iS&j�� duh qrw

frolqhdu lq U2 dqg iS&j�� duh qrw frsodqdu lq U�1

Ghshqglqj rq �> rqh pd| ru pd| qrw qhhg wkh dgglwlrqdo sf
whup iru PTv1 Qxphulfdo h{shulphqwdwlrq vxjjhvwv wkdw wkh fodvvlfdo

Kdug| PTv/ � @ 4> kdyh wkh ehvw dssur{lpdwlrq surshuwlhv ^8:`1 Lq

wklv fdvh zh qhhg sf 9@ 3 vdwlvi|lqj ^8:`

�[
�'�

d� @ 3> +467,

wkhq Htq1 +45;, dqg Htq1 +467, kdyh d xqltxh vroxwlrq ^88`1

Rqh vkrxog dovr qrwh wkdw lq rughu wr jxdudqwhh wkh vroydelolw| ri

wkh froorfdwlrq htxdwlrqv ghulyhg iurp Htq1 +45;, iru 4 . u lq U2>

wkh| vkrxog eh lpsohphqwhg dv ^88`

ai+S, @

�[
�'�

d�u� . df +468,

zkhuh id�j�� vdwlvi| Htq1 +467,1

Dw �uvw jodqfh wkhvh fkrlfhv pd| vhhp vwudqjh vlqfh wkh| ehdu

qr uhvhpeodqfh wr vwdqgdug edvhv lq U= Wr uhpryh vrph ri wkh p|v0

whu| zh revhuyh wkdw WSV duh wkh dqdorjxh ri rqh0glphqvlrqdo fxelf

vsolqhv vlqfh wkh| duh rswlpdo lqwhusrodqwv lq wkh vhqvh wkdw wkh|

plqlpl}h wkh fxuydwxuh phdvxuhv]
U2

�
C2x

C{2
. 5

C2x

C{C|
.
C2x

C|2

�2

g{g| +469,

lq U2 ru

]
U�

�
C2x

C{2
.
C2x

C|2
.
C2x

C}2
. 5

C2x

C{C|
. 5

C2x

C{C}
. 5

C2x

C|C}

�2

g{g|g}

+46:,



lq U�=

Wkh PTv zhuh dssduhqwo| �uvw lqwurgxfhg e| Kdug| lq 4<:4 ^8;`/

exw lw zdv qrw xqwlo Iudqnh*v sdshu lq 4<;5 ^8<` wkdw wkhlu uhpdundeoh

dssur{lpdwlrq surshuwlhv fdph wr oljkw1 Lq wkdw sdshu Iudqnh frp0

sduhg 5< gl�huhqw 5G lqwhusrodwlrq phwkrgv dqg edvhg rq klv fulwhuld

wkh PTv shuiruphg wkh ehvw1 Lq wkh pdwkhpdwlfdo dqg vwdwlvwlfdo

olwhudwxuh WSV dqg PTv vhhp wr eh wkh prvw zlgho| xvhg UEIv ^87`1

Vlqfh iru O @ �> dqg * hlwkhu d WSV ru PT/ � fdq eh rewdlqhg

dqdo|wlfdoo| ^5/ 44`/ lw lv uhdvrqdeoh wr fkrrvh ehwzhhq wkhp rq wkh

edvlv ri wkhlu dssur{lpdwlrq surshuwlhv1 Wklv lv d whfkqlfdoo| gl!fxow

sureohp dqg xqwlo d ihz |hduv djr qrw pxfk zdv nqrzq ^87`1 Khuh/ zh

txrwh d qxpehu ri lpsruwdqw uhvxowv gxh wr Srzhoo ^93` dqg Ohyhvoh|

^94`1

Ohw iS�j�� ghqrwh wkh vhw ri lqwhusrodwlrq srlqwv dqg gh�qh

� @ pd{
)MU_

plq
 Mj

n{� |n > � $ 3> Q $4= +46;,

Wkhq lw zdv vkrzq ^93` wkdw wkh WSV lqwhusrodqw frqyhujhv xqlirupo|

wr i lq U2 dqg li i 5 F2+G, +n�n
"

@ pd{�M( mi +S,m,���i � ai
���
"
� f� morj �m > +46<,

zkloh iru *+u, @ u ^94` ���i � ai
���
"
� f�

�

2 = +473,

Iru i 5 F"+G, Ohyhvoh| vkrzhg wkdw wkh PT lqwhusrodqw frqyhujhv

vxshudojheudlfdoo| wr i ^94`> l1h1/���i � ai
���
"
� f�R> s � 4= +474,

Iru fhuwdlq dqdo|wlf ixqfwlrqv/ Pdg|fk lq ^8:` vkrzhg wkdw wkh PT lq0

whusrodqw frqyhujhv h{srqhqwldoo| wr i= Wklv odwwhu uhvxow kdv vsdzqhg

dq xsvxujh ri lqwhuhvw lq wkh xvh ri PT edvhg dojrulwkpv iru vroylqj

SGHv ^95097`1

Pdg|fk ^8:` dqg Ehdwvrq dqg Srzhoo ^98` vkrzhg xqghu fhuwdlq

frqglwlrqv rq i wkdw wkh huuru
���i � ai

���
"

lv h{srqhqwldoo| ghfuhdvlqj

lq f/ dv zhoo dv �> dqg wklv surshuw| vhhpv wr dffrxqw iru pxfk ri wkh

h!flhqf| ri PT lqwhusrodwlrq1 Krzhyhu/ wklv surshuw| grhv qrw ds0

shdu wr krog iru doo vprrwk i *v1 Zkdw kdv ehhq revhuyhg e| d qxpehu



ri uhvhdufkhuv lv wkdw wkh huuru
���i � ai

���
"

vhhpv wr ghfuhdvh lqlwldoo|

dv f lqfuhdvhv dqg wkhq wkh huuru lv  dw iru d udqjh ri f dqg wkhq

lqfuhdvhv djdlq1 Wkxv wkhuh vhhpv wr eh d udqjh ri f zkhuh wkh huuru

lv plqlpl}hg1 Krz wr ghwhuplqh wkh rswlpdo f +f*v, qxphulfdoo| lv d

sureohp wkdw kdv ehhq lqyhvwljdwhg lq vrph ghwdlo/ exw qr gh�qlwlyh

uhvxowv vhhp wr eh nqrzq ^44`1 Lq ^44`/ h{sdqglqj rq lghdv lq ^99` zh

xvhg wkh vwdwlvwlfdo whfkqltxh ri furvv0ydolgdwlrq wr ghwhuplqh f> exw

pxfk uhvhdufk qhhgv wr eh grqh1

H{dpsoh 71414 Wr ghprqvwudwh wkh h�hfwlyhqhvv ri wkh PIV0uei

frpelqdwlrq iru vroylqj Srlvvrq*v htxdwlrq zh vroyh wkh EYS ^44`

�x+S, @ 5h%3+ > S @ +{> |,> S 5 G> +475,

x+S, @ h%3+ . h% frv |> S 5 V> +476,

zkhuh G lv wkh lqwhulru ri wkh Rydo ri Fdvvlql ^44`1 Lwv sdudphwulf

uhsuhvhqwdwlrq lv dv iroorzv=

;?= { @ u+�, frv �> | @ u+�, vlq �>

u+�, @

t
frv 5� .

s
4=4� vlq2 5�> 3 � � � 5�=

+477,

������������������

���

���

�

����

����

Iljxuh 71 Rydo ri Fdvvlql1

Wkh vroxwlrq wr Htq1 +475, 0 Htq1 +476, lv jlyhq e|

x+S, @ h%3+ . h% frv |> S 5 G ^ V= +478,

Wr rewdlq d sduwlfxodu vroxwlrq wkh vrxufh whup lq Htq1 +475,

zdv dssur{lpdwhg e| PTv xvlqj ohdvw vtxduhv zlwk 66 fhqwhuv iS�j



dqg furvv0ydolgdwlrq zdv xvhg wr ghwhuplqh f ^44`1 Khuh/ i��j duh

frpsxwhg dqdo|wlfdoo| e| ^5/ 44`

�� @
�f�
6

oq+f
t
u2� . f2 . f2, .

4

<
+u2� . 7f2

t
u2� . f2,= +479,

Iru wkh PIV zh xvh 67 vrxufh srlqwv

T� @ +U frv �� >U vlq ��,> �� @
5�m

67
> 4 � m � 67> +47:,

U @ 45> dqg 68 froorfdwlrq srlqwv

S& @ +u+�&, frv �&> u+�&, vlq �&,> �& @
5�n

68
> 4 � n � 68= +47;,

Xvlqj wkh SUHVV vwdwlvwlf zh ghwhuplqh wkdw lw lv uhdvrqdeoh wr

fkrrvh 4 � f � 5 dqg wkh vroxwlrq huuru dsshduhg wr eh plqlpl}hg

iru f * 5=

Lq Wdeohv 6 0 8 zh vkrz uhvxowv iru dssur{lpdwlqj wkh vrxufh whup

5 h{s+{ � |, dqg wkh vroxwlrq x= Rqh hdvlo| vhhv wkh kljk dffxudf|

wkdw fdq eh dfklhyhg zlwk wklv phwkrg e| vroylqj d vpdoo qxpehu ri

htxdwlrqv1

Wdeoh 61 SUHVV vwdwlvwlfv1

f 31; 413 513 613 713 813

SUHVV 5144 4167 4144 517: 6196 61;8

Wdeoh 71 Devroxwh huuru lq dssur{lpdwlrq wr 5h%3+ =

{ | e+{> |, f @ 4 f @ 5 f @ 6 f @ 7 f @ 8

313 313 51333 7177H07 :166H09 517<H09 8135H09 4133H08

31959 313 61:74 4195H07 815<H09 4158H0: 41:3H0: 5144H08

41675 313 :1986 6145H06 51;3H08 51:4H08 413;H09 61<5H08

314:7 314:7 51333 5149H07 918:H08 618;H09 61:;H09 4153H08

316:6 316:6 51333 5195H07 619:H08 :153H09 418:H09 ;17<H09

313 3153: 41959 6193H07 ;15;H09 41;:H09 5147H09 91;7H09

0316:6 316:6 31<7< 515;H07 4157H08 51;;H09 :185H09 81<3H09

041675 313 31856 81<8H09 41<3H0: 514;H09 61::H09 :13<H09

Wdeoh 81 Devroxwh huuru lq dssur{lpdwlrq wr x+{> |,1



{ | x+{> |, f @ 4=3 f @ 5=3 f @ 6=3 f @ 7=3 f @ 8=3

313 313 51333 :1;9H0: ;1<7H0: 81<5H09 717;H08 4133H06

31959 313 61:74 81:5H09 8158H0; 6144H09 51;8H08 717;H05

41675 313 :1986 617:H08 5183H0: 9156H09 71:3H07 :19:H06

314:7 314:7 514:5 ;1;5H09 415<H09 817:H09 618<H08 4158H05

316:6 316:6 51685 41::H0: 5146H09 ;1;;H0: ;137H08 4188H05

313 3153: 41:<5 6164H09 6149H0: 4199H09 6167H09 5188H05

0316:6 316:6 41449 4149H09 71;3H0: 4193H09 9146H09 :194H�5

041675 313 31856 4159H08 5158H09 915<H08 51;4H06 :14;H04

Lq H{dpsoh 71416 zh zloo frpsduh wkhvh uhvxowv zlwk WSV dqg

4 . u dv edvhv dqg vhyhudo rwkhu EHPv1

H{dpsoh 71415 Wr vhh wkdw wklv phwkrg h{whqgv hdvlo| wr 6G zh

frqvlghu wkh sureohp

�x+S, @ 7� {2> S @ +{> |> },> S 5 G> +47<,

x+S, @
�{e
45

. |2 . }2> S 5 V= +483,

zkhuh G lv wkh hoolsvrlg
�
+{> |> }, m {2@7 . |2 . }2 � 4

�
^44`1 Wkh

h{dfw vroxwlrq wr +47<,0+483, lv �{e@45.|2.}2=D sduwlfxodu vroxwlrq

lv rewdlqhg e| lqwhusrodwlqj 7� {2 e| PTv xvlqj 93 edvlf hohphqwv1

Djdlq zh xvh wkh SUHVV vwdwlvwlf wr ghwhuplqh f= Iurp Wdeoh 9 zh

vhh wkdw wkh ydoxhv 6 � f � < dsshdu wr eh dffhswdeoh1

Wdeoh 91 SUHVV vwdwlvwlfv1

f 4 6 8 : < 44 45

SUHVV 681; 3136 3148 313: 314< 31; 4166

Dv ehiruh/ i��j duh rewdlqhg dqdo|wlfdoo| dv ^5/ 44`

��+u, @

;AAA?AAA=
f�

6
> u @ 3>

+
8f2

57
.
u2�

45
,
t
u2� . f2 .

fe+oq+u� .
t
u2� f

2,� oqf,

;u�
> u A 3=

+484,

Iru wkh PIV zh xvh 83 vrxufh srlqwv xqlirupo| glvwulexwhg rq d

vskhuh ri udglxv 43 dqg 83 froorfdwlrq srlqwv duh xqlirupo| glvwulexwhg

lq wkh srodu frruglqdwhv +!/�, rq V=



Lq Wdeoh : wkh huuruv duh vkrzq dw vhohfwhg srlqwv lq G iru ydulrxv

ydoxhv ri f= Djdlq zh vhh wkdw huuruv ri R+433D, fdq eh rewdlqhg

e| vroylqj 83 htxdwlrqv1 W|slfdo EHPv pd| uhtxluh kxqguhgv wr

wkrxvdqgv ri htxdwlrqv wr dfklhyh frpsdudeoh dffxudf| ^5`1

Wdeoh :1 Devroxwh huuru lq dssur{lpdwlrq wr x+{> |> },=

{ 313 415 0318 031: 31< 313 317

| 313 316 316 318 317 0318 0317

} 313 314 0315 315 314 318 3154

x+{> |> }, 3133 0313:5; 31457; 315:33 314486 318333 315353

f @ 4 619H07 418H05 517H07 <1<H06 414H05 718H045 419H06

f @ 6 415H07 417H06 613H07 815H07 414H06 <18H046 714H07

f @ 8 718H08 <13H08 417H07 61:H09 515H07 414H045 415H07

f @ : 41:H08 516H07 :19H08 719H09 618H08 :17H046 :19H08

f @ < <19H0: 713H07 717H08 419H08 615H08 413H045 :13H08

f @ 44 413H08 819H07 518H08 615H08 :16H08 516H045 ;19H08

f @ 45 419H08 918H07 41;H08 716H08 ;1<H08 718H046 <1;H08

H{dpsoh 71416 Dq lqwhuhvwlqj h{whqvlrq ri wkh PIV0UEI dojrulwkp

iru Srlvvrq*v htxdwlrq lv lwv xvh lq dssur{lpdwlqj vroxwlrqv wr wkh

vhplolqhdu htxdwlrq ^45`

�x @ i+x,= +485,

Xqghu d ydulhw| ri frqglwlrqv rq i lw fdq eh vkrzq wkdw wkh Slfdug

lwhudwhv ix?j gh�qhg e|

�x?n� @ i+x?,> q � 3> +486,

frqyhujh prqrwrqlfdoo| wr x ^45`1 Vlqfh iru hdfk q Htq1 +486, lv d

Srlvvrq htxdwlrq/ zh fdq dsso| wkh PIV0UEI dojrulwkp lwhudwlyho|

wr vroyh EYSv iru Htq1 +485,1

Li d �{hg qxpehu ri PIV vrxufh srlqwv dqg d �{hg qxpehu ri UEI

froorfdwlrq srlqwv duh xvhg/ wkh dojrulwkp lv uhodwlyho| lqh{shqvlyh/

vlqfh rqo| wzr OX ghfrpsrvlwlrqv duh qhhghg wr shuirup wkh zkroh

surfhvv ^45`1

Lq ^45` Fkhq xvhg wkh PIV zlwk WSV wr vroyh eorz0xs sureohpv

iru Htq1 +485, zlwk i+x, @ h{s+nx,= Lq ^9:` Fkdq dqg Fkhq h{whqghg

Fkhq*v dojrulwkp wr vroyh txhqfklqj sureohpv iru Htq1 +485,1 +Vhh

^9:` iru d ghvfulswlrq ri wkh txhqfklqj sureohp1,



Xvlqj PTv wr �qg sduwlfxodu vroxwlrqv/ wkh| dssolhg wkh dojrulwkp

wr ghwhuplqh wkh fulwlfdo pdmru d{lv dW ri wkh hoolsvh�
+{> |, m {

2

d2
.
|2

e2
� 4

�
zlwk

d

e
@

4. h{s+�Z
2
,

4� h{s+�Z
2
,

iru i+x, @ �4@+4� x, ^9:`1 Xvlqj 49 vrxufh srlqwv iru wkh PIV dqg

66 lqwhusrodwlrq srlqwv iru wkh PTv wkh| irxqg dW @ 4=7:4 +fruuhfw

wr 7 vljql�fdqw �jxuhv, lq 58 vhfrqgv rq d JDWHZD\ 5333 S80<3

shuvrqdo frpsxwhu1 Suhylrxv zrun e| Fkdq ^9;` uhtxluhg wkh xvh ri d

sdudooho vxshufrpsxwhu xvlqj wudglwlrqdo lqwhjudo htxdwlrq whfkqltxhv1

715 Dwnlqvrq*v phwkrg

Wr xvh Dwnlqvrq*v irupxod qxphulfdoo| zh frqvlghu wkh 5G dqg 6G

fdvhv vhsdudwho|1

Lq 5G zh wdnh aG wr eh dq hoolsvh zlwk erxqgdu|E+v, @ +d frv v> e vlq v,=

Pdnlqj wkh fkdqjh ri yduldeoh

T @ S. u^E+v,�S`> 3 � u � 4> 3 � v � 5�> +487,

Htq1 +454, ehfrphv ^85`

ax+S, @
de

5�

] 2Z

f

] �

f

u oq uN+S> v, ai+S> u> v,gugv

.
de

7�

] 2Z

f

] �

f

uN+S> v, oq nE+v,�Sn2 ai+S> u> v,gugv>

@ L� . L2> S 5 G>

+488,

zkhuh

N+S> v, @ 4�
k{
d
frv +v, .

|

e
vlq+v,

l
> S @ +{> |,>S 5G> +489,

dqg
ai+S> u> v, � i+S. u^E+v,�S`,= +48:,

Ehfdxvh S @5E+v,> wkh lqwhjudqgv lq L� dqg L2 duh qrqvlqjxodu/ vr wkdw

vwdqgdug qxphulfdo lqwhjudwlrq whfkqltxhv fdq eh xvhg wr hydoxdwh

wkhp1 Lq ^85` Dwnlqvrq xvhg surgxfw lqwhjudwlrq uxohv wr gr wklv1



Iru L� Jdxvvldq lqwhjudwlrq zlwk uhvshfw wr �u oq u lv xvhg wr

frpsxwh wkh cu* lqwhjudo/ zkloh wkh wudsh}rlgdo uxoh lv xvhg wr hydoxdwh

wklv cv* lqwhjudo vlqfh wkh lqwhjudqg lv shulrglf lq v1 Iru L2 Jdxvvldq

lqwhjudwlrq zlwk uhvshfw wr cu* lv xvhg wr frpsxwh wkh cu* lqwhjudo dqg

wkh wudsh}rlgdo uxoh lv xvhg wr frpsxwh wkh cv* lqwhjudo1 Iru vprrwk

lqwhjudqgv ai wkh frqyhujhqfh lv idvw ^85`1

Lq U�> zh wdnh aG wr eh dq hoolsvrlg zlwk erxqgdu|

E+!> �, @ +d frv! vlq �> e vlq! vlq �> f frv �,> 3 � � � �> 3 � ! � 5�

+48;,

zkhuh d> e dqg f duh fkrvhq lq vxfk d zd| wkdw aG � G= Pdnlqj wkh

fkdqjh ri yduldeohv

T @ S. u^E+!> �,�S`> 3 � u � 4> 3 � � � �> 3 � ! � 5�>

+48<,

lq Htq1 +454, lw ehfrphv

ax+S, @ � 4

7�

2Z]
f

]
f

�

�]
f

uN+S>!> �, ai+S> u> !> �,gug�g! +493,

zkhuh

N+S>!> �, @
vlq�

nE+!> �,�Sn +def� de} frv �

�df| vlq � vlq!� ef{ vlq � frv!, +494,

dqg
ai+S> u> !> �, @ i +S. u^E+!> �,�S`, = +495,

Lq wklv fdvh/ wkh lqwhjudqg lq Htq1 +493, lv qrqvlqjxodu vr wkdw surg0

xfw Jdxvvldq txdgudwxuh fdq eh xvhg wr dssur{lpdwh Htq1 +493,

qxphulfdoo|1

Ehfdxvh Jdxvvldq lqwhjudwlrq fdq eh frvwo|/ sduwlfxoduo| li rqh

qhhgv wr jhqhudwh wkh zhljkwv dqg qrghv rq olqh/ lq ^9<` zh xvhg

Txdvl0Prqwh Fduor +TPF, lqwhjudwlrq wr hydoxdwh wkh lqwhjudov Htq1

+488, dqg Htq1 +493,1 TPF lqwhjudwlrq lv d prgl�fdwlrq ri wkh

fodvvlfdo Prqwh Fduor dssur{lpdwlrq L� ri dq lqwhjudo

L @

]
	(

j+S,gy> +496,



e|

L� @
Y + aG,

P

�[
�'�

j+S�, +497,

zkhuh iS�j�� duh P udqgrpo| fkrvhq srlqwv lq aG dqg Y + aG, lv wkh

duhd ri aG lq U2 dqg wkh yroxph ri aG lq U�= Lq TPF lqwhjudwlrq

iS�j�� duh txdvl0udqgrp srlqwv dv ghvfulehg lq ^9<`1 Olnh Prqwh

Fduor/ TPF lqwhjudwlrq �ljqruhv� vlqjxodulwlhv lq wkdw wkh frqyhu0

jhqfh udwh dv P $ 4 lv odujho| lqghshqghqw ri wkh vprrwkqhvv ri

j ^:3`/ exw kdv d frqyhujhqfh udwh R++orjP,_3�@P,> g @ 5> 6 ^:3`1

Vlqfh wkh frqyhujhqfh udwh lv urxjko| R+P, lq U _> g @ 5> 6> zh �qg

wkdw fkrrvlqj 4333 �P � 6333 wr eh dghtxdwh iru hqjlqhhulqj dffx0

udf|1 Qxphulfdo uhvxowv iru Srlvvrq*v htxdwlrq fdq eh irxqg lq ^9<`1

Lq Vhfwlrq 814 zh zloo frqvlghu wkh dssolfdwlrq ri wklv whfkqltxh wr

vroyh lqkrprjhqhrxv Khopkrow}0w|sh htxdwlrqv1

716 Vrph frqyhujhqfh dqdo|vlv

Dv lqglfdwhg lq Vhfwlrq 517 wkhuh kdv ehhq vrph frqyhujhqfh dqdo|vlv

ri wkh PIV iru Odsodfh*v htxdwlrqv1 Krzhyhu/ zlwk h{fhswlrq ri wkh

sduwldo dqdo|vlv jlyhq lq ^7</ :5` zh duh xqdzduh ri dq| frqyhujhqfh

wkhruhpv iru Srlvvrq*v htxdwlrq1 Khuh zh vkrz krz wr prgli| wkh

dqdo|vlv jlyhq lq ^:4` iru wkh wudglwlrqdo GUP wr rewdlq huuru hvwl0

pdwhv iru wkh PIV0UEI dojrulwkp edvhg rq wkh hvwlpdwhv Htq1 +6<,

dqg Htq1 +443,1

Wr eh vshfl�f/ zh frqvlghu vroylqj wkh lqwhulru Glulfkohw sureohp

7x +S, @ i +S, > S 5 G> +498,

x +S, @ j +S, > S 5 V> +499,

lq U2= Ohw axR eh d sduwlfxodu vroxwlrq wr Htq1 +498, rewdlqhg e| xvlqj

UEI dssur{lpdwlrqv wr i dqg ohw ay eh wkh vroxwlrq wr

7ay +S, @ 3> S 5 G> +49:,

ay +S, @ +j � axR, +S, > S 5 V= +49;,

Wkh EYS lq Htq1 +49:, 0 Htq1 +49;, lv vroyhg e| wkh PIV xvlqj

q. 4 vrxufhv dqg wkh dssur{lpdwlrq wr ay lv ghqrwhg e| ay?= Wkhq

az @ ay? . axR +49<,



lv wkh PIV0UEI dssur{lpdwlrq glvfxvvhg suhylrxvo|1 Gh�qlqj/

a} @ axR . y +4:3,

wkh huuru h? lv jlyhq e|

h? @ x� az @ +x� a}, . +a} � az,= +4:4,

Qrwh dv zhoo wkdw a}+S, @ 3>S 5V= Dovr/ a} � az @ axR . y � ay? � axR @

ay � ay? lv wkh PIV huuru lq dssur{lpdwlqj ay e| ay?= Wklv huuru fdq eh

hvwlpdwhg iurp Htq1 +6<, 0 Htq1 +73,1 Zh zloo uhwxuq wr wklv pdwwhu

vkruwo|1

Wr hvwlpdwh x� a} zh xvh d sulrul hvwlpdwhv iru Srlvvrq*v htxdwlrq

dv lq ^:4`1 Iru wklv zh qrwh wkdw �+x � a}, @ �x ��a} @ i ��ay �
�axR @ i � ai> vlqfh �axR @ ai e| frqvwuxfwlrq ri axR= Qrz lw lv zhoo

nqrzq wkdw ^:6`/]
(

+x � a},2 gy � f�

]
7

+x� a},2 gv. f2

]
(

^7 +x� a},`2 gy

@ f2

]
(

�
i � ai

�2
gy> +4:5,

vlqfh x � a} @ 3>S 5V=
Qrz xvlqj wkh O2 qrup/ n�n > rq G jlyhv/

nx� a}n � f

���i � ai
��� +4:6,

dqg frpelqlqj wklv zlwk Htq1 +4:4, jlyhv wkh huuru erxqg

nx � azn � f
�
nay � ay?n.

���i � ai
���� = +4:7,

Wr erxqg nay � ay?n zh uhvwulfw rxuvhoyhv wr wkh fdvh zkhuhG @ Go

lv d glvf ri udglxv u vlqfh zh revhuyhg lq Vhfwlrq 517 wkdw wkh PIV lv

htxlydohqw wr wkh prgl�hg PIV rq Go= Vlqfh ay dqg ay? duh kduprqlf/

ay � ay? lv kduprqlf dqg lw iroorzv iurp wkh pd{lpxp sulqflsoh wkdw

nay � ay?n"c(o
� nay � ay?n"c7o

+4:8,

+Vo lv wkh erxqgdu| ri Go,= Wkxv/

nay � ay?n @
�]

(o

+ay � ay?,
2 gy

��*2
� s

�u nay � ay?n"c(o
= +4:9,



E| wkh Vrerohy lqhtxdolw| ^5:`/ iru v A 4@5> nay � ay?n"c(o
� f nay � ay?nr

zkhuh n�nr lv wkh vwk Vrerohy qrup rq Vo= Iurp Htq1 +73, zh kdyh

nay � ay?nr � f�? naynr > � ? 4= +4::,

Iru v vx!flhqwo| odujh> naynr fdq eh erxqghg lq whupv ri wkh �uvw v

ghulydwlyhv ri ay rq Vo= Krzhyhu/ ay @ j � axR rq Vo vr wkdw ayE&� @

jE&� � ax
E&�
R +xE&� lv wkh nwk ghulydwlyh ri x,= Wkxv/

naynr � njnr . naxRnr +4:;,

vr wkdw

nay � ay?n � f
�
�?
�njnr . naxRnr

��
+4:<,

dqg

nx� azn � f
����i � ai

���. �? njnr . �? naxRnr
�

+4;3,

Khqfh/ wr rewdlq frqyhujhqfh udwhv zh qhhg wr erxqg naxRnr =
Zkhq axR lv ghwhuplqhg xvlqj UEI lqwhusrodwlrq rqh fdq vkrz

wkdw +wklv lv d fuxgh erxqg,

naxRnr � frQ
�*2
��D3�

�� +4;4,

zkhuh Q lv wkh qxpehu ri edvlv hohphqwv lq Htq1 +45;,/ D lv wkh

lqwhusrodwlrq pdwul{ dqg n�n lv vshfwudo qrup rq pdwulfhv1 Iru pdq|

ueiv vxfk dv WSV dqg PTv/ erxqgv rq
��D3�

�� kdyh ehhq jlyhq uh0

fhqwo| e| d qxpehu ri uhvhdufkhuv dqg d wdeoh ri nqrzq xsshu erxqgv

lv jlyhq lq ^:7`1 Lq sduwlfxodu/ iru PTv zh kdyh��D3�
�� � f�'h

>*B> � A 3 +4;5,

zkhuh � lv jlyhq lq Htq1 +46;,1 Khqfh/ iru PT lqwhusrodqwv

naxRnr � fQ�*2h>*B= +4;6,

Xvlqj Htq1 +4;3, iru d jlyhq s

nx� azn � f
�
�R . �? njnr . �?Q�*2h>*B

�
= +4;7,

Vxssrvh � lv fkrvhq vr wkdw � @ f@Q> wkhqQ�*2h>*B @ Q�*2hS>� �
h>

�� iru vrph �� A 3= Iru U odujh hqrxjk/ � ? h3>
�

? 4> vr wkdw

�?Q�*2h>*B � h3?>
�

h�>� � h3E�3?�>� @
�
h3>

�

�E?3��

= Fkrrvlqj



q @ �Q> � A 4> wkh odvw whup lq Htq1 +4;7, lv erxqghg e| +��,� >

3 � �� ? 4= Khqfh/ dv Q $ 4> wkh frqyhujhqfh ri wkh PIV0PT

lv vxshudojheudlf1 Iru rwkhu UEIv/ vxfk dv WSV/ wkh huuru zloo eh

grplqdwhg e| wkh dssur{lpdwlrq huuru
���i � ai

��� vr wkdw frqyhujhqfh

lv h{shfwhg wr eh vorzhu wkdq iru PTv1

H{dpsoh 71614 Wr vhh wkh h�hfw ri xvlqj gl�huhqw UEIv wr dssur{l0

pdwh i dqg wr frpsduh wkh PIV wr vhyhudo vwdqgdug EHPv zh vroyh

Htq1 +475, 0 Htq1 +476, xvlqj wkuhh UEIv 0 4 . u> WSV dqg PTv

dqg wkuhh gl�huhqw vroxwlrq phwkrgv iru wkh krprjhqhrxv sureohp

0 PIV/ d vwdqgdug EHP zlwk txdgudwlf hohphqwv ^4` dqg dq dgds0

wlyh vshfwudoo| frqyhujhqw Q|vwuùp phwkrg ghyhorshg e| Mhrq dqg

Dwnlqvrq ^:8` xvlqj wkh wudsh}rlgdo uxoh wr glvfuhwl}h wkh grxeoh od|hu

lqwhjudo htxdwlrq iru Htq1 +475, 0 Htq1 +476,1

Lq Ilj1 8 zh vkrz judskv ri wkh devroxwh ydoxhv ri wkh huuruv

mx� x?m rq wkh { d{lv1 Wklv vkrzv wkh uhvxowv ri vroylqj Htq1 +475,

0 Htq1 +476, e| d txdgudwlf EHP xvlqj 65 hohphqwv zlwk wkh vrxufh

whup dssur{lpdwhg e| UEI lqwhusrodwlrq xvlqj 93 txdvl0udqgrp srlqwv1

Zh fkrrvh wkh vkdsh sdudphwhu f ri wkh PT wr eh 3=41 Rqh fdq vhh

iurp wkhvh judskv wkdw/ dv h{shfwhg/ wkhuh lv olwwoh gl�huhqfh dprqj

wkh huuruv ri 4.u/ WSV dqg PTv/ dowkrxjk WSV dqg PTv duh vrph0

zkdw pruh dffxudwh wkdq 4 . u1 Wklv vlwxdwlrq lv fkdudfwhulvwlf ri

hqjlqhhulqj vwxglhv dqg rxu uhvxowv vhhp wr eh frqvlvwhqw zlwk wkrvh

ri ^:9/ ::`1

Lq Iljv1 9 dqg : zh vkrz wkh uhvxowv ri vroylqj Htq1 +475, 0

Htq1 +476, xvlqj Mhrq dqg Dwnlqvrq*v dgdswlyh surjudp1 Khuh zh

uhtxhvwhg dq huuru ri 433D dqg djdlq wkh UEIv zhuh lqwhusrodwhg

xvlqj 93 txdvl0udqgrp srlqwv1 Wkh vkdsh sdudphwhu ri wkh PT lv

fkrvhq wr eh 31:1 Khuh dv h{shfwhg iurp rxu suhylrxv glvfxvvlrq/

4.u dqg WSV shuirup lq d vlplodu idvklrq exw PTv ehkdyh vxevwdq0

wldoo| ehwwhu 0 uh hfwlqj wkh vshfwudo frqyhujhqfh ri erwk Dwnlqvrq*v

dojrulwkp dqg PT lqwhusrodwlrq1
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Iljxuh :1 Devroxwh huuruv dorqj {0d{lv xvlqj ELH1

Wkh uhvxowv ri vroylqj Htq1 +475, 0 Htq1 +476, e| wkh PIV duh

vkrzq lq Iljv1 < dqg 431 Khuh zh xvhg 67 vrxufh srlqwv xqlirupo|

glvwulexwhg durxqg d flufoh ri udglxv 431 Dv vkrzq lq Ilj1 ;/ zh

fkrrvh 68 xqlirupo| glvwulexwhg +lq whupv ri dqjoh, froorfdwlrq srlqwv

rq wkh sk|vlfdo erxqgdu|1 Wkh vkdsh sdudphwhu f ri wkh PT lv

fkrvhq wr eh 5181 Djdlq PTv shuiruphg vxevwdqwldoo| ehwwhu wkdq

erwk WSV dqg 4 . u/ dowkrxjk/ dv h{shfwhg/ WSV rxwshuirupv 4 . u1

Dv glvfxvvhg suhylrxvo|/ wklv djdlq uh hfwv wkh vshfwudo frqyhujhqfh

ri wkh PIV0PT frpelqdwlrq1

Iljxuh ;1 68 froorfdwlrq srlqwv rq wkh sk|vlfdo erxqgdu|1
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Iljxuh 431 Devroxwh huuruv dorqj {0d{lv xvlqj PIV0PT1

8 Wkh PIV iru wkh gl�xvlrq htxdwlrq

Hqfrxudjhg e| wkh vxffhvv ri wkh PIV iru vroylqj hoolswlf sureohpv zh

kdyh ehhq prwlydwhg wr h{whqg wkh phwkrg wr vroyh wlph0ghshqghqw

gl�xvlrq sureohpv1 Wklv lv dq duhd wkdw dsshduv wr kdyh ehhq odujho|

qhjohfwhg lq wkh PIV olwhudwxuh dqg zh duh dzduh ri rqo| wzr sxe0

olvkhg qxphulfdo vwxglhv ri wklv sureohp1 Lq ^:;` GhPh| frqvlg0



huhg vroylqj wkh rqh0glphqvlrqdo khdw htxdwlrq xvlqj wlph0ghshqghqw

vrxufhv dqg wklv dssurdfk zdv jhqhudol}hg wr 5G sureohpv e| Zdonhu

lq ^:<`1

Vlqfh xvlqj wlph0ghshqghqw vrxufhv fdq eh txlwh fxpehuvrph ^:;0

:<`/ zh kdyh ehjxq wr h{dplqh wkh xvh ri wkh Odsodfh wudqvirup +OW,

^5` wr uhpryh wkh wlph0ghshqghqfh1 Wklv frqyhuwv wkh EYS wr dq

htxlydohqw hoolswlf sureohp zklfk fdq eh vroyhg e| wkh PIV dv ehiruh1

Wkh wlph0ghshqghqfh lv wkhq uhvwruhg e| qxphulfdo lqyhuvlrq ri wkh

wudqvirup1 Dowkrxjk wklv zdv rqh ri wkh �uvw dssurdfkhv wdnhq lq wkh

EHP olwhudwxuh wr vroyh wkh gl�xvlrq htxdwlrq ^;3/ ;4`/ lwv dffxudf|

zdv kdpshuhg e| srru lqyhuvlrq whfkqltxhv ^;4`1 Dv OW lqyhuvlrq lv

dq loo0srvhg sureohp/ vpdoo wuxqfdwlrq huuruv fdq eh juhdwo| pdjql�hg

lq wkh lqyhuvlrq surfhvv ohdglqj wr srru qxphulfdo uhvxowv1 Krzhyhu/

lq uhfhqw |hduv wklv phwkrg kdv ehhq uh0h{dplqhg xvlqj d pruh vr0

sklvwlfdwhg lqyhuvlrq dojrulwkp gxh wr Vwhkihvw ^;4` dqg wkh uhvxowv

kdyh ehhq hqfrxudjlqj1 Wklv lqwhuhvw vhhpv wr kdyh ehhq uhnlqgohg

e| wkh sdshu ri Prulglv dqg Uhgghoo ^;5` dqg kdv ehhq ixuwkhu gh0

yhorshg e| ]kx hw do ^57`/ Vdwudydkd ^;6` dqg ]x dqg Vdwudydkd ^;7`1

Wkh uhvxowv lq ^57/ ;50;6` vxjjhvwhg wr xv wkdw frxsolqj wkh PIV zlwk

wkh OW frxog surylgh dq h!flhqw dojrulwkp1

Ohwwlqj G eh dv lq Vhfwlrq 5 zh frqvlghu wkh lqlwldo0EYS=

4

n

Cx+S> w,

Cw
@ �x+S> w,> S 5 G> w A 3> +4;8,

zlwk erxqgdu| frqglwlrqv

x+S> w, @ j�+S> w,> S 5 V�> w A 3> +4;9,

Cx+S> w,

Cq�
@ j2+S> w,> S 5 V2> w A 3> +4;:,

V� _ V2 @ >> V� ^ V2 @ V> dqg lqlwldo frqglwlrq

x+S> 3, @ xf+S,> S 5G ^ V= +4;;,

Wkh gl�xvlrq frh!flhqw n lv frqvwdqw dqg xf> j� dqg j2 duh jlyhq

ixqfwlrqv1

Wr vroyh Htq1 +4;8, 0 Htq1 +4;;, qxphulfdoo|/ zh xvh wkh Odsodfh

wudqvirup

O ^x+S> w,` � X+S> v, @

]
"

f

x+S> w,h3r|gw +4;<,



iru v 5 U> v A P> wr uhpryh wkh wlph0ghshqghqfh lq Htq1 +4;8, 0

Htq1 +4;:,1 Dsso|lqj O wr erwk vlghv ri Htq1 +4;8, xvlqj

O

�
Cx+S> w,

Cw

�
@ vX+S> v,� xf+S, +4<3,

jlyhv X dv wr vroxwlrq wr wkh wudqviruphg sureohp

�
�� v

n

�
X+S> v, @ �xf+S,

n
> S 5 G> +4<4,

X+S> v, @ J�+S> v,> S 5 V�> +4<5,

CX+S> v,

Cq�
@ J2+S> v,> S 5 V2> +4<6,

zkhuh

J�+S> v, @ O +j�, > l @ 4> 5= +4<7,

Qrz iru hdfk v A P Htq1 +4<4, 0 Htq1 +4<6, lv d EYS iru wkh

prgl�hg Khopkrow} rshudwru �� �2> � @
s
v@n dqg iru hdfk � Htq1

+4<4, 0 Htq1 +4<6, fdq eh vroyhg xvlqj wkh EHP ^57`1 Lq ^49` zh

lqwurgxfhg wkh PIV wr rewdlq X= Kdylqj grqh wklv/ lq sulqflsoh/ rqh

fdq rewdlq x+S> w, e|

x+S> w, @ O3�+X, +4<8,

zkhuh O3� lv wkh lqyhuvh OW1 Sudfwlfdoo|/ zh zloo rqo| eh deoh wr rewdlq

X+S>v, iru d �qlwh qxpehu ri ydoxhv iv�j dqg wkhq vrph qxphulfdo

whfkqltxh kdv wr eh hpsor|hg wr dssur{lpdwh O3�+X,= Zh uhwxuq wr

wklv lq Vhfwlrq 8151 Iru qrz zh frqfhqwudwh rq vroylqj Htq1 +4<4, 0

Htq1 +4<6,1

Ohw XR eh d sduwlfxodu vroxwlrq wr
�
�� �2

�
x @ �xf@n � i> wkhq

Y @ X �XR vdwlv�hv�
�� �2

�
Y +S> v, @ 3> S 5 G> +4<9,

Y +S> v, @ J�+S> v,�XR+S,> S 5 V�> +4<:,

CY +S> v,

Cq�
@ J2+S> v,� CXR+S,

Cq�
> S 5 V2> +4<;,

Ohw

J+S>T>�, @

;A?A=
�4
5�

Nf +�u, > +S>T, 5 U2/

�4
7�u

h{s +��u, > +S>T, 5 U�/

+4<<,



u @ nS�Tn/ eh wkh ixqgdphqwdo vroxwlrq ri � � �2 lq U_> g @ 5> 6

+Nf lv wkh Ehvvho ixqfwlrq ri wkh vhfrqg nlqg dqg rughu }hur,1 Wkhq/

lq dqdorj| wr wkh Khopkrow} htxdwlrq/ zh frqvlghu dssur{lpdwlrqv

Y? ri Y ri wkh irup

Y? @

?[
�'�

d�J+S>T�, +533,

zkhuh iT�j?� duh q vrxufh srlqwv rq d vxuidfh aV lq wkh h{whulru ri

G= Dv ehiruh/ id�j?� fdq eh ghwhuplqhg hlwkhu e| froorfdwlrq ru ohdvw

vtxduhv1 Zh frqvlghu rqo| froorfdwlrq lq wkh uhpdlqghu ri wklv vhfwlrq1

Kdylqj grqh wklv/ zh gh�qh

X? @ Y? . XR +534,

dv dq dssur{lpdwlrq wr X= Dv iru Srlvvrq*v htxdwlrq/ zh qhhg wr

ghwhuplqh XR ru dq dssur{lpdwlrq wr lw1

Edvhg rq rxu zrun iru Srlvvrq*v htxdwlrq/ lw lv uhdvrqdeoh wr xvh

d phwkrg edvhg rq d dssur{lpdwlqj i e| UEIv1 Krzhyhu/ lw dsshduv

gl!fxow wr dqdo|wlfdoo| vroyh wkh htxdwlrqv�
�� �2

�
�� @ *� +535,

iru lpsruwdqw fdvhv ri *= ]kx ^;8` frqvlghuhg wklv sureohp iru *+u, @

u6>p � 3> lq U2= Xvlqj surshuwlhv ri wkh Ehvvho ixqfwlrqv kh zdv

deoh wr rewdlq uhfxuvlrq uhodwlrqv lq p iru wkh �*v/ exw qr h{solflw

irupxodv zhuh jlyhq1 Iru PTv zh kdyh ehhq xqdeoh wr rewdlq dqd0

o|wlf irupxodv dv zhoo/ dowkrxjk lw lv srvvleoh wr �qg lqwhjudo irupxodv

xvlqj wkh yduldwlrq ri sdudphwhuv irupxod iru RGHv ^5`1 Dv d frq0

vhtxhqfh/ lq ^49` zh dgrswhg dq dssurdfk xvlqj Dwnlqvrq*v irupxod/

exw wklv fdq vwloo eh txlwh wlph frqvxplqj1 Lq ^;9` Fkhq dqg Udvkhg

rewdlqhg dqdo|wlf sduwlfxodu vroxwlrqv zkhq *� lq Htq1 +535, zdv d

wklq sodwh vsolqh1 Wkh ghulydwlrq lq ^;9` zdv khxulvwlf dqg d v|vwhp0

dwlf ghulydwlrq zdv jlyhq lq ^59`1 Wkh surfhgxuh jlyhq lq ^59` hqdeohv

rqh wr frpsxwh sduwlfxodu vroxwlrqv iru kljkhu rughu vsolqhv dv zhoo1

Zh zloo glvfxvv wklv lq Vhfwlrq 8161 Iru qrz/ zh frqvlghu wkh xvh ri

Dwnlqvrq*v irupxod1



814 Dwnlqvrq*v irupxod

Dv zh qrwhg lq Vhfwlrq 7/ d sduwlfxodu vroxwlrq XR ri +�� �2,X @ i

lv jlyhq e|

XR+S>�, @

]
	(

J+S>T>�,i+T,gy> S 5 G ^ V= +536,

Xvlqj wkh fkdqjh ri yduldeohv jlyhq lq Vhfwlrq 715/ wkh irupxod iru XR

Htq1 +536, fdq eh frqyhuwhg wr lqwhjudov zklfk fdq eh hydoxdwhg dv

sursrvhg wkhuh1 Lq U� wkh wudqviruphg lqwhjudqg lv qrqvlqjxodu1 Lq

U2> vlqfh

Nf+�u, @ � orj nS�Tn. nf+u, +537,

zkhuh nf lv dqdo|wlf ^;:`/

]
	(

J+S>T> v,i+T,gy @
�4
5�

597]
	(

orj nS�Tn i+T,gy

.

]
	(

nf +nS�Tn, i+T,gy

6:8 = +538,
Wkh �uvw lqwhjudo lq Htq1 +538, lv wkh vdph dv lq Htq1 +488, dqg

fdq eh dssur{lpdwhg e| Dwnlqvrq*v phwkrg1 Wkh vhfrqg lqwhjudo lv

uhjxodu dqg fdq eh hydoxdwhg e| d surgxfw Jdxvv0wudsh}rlgdo uxoh1

Krzhyhu/ wr vlpsoli| surjudpplqj zh xvhg wkh TPF phwkrg dv glv0

fxvvhg lq Vhfwlrq 7151 Lq ixwxuh zrun zh h{shfw wr frpsduh wklv

phwkrg zlwk wkh xvh ri Jdxvvldq surgxfw uxohv dqg dssur{lpdwlrq ri

i e| vsolqhv1 +Krzhyhu/ vhh H{dpsoh 81614161,

Li aXR ghqrwhv wkh sduwlfxodu vroxwlrq jlyhq e| dssur{lpdwlqj Htq1

+536, e| TPF lqwhjudwlrq/ wkhq

aZ @ aY? . aXR +539,

zkhuh aY? lv wkh PIV dssur{lpdwlrq wr Y zlwk XR lq Htq1 +4<:, 0

Htq1 +4<;, uhsodfhg e| aXR= Zh uhihu wr wklv whfkqltxh dv wkh Odv

Yhjdv Phwkrg ^49`1



815 Wkh lqyhuvh Odsodfh wudqvirup

Wr hydoxdwh O3�+ aZ ,> aZ lv frpsxwhg dw d �qlwh qxpehu ri srlqwv

v� @
oq5

w
�> � @ 4> 5> � � � > qr> +53:,

zkhuh cw* lv wkh wlph dw zklfk wkh vroxwlrq wr Htq1 +4;8, 0 Htq1

+4;;, lv ghvluhg1 Iroorzlqj uhfhqw zrun e| ]kx hw do ^;6/ ;7` zh

xvhg Vwhkihvw*v phwkrg wr dssur{lpdwh O3�+ aZ ,= Wklv lv jlyhq e|

^;4` +ex+S> w, lv wkh dssur{lpdwlrq wr x+S>w,,

ex+S> w, @ oq 5

w

?r[
D'�

Z�fZ +S> v�, +53;,

zkhuh

Z� @ +�4,?r2 nD

4�?tDc
?r

2
�[

&' �

2
EDn��

n
?r

2 +5n,$�
?
2
� n

�
$n$+n � 4,$+� � n,$+5n � �,$

=

+53<,

Wkh dffxudf| ri Htq1 +53;, 0 Htq1 +53<, ghshqgv rq wkh fru0

uhfw fkrlfh ri qr1 Dv qr lqfuhdvhv/ wkh dffxudf| lpsuryhv dqg wkhq

urxqg0r� huuru ehfrphv d idfwru dqg hyhqwxdoo| wkh dffxudf| ghfolqhv

^;4`1 Wklv lv d pdqlihvwdwlrq ri wkh loo0srvhgqhvv ri OW lqyhuvlrq1 Dv

zh vkdoo vhh/ wkh rswlpdo ydoxh ri qr kdv d vljql�fdqw h�hfw rq rxu

sursrvhg phwkrg1 Lq ^;4` Vwhkihvw whvwhg Htq1 +53;, 0 Htq1 +53<, rq

83 ixqfwlrqv zlwk nqrzq lqyhuvh wudqvirupv dqg frqfoxghg wkdw wkh

rswlpdo ydoxh ri qr lv 43 iru vlqjoh suhflvlrq yduldeohv dqg qr @ 4; iru

grxeoh suhflvlrq yduldeohv1 Lq suhylrxv zrun xvlqj wudglwlrqdo EHPv/

Prulglv dqg Uhgghoo ^;5` dqg ]kx hw do ^57/ ;60;7` irxqg qr vljql�fdqw

gl�huhqfhv lq wkhlu uhvxowv iru 9 � qr � 43=

81514 Qxphulfdo h{dpsohv

Wr whvw rxu phwkrg zh vroyhg sureohpv glvfxvvhg lq ^57` dqg ^;5`1

Frpsxwdwlrqv zhuh shuiruphg rq wkh vdph SF dv Vhfwlrq 7141 Zh xvh

Plfurvriw LPVO Pdwkhpdwlfdo dqg Vwdwlvwlfdo Oleudulhv +IRUWUDQ

Vxeurxwlqhv Yhuvlrq 513, wr hydoxdwh Nf=

H{dpsoh 8151414Zh frqvlghu wkh  rz ri khdw lq wkh vtxduh ^�3=5> 3=5`
� ^�3=5> 3=5` +xqlwv duh lq phwhuv, zlwk xf @ 4 dqg Glulfkohw erxqgdu|



frqglwlrqv x+S>w, @ 3>S 5 V= Wkh dqdo|wlf vroxwlrq ri wklv sureohp

lv ^;;`

x+S> w, @
49

�2

"[
?'f

"[
6'f

O?c6 frv
+5q. 4,�{

5d
frv

+5p. 4,�|

5d
h{s+�G?c6w,

+543,

zkhuh d @ 3=5/

O?c6 @
+�4,?n6

+5q. 4,+5p. 4,
dqg G?c6 @

n�2

7

�
+5q. 4,2

d2
.

+5p. 4,2

d2

�
=

+544,

Khuh n lv wkh wkhupdo gl�xvlylw| ri wkh vxevwdqfh=

Lq rughu wr frpsduh rxu uhvxow zlwk wkrvh lq ^57/ ;5`/ zh fkrvh

wkh vdph wkhupdo gl�xvlylw| n @ 8=; � 433. dqg revhuydwlrq wlph

w @ <333 vhfrqgv= Wkh whpshudwxuh glvwulexwlrq zdv fdofxodwhg dorqj

wkh { d{lv dw | @ 3=3581 Iru wkh PIV zh fkrvh 49 htxdoo| vsdfhg

froorfdwlrq srlqwv +vhh Ilj1 44, rq wkh erxqgdu| dqg wkh vdph qxpehu

ri vrxufh srlqwv htxdoo| vsdfhg rq d flufoh ri udglxv u @ 6=3 zlwk fhqwhu

+3> 3,= Wkh sduwlfxodu vroxwlrq Htq1 +536, zdv hydoxdwhg xvlqj TPF

lqwhjudwlrq zlwk 4333 txdvl0udqgrp qrghv1

Iljxuh 441 Froorfdwlrq srlqwv rq wkh erxqgdu| iru wkh PIV1

Dv vkrzq lq Ilj1 45/ iru wkh Odv Yhjdv phwkrg wkh huuruv ehwzhhq

wkh dqdo|wlfdo dqg qxphulfdo vroxwlrqv duh yluwxdoo| xqqrwlfhdeoh iru



wkh fdvh qr � ; zlwk pd{lpxp huuruv ri R+433e, iru q � 43= Lq

frqwudvw wr wkh ehkdylru uhsruwhg lq ^57/ ;5`/ wkh dffxudf| ri wkh Odv

Yhjdv phwkrg lqfuhdvhg vxevwdqwldoo| dv qr lqfuhdvhg iurp 9 wr 431

Wkh pd{lpxp huuru ri wkh Odv Yhjdv phwkrg zdv 4=; � 433e iru

qr � 45=

Wr vhh wkh h�hfw ri qxphulfdo lqwhjudwlrq/ zh revhuyh wkdw vlqfh

xf @ 4 lv kduprqlf/ wkh vroxwlrq fdq eh fdofxodwhg zlwkrxw qxphulfdo

lqwhjudwlrq1 Lq idfw/ li } @ x� xf> wkhq }| @ x| @ �x @ �+} . xf, @

�}.�xf @ �}= Wkxv } vdwlv�hv wkh krprjhqhrxv gl�xvlrq htxdwlrq

zlwk }hur lqlwldo frqglwlrq zklfk fdq eh vroyhg dv ehiruh1

Wkh uhvxowv iru ydulrxv qr ri grlqj wklv duh vkrzq lq Iljv1 450461

Dv rqh fdq vhh/ wkhuh lv olwwoh gl�huhqfh lq wkh dffxudf| ri wkh wzr

phwkrgv1

Iru fxulrvlw|/ zh frpsduhg wkh Odv Yhjdv phwkrg zlwk wkh fodv0

vlfdo Prqwh Fduor phwkrg zlwk 4333 udqgrpo| fkrvhq qrghv1 Wkh

uhvxowv duh vkrzq lq Ilj1 471 Wkh h�hfw ri xvlqj TPF lqwhjudwlrq

udwkhu wkdq PF lqwhjudwlrq lv vxevwdqwldo/ zklfk lv frqvlvwhqw zlwk

wkh R+P3� orjP, huuru ri TPF lqwhjudwlrq dqg wkh R+P3�*2, huuru

ri PF lqwhjudwlrq1
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Iljxuh 451 PIV huuru zlwk qxphulfdo lqwhjudwlrq1
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Iljxuh 461 PIV huuru zlwkrxw qxphulfdo lqwhjudwlrq1
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Iljxuh 471 PIV huuru zlwk Prqwh Fduor lqwhjudwlrq1

H{dpsoh 81514151 Wr vhh wkdw wkh Odv Yhjdv phwkrg fdq eh dssolhg

lq 6G zh frqvlghuhg d jhqhudol}dwlrq ri wkh sureohp lq H{dpsoh 814

^49`1 Khuh zh wdnh G wr eh d fxeh ri vlgh 3=5 +phwhuv, xf @ 4

dqg }hur Glulfkohw erxqgdu| frqglwlrqv1 Wkh dqdo|wlf vroxwlrq lv ^;;`

+S @+{> |> },,

x+S> w, @
97

��

"[
?'f

"[
6'f

"[
�'f

+�4,?n6n�

+5q. 4,+5p. 4,+5c. 4,
h{s+�G?c6c�w,

� frv
+5q. 4,�{

5d
frv

+5p. 4,�|

5e
frv

+5c. 4,�}

5f



zkhuh d @ e @ f @ 3=5 dqg

G?c6 @
n�2

7

�
+5q. 4,2

d2
.

+5p. 4,2

e2
.

+5c. 4,2

f2

�
=

Wkh wkhupdo gl�xvlylw| n dqg revhuydwlrq wlph w duh wkh vdph dv lq

H{dpsoh 814= Wkh whpshudwxuh glvwulexwlrq zdv fdofxodwhg dorqj wkh

{ d{lv dw | @ 3=358 dqg } @ 3=3;1

Iru wkh PIV zh fkrvh 95 froorfdwlrq srlqwv glvwulexwhg rq hdfk

vlgh ri wkh fxeh dv vkrzq lq Ilj1 48 dqg wkh vdph qxpehu ri vrxufh

srlqwv glvwulexwhg lq wkh vdph idvklrq rq wkh vxuidfh ri d fxeh ri

vlgh wkuhh= Wr hydoxdwh wkh sduwlfxodu vroxwlrq zh xvhg TPF lqwhjud0

wlrq zlwk 5333 srlqwv1 Uhvxowv ri wklv fdofxodwlrq dv d ixqfwlrq ri qr
duh vkrzq lq Ilj1 491 Lq Ilj1 4: zh vkrz wkh uhvxow ri vxewudfwlqj

r� xf @ 4=

%
%
%
%
%
%
%%

a
a
a
a
a
a
aa

%
%
%
%
%
%
%%

a
a
a
a
a
a
aa

Iljxuh 481 Froorfdwlrq srlqwv rq hdfk vxuidfh ri wkh fxeh1

D fxulrxv h�hfw ri wkh Odv Yhjdv phwkrg lv wkdw vroylqj wkh 6G

sureohp lv jhqhudoo| pruh h!flhqw wkdq vroylqj wkh 5G rqh1 Lq Wdeoh ;

zh vkrz FSX wlphv +lq vhfrqgv,/ xvlqj d 7;9 SF/ qhhghg wr fdofxodwh

wkh vroxwlrq dw dq lqwhulru srlqw iru ydulrxv ydoxhv ri qr= Wkh uhdvrq

iru wklv lv wudfhdeoh wr wkh idfw wkdw wkh 5G ixqgdphqwdo vroxwlrq lv d

Ehvvho ixqfwlrq/ zklfk lv d vxevwdqwldoo| pruh h{shqvlyh wr hydoxdwh

wkdq wkh h{srqhqwldo lq 6G1
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Iljxuh 491 PIV huuru zlwk qxphulfdo lqwhjudwlrq1

���� ���� ���� ���� ����

;�D[LV

���(��

���(��

���(��

���(��

���(��

$
E
V
R
OX
WH

(
UU
R
U

QV �

QV ��

QV ��

QV ��

QV ��

Iljxuh 4:1 PIV huuru zlwkrxw qxphulfdo lqwhjudwlrq1



Wdeoh ;1 Frpsdulvrq ri FSX wlphv iru H{dpsohv 814 dqg 8151

qr FSX +vhfrqgv,

5G 6G

; 5<144 4613:

43 69136 4916:

45 76139 4<193

47 7<1<6 551;8

49 891;8 5913<

816 Sduwlfxodu vroxwlrqv xvlqj WSV

Lq jhqhudo/ zh h{shfw wkh UEI dssurdfk wr �qglqj sduwlfxodu vrox0

wlrqv wr eh pruh h!flhqw wkdq Dwnlqvrq*v irupxod1 Krzhyhu/ dv zh

kdyh douhdg| srlqwhg rxw/ wklv dssurdfk dsshduv wr eh gl!fxow/ vlqfh

vroylqj Htq1 +535, dqdo|wlfdoo| lv dssduhqwo| qrw srvvleoh iru pdq|

lpsruwdqw UEIv1 Krzhyhu/ li * lv d WSV/ wkhq Htq1 +535, fdq eh

vroyhg e| d jhqhudol}dwlrq ri wkh zhoo0nqrzq dqqlklodwru phwkrg xvhg

iru RGHv ^;<`1 Wklv iroorzv ehfdxvh �2* @ 3>S 9@ 3> li * lv d WSV

^88`1 Iru fodulw|/ zh frqvlghu wkh 5G dqg 6G fdvhv vhsdudwho|1

Lq 5G/ *+u, @ u2 orj u vr wkdw � lv rewdlqhg e| vroylqj

+�� �2,� @ u2 orj u= +545,

Dsso|lqj �2 wr erwk vlghv ri Htq1 +545, xvlqj �2
�
u2 orj u

�
@ 3> u A

3> jlyhv

�2+�� �2,� @ 3= +546,

Vlqfh u2 orj u lv udgldo/ zh orrn iru udgldo vroxwlrqv ri Htq1 +546,1

Ohwwlqj

�o @
4

u

g

gu
+u

g

gu
, @

g2

gu2
.

4

u

g

gu
+547,

eh wkh udgldo sduw ri wkh Odsodfldq/ udgldo vroxwlrqv �+u, ri Htq1

+547, vdwlvi|

�2
o+�o � �2,� @ 3= +548,

Xvlqj wkh idfw wkdw �2
o dqg �o � �2 frppxwh/ zh fdq zulwh ^59`

� @ y .z +549,

zkhuh

+�o � �2,z @ 3 +54:,



dqg

�2
oy @ 3= +54;,

Dv lv zhoo nqrzq/ Htq1 +54:, lv d Ehvvho htxdwlrq zkrvh jhqhudo

vroxwlrq lv ^;<`

z @ DLf+�u, .ENf+�u, +54<,

zkhuh Lf lv d Ehvvho ixqfwlrq ri wkh �uvw nlqg dqg rughu }hur dqg Nf

lv dv ehiruh1

E| vwudljkwiruzdug dojheud zh �qg wkdw Htq1 +54;, lv htxlydohqw

wr wkh Hxohu htxdwlrq

ue
gey

gue
. 5u�

g�y

gu�
� u2

g2y

gu2
. u

gy

gu
@ 3> +553,

zkrvh fkdudfwhulvwlf sro|qrpldo lv s2+s � 5,2 ^;<`1 Wkxv lw iroorzv

wkdw ^;<`

y @ d . e orj u . fu2 . gu2 orj u= +554,

Khqfh/

� @ DLf+�u, .ENf+�u, . d. e orj u . fu2 . gu2 orj u= +555,

Wr ghwhuplqh wkh frqvwdqwv lq Htq1 +555, zh pdnh xvh ri wkh idfw wkdw�
�o � �2

�
� @ u2 orj u wr jxdudqwhh wkdw � lv d sduwlfxodu vroxwlrq=

Xvlqj �
�o � �2

�
Lf @

�
�o � �2

�
Nf @ 3>

vrph whglrxv dojheud wkhq jlyhv ^59`

d @
�7
�2

> e @
�7
�e

> f @ 3> g @
�4
�2

= +556,

Wkxv/

� @ DLf+�u, .ENf+�u,� 7

�2
� 7 orj u

�e
� u2 orj u

�2
+557,

lv d sduwlfxodu vroxwlrq1 Xvxdoo| zh zdqw sduwlfxodu vroxwlrqv zklfk

duh frqwlqxrxv dw u @ 3 dqg wklv fdq eh grqh e| fkrrvlqj E wr fdq0

fho wkh corj u* whup lq Nf= Xvlqj Nf+�u, $ �� � orj +�u@5, > u $ 3>

+� * 3=8::548997<34865; lv Hxohu*v frqvwdqw ^;:`, jlyhv E @ �7@�e1



Qrz/ h{fhsw iru Lf> Htq1 +557, djuhhv zlwk Htq1 +48, lq ^;9`1 Krz0

hyhu/ vlqfh sduwlfxodu vroxwlrqv duh qrw xqltxh zh fkrrvh D @ 3 iru

vlpsolflw|1 Khqfh/

� @

;AA?AA=
� 7

�2
� 7 orj u

�e
� u2 orj u

�2
� 7Nf+�u,

�e
> u 9@ 3>

� 7

�2
� 7�

�e
.

7

�e
orj

�
�

5

�
u @ 3=

+558,

Dv qrwhg lq Vhfwlrq 714 zh dovr qhhg wr vroyh
�
�� �2

�
" @ d{.

e|.f wr rewdlq sduwlfxodu vroxwlrqv iru wkh olqhdu whup lq Htq1 +45;,1

Wklv fdq eh grqh e| xqghwhuplqhg frh!flhqwv ^5` jlylqj

" @ � 4

�2
+d{. e| . f,= +559,

Lq U�/ *+u, @ u dqg djdlq �2* @ 3> u A 3= Xvlqj wklv/ udgldo

sduwlfxodu vroxwlrqv iru
�
�� �2

�
� @ u fdq eh rewdlqhg e| vroylqj

�2
o

�
�o � �2

�
� @ 3 +55:,

zkhuh

�o @
4

u2
g

gu

�
u2

g

gu

�
@

�
g2

gu2
.

5

u

g

gu

�
= +55;,

Dv ehiruh/

� @ y .z +55<,

zkhuh �
�o � �2

�
z @ 3 +563,

dqg

�2
oy @ 3= +564,

Wr vroyh Htq1 +564,/ ohw z @ }@u> wkhq } vdwlv�hv

g2}

gu2
� �2} @ 3> +565,

vr wkdw

z @
Dh3bo

u
.
Ehbo

u
= +566,

Wr vroyh Htq1 +564,/ zh qrwh wkdw lw lv htxlydohqw wr wkh Hxohu

htxdwlrq



ue
gey

gue
. 7u�

g�y

gu�
@ 3 +567,

zkrvh fkdudfwhulvwlf sro|qrpldo lv +s. 4,s+s� 4,+s� 5,= Khqfh/

y @ d. eu .
f

u
. gu2> +568,

vr wkdw

� @
Dh3bo

u
.
Ehbo

u
. d. eu .

f

u
. gu2= +569,

Xvlqj
�
�� �2

�
� @ u dqg vrph dojheud jlyhv

d @ g @ 3> e @
�4
�2

> f @
�5
�e

= +56:,

Iru frqwlqxrxv sduwlfxodu vroxwlrqv zh fkrrvh D @ 5@�e> E @ 3 jlylqj

� @

;AA?AA=
� u

�2
� 5

�eu
.

5h3bo

�eu
> u A 3>

�5
��

> u @ 3>

+56;,

Wklv djuhhv zlwk Htq1 +5;, lq ^;9`1

Dv iru wkh 5G fdvh " lq Htq1 +45<, lw fdq eh ghwhuplqhg e| vroylqj�
�� �2

�
" @ d{. e| . f. g jlylqj

" @ � 4

�2
+d{. e| . f} . g, = +56<,

Rqh fdq qrz xvh wkhvh h{suhvvlrqv wr rewdlq dssur{lpdwh sduwlf0

xodu vroxwlrqv iru
�
�� �2

�
x @ i zkhq i lv dssur{lpdwhg e| WSV1

Odvw/ zh qrwh wkdw wklv surfhgxuh fdq eh h{whqghg wr �qg sduwlf0

xodu vroxwlrqv zkhq * lv d kljkhu rughu vsolqh> l1h1/

*6+u, @ u2632 orj u> p � 5 lq U2> +573,

dqg

*6+u, @ u263�> p � 5 lq U�= +574,

Vlqfh �6*6 @ 3> wkh dqqlklodwru phwkrg fdq eh xvhg djdlq/ exw d

v|perolf surjudp lv suredeo| qhfhvvdu| wr gr wkh dojheud1



81614 Qxphulfdo h{dpsohv

H{dpsoh 8161414 Wr whvw wkh WSV dojrulwkp iru vroylqj wkh prgl�hg

Khopkrow} htxdwlrq zh vroyhg wkh erxqgdu| ydoxh sureohp

�x� nx @ 7� n+{2 . |2,> +{> |, 5 G> +575,

x @ {2 . |2> +{> |, 5 V> +576,

zkhuh n A 3>G lv wkh xqlw vtxduh dqg V lwv erxqgdu|1 Wkh h{dfw

vroxwlrq lv x @ {2 . |2=

Wr lqwhusrodwh 7� n+{2 . |2,> zh fkrvh 69 dqg 7< xqlirupo| glv0

wulexwhg julg srlqwv lq G^V= Iru wkh PIV zh fkrvh 49 hyhqo| vsdfhg

froorfdwlrq srlqwv rq V dqg wkh vdph qxpehu ri vrxufh srlqwv rq d

flufoh zlwk fhqwhu +3=8> 3=8, dqg udglxv 431 Uhodwlyh huuruv revhuyhg

dorqj | @ 3=8 iru ydulrxv ydoxhv ri n duh vkrzq lq Ilj1 4;1
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Iljxuh 4;1 Uhodwlyh huuruv iru ydulrxv n dqg lqwhusrodwlrq srlqwv1

Wr ghprqvwudwh wkh h!flhqf| ri rxu yhuvlrq ri OWGUP/ zh xvhg

wkh vdph sureohpv lq H{dpsohv 8151414 dqg 8151515 dqg frpsduhg rxu

uhvxowv zlwk wkh Odv Yhjdv phwkrg dqg wkh OWGUP lq ^57` dqg wkh

OWEHP lq ^;5`1



H{dpsoh 8161415 Wkh ghvfulswlrq ri wklv h{dpsoh lv h{dfwo| wkh vdph

dv lq H{dpsoh 8141 Iru sxusrvhv ri frpsdulvrq/ zh fkrrvh wkh vdph

froorfdwlrq srlqwv dqg vrxufh srlqwv dv lq H{dpsoh 81514141

Wr �qg d sduwlfxodu vroxwlrq/ zh qhhg wr lqwhusrodwh wkh iruflqj

whup ri Htq1 +4<4, e| WSV1 Qrwlfh wkdw lq wklv fdvh wkh iruflqj

whup ehfrphv h{wuhpho| vlpsoh/ d frqvwdqw1 Lw lv zhoo nqrzq wkdw d

frqvwdqw ixqfwlrq fdq eh h{dfwo| dssur{lpdwhg e| WSV1 Lq wklv fdvh

qr lqwhulru srlqwv duh uhtxluhg iru wkh sxusrvh ri uhfrqvwuxfwlqj wkh

iruflqj whup1 Khqfh/ zh fkrrvh wkh vdph 49 froorfdwlrq srlqwv zklfk

duh xvhg lq wkh PIV dv lqwhusrodwlrq srlqwv +vhh Ilj1 44,=

Lq Ilj1 4< zh ghqrwh qv @ qr dqg � vwdqgv iru wkh devroxwh huuru ri
wkh OWGUP dqg vrolg olqhv wkh devroxwh huuru ri OWPIV iru ydulrxv

qr1 Dv vkrzq lq Ilj1 4</ erwk wkh devroxwh huuru ri wkh OWGUP

dqg OWPIV duh erxqghg e| :�433e iru qr � 43= Zlwk lqfuhdvlqj

qr wkh devroxwh huuru ehfrphv vwdeoh1 Wkh dffxudf| ri rxu sursrvhg

phwkrg lv vlplodu wr wkh Odv Yhjdv phwkrg lq H{dpsoh 8151414 dqg

idu vxshulru wr wkh OWGUP lq ^57` dqg wkh OWEHP lq ^;5`1
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Iljxuh 4<1 Frpsdulvrq ri huuruv iru wkh gl�xvlrq htxdwlrq lq 5G1

Zh revhuyh wkdw OWGUP dqg OWPIV huuruv lq Ilj1 4< duh edvl0

fdoo| lghqwlfdo1 Wklv lpsolhv wkdw wkh lqwhusrodwlrq huuruv iru �qglqj

sduwlfxodu vroxwlrqv lq wkh OW vsdfh duh qhjoljleoh lq wklv h{dpsoh1

Wklv lv frqvlvwhqw zlwk wkh wkhruhwlfdo dqdo|vlv jlyhq lq Vhfwlrq 7161



Lq OW vsdfh wkh iruflqj whup ri wkh prgl�hg Khopkrow}*v htxdwlrq lv

4@n> d frqvwdqw1 Wkh WSV zlwk dxjphqwhg olqhdu whup dssur{lpdwhv

4@n h{dfwo|1 Ixuwkhupruh/ �+u, lq Htq1 +545, fdq eh hydoxdwhg dqd0

o|wlfdoo|1 Lq frqwudvw wr wkh OWGUP lq ^57`/ wkh iruflqj whup ri wkh

Odsodfldq fdq qrw eh lqwhusrodwhg h{dfwo|1 Dqrwkhu uhdvrq wkdw rxu

uhvxowv duh vxshulru wr wkrvh lq ^57/ ;5` lv wkdw wkh grplqdqw sduw ri

wkh frpsxwdwlrqdo huuru lq ^57/ ;5` pd| eh gxh wr orz frqyhujhqfh

udwh ri wkh EHP ^:5`1

Iroorzlqj H{dpsoh 8161416 zh zloo frpsduh wkh FSX wlphv ri wkh

fxuuhqw phwkrg dqg H{dpsoh 81514151

H{dpsoh 8161416 Zh lpsohphqwhg rxu yhuvlrq ri wkh OWGUP iru

wkh sureohp lq H{dpsoh 81514151 Djdlq/ wkh froorfdwlrq dqg vrxufh

srlqwv ri wkh PIV duh fkrvhq lq wkh vdph idvklrq dv lq H{dpsoh

81514151

Wr lqwhusrodwh wkh iruflqj whup/ zh fkrvh 63 txdvl0udqgrp srlqwv

lqvlgh wkh fxeh1 Wkh uhvxowv/ dv vkrzq lq Ilj1 53/ h{klelwhg vlplodu

ehkdylru wr wkdw lq H{dpsoh 81614151 Wkh qrwdwlrq lq Ilj1 53 lv

gh�qhg lq wkh vlplodu zd| dv lq Ilj1 4<1 Djdlq/ wkhuh lv sudfwlfdoo|

qr gl�huhqfh ehwzhhq wkh OWPIV dqg wkh OWGUP dv vkrzq lq Ilj1

531
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Iljxuh 531 Frpsdulrq ri huuruv iru wkh gl�xvlrq htxdwlrq lq 6G1



Wdeoh < looxvwudwhv wkh h!flhqf| ri rxu dssurdfk1 Zh xvhg wkh

vdph frpsxwhu dv iru wkh frpsxwdwlrqv lq H{dpsohv 8161415 dqg

8161416= Lq Wdeoh </ zh qrwlfh olwwoh gl�huhqfh lq FSX wlphv1 Rxu

dssurdfk lv hvshfldoo| dwwudfwlyh iru 6G sureohpv1

Wdeoh <1 FSX wlphv iru dq lqwhulru srlqw lq

H{dpsohv 8161415 dqg 81614161

qr FSX +vhfrqgv,

5G 6G

; 31<< 4165

43 4149 4187

45 416: 41;4

47 4185 5147

49 41:9 5174

9 Frqfoxvlrqv

Lq wklv fkdswhu zh kdyh vxuyh|hg vrph uhfhqw wkhruhwlfdo dqg frpsx0

wdwlrqdo ghyhorsphqwv lq wkh PIV1 Lq sduwlfxodu/ zh kdyh vkrzq krz

wr h{whqg wkh phwkrg wr vroyh lqkrprjhqhrxv/ qrqolqhdu dqg wlph0

ghshqghqw sureohpv1 Lq wkh sdvw/ wkh PIV kdv ehhq xvhg sulpdulo|

wr vroyh krprjhqhrxv hoolswlf sureohpv1 Zh kdyh glvfxvvhg vrph frq0

yhujhqfh dqg vwdelolw| uhvxowv ri Ndwvxudgd/ Rndprwr dqg Nlwljdzd

iru Odsodfh*v htxdwlrq lq U2 zklfk vkhg qhz oljkw rq wkh frqyhu0

jhqfh dqg vwdelolw| surshuwlhv ri wkh phwkrg1 Vrph ri wkhvh uhvxowv

duh h{whqghg wr hvwdeolvk wkh frqyhujhqfh ri PIV0UEI dojrulwkpv

iru Srlvvrq*v htxdwlrq zklfk fruurerudwh wkh uhvxowv ri qxphulfdo h{0

shulphqwv1 Wkh xvh ri wkh Odsodfh wudqvirup lq frqmxfwlrq zlwk wkh

PIV0UEI phwkrg surylghv h!flhqw dojrulwkpv iru wkh vroxwlrq ri

gl�xvlrq sureohpv lq U2 dqg U�1

Dowkrxjk wkh PIV kdv ehhq lq h{lvwhqfh iru ryhu 63 |hduv/ zh

eholhyh lw lv xqghuxwlol}hg dqg pxfk uhpdlqv wr eh grqh/ lq sduwlfxodu

zlwk uhvshfw wr frqyhujhqfh dqdo|vlv iru sureohpv lq U�1 Lq ixwxuh

zrun zh h{shfw wr h{whqg wkh phwkrg wr vroyh v|vwhpv ri qrqolqhdu

SGHv/ htxdwlrqv zlwk qrqfrqvwdqw frh!flhqwv dqg dssolfdwlrqv wr

sureohpv zlwk qrq0wudglwlrqdo erxqgdu| frqglwlrqv1 Zh krsh wkh

uhdghu zloo eh hqfrxudjhg wr ghyhors ixuwkhu wkhru| dqg dssolfdwlrqv1



DfnqrzohgjphqwWkh vhfrqg dxwkru dfnqrzohgjhv vdeedwlfdo

vxssruw iurp wkh Xqlyhuvlw| ri Qhydgd/ Odv Yhjdv dqg sduwldo vxs0

sruw iurp Surihvvru F1D1 Euheeld dw Zhvvh{ Lqvwlwxwh ri Whfkqrorj|/

X1N1/ gxulqj klv vdeedwlfdo ohdyh +4<<904<<:,1 Wkh vhfrqg dxwkru

dovr dfnqrzohgjhv sduwldo vxssruw ri d frooderudwlyh uhvhdufk judqw

iurp QDWR xqghu uhihuhqfh FUJ <:38<61

Uhihuhqfhv

^4` Sduwulgjh/ S1Z1/ Euheeld/ F1D1 ) Zureho/ O1F1/ Wkh Gxdo Uhfl0

surflw| Erxqgdu| Hohphqw Phkrg/ Frpsxwdwlrqdo Phfkdqlfv

Sxeolfdwlrqv/ Vrxwkdpswrq dqg Hovhylhu/ Orqgrq/ 4<<51

^5` Jroehuj/ P1D1 ) Fkhq/ F1V1/ Glvfuhwh Surmhfwlrq Phwkrgv

iru Lqwhjudo Htxdwlrqv/ Frpsxwdwlrqdo Phfkdqlfv Sxeolfdwlrqv/

Vrxwkdpswrq/ 4<<91

^6` Pdfnhuoh/ M1/ Vrph uhpdunv rq surjuhvv zlwk erxqgdu| hohphqwv/

Erxqgdu| Hohphqwv Frppxqlfdwlrqv/ 8/ 408/ 4<<71

^7` Dwnlqvrq/ N1H1 ) Fklhq/ G1/ Slhfhzlvh sro|qrpldo froorfdwlrq

iru erxqgdu| lqwhjudo htxdwlrqv/ VLDP Mrxuqdo rq Vflhqwl�f dqg

Vwdwlvwlfdo Frpsxwlqj/ :9/ 98409;4/ 4<;81

^8` Vdxwhu/ V1D1 ) Nudss/ D1/ Rq wkh h�hfw ri qxphulfdo lqwhjudwlrq

lq wkh Jdohunlq erxqgdu| hohphqw phwkrg/ Qxphulvfkh Pdwkh0

pdwln/ :7/ 66:0693/ 4<<91

^9` Zhdulqj/ M1O1 dqg Ehwdkdu/ R1/ Wkh dqdo|vlv ri sodwh ehqglqj

sureohpv xvlqj wkh uhjxodu gluhfw erxqgdu| hohphqw phwkrg/ Hq0

jlqhhulqj Dqdo|vlv zlwk Erxqgdu| Hohphqwv/ 49/ 59405:4/ 4<<81

^:` Mrkqvwrq/ U1O1 ) Idluzhdwkhu/ J1/ Wkh phwkrg ri ixqgdphqwdo

vroxwlrqv iru sureohpv lq srwhqwldo  rz/ Dssolhg Pdwkhpdwlfdo

Prghoolqj/ ;/ 59805:3/ 4<;71

^;` Ndudjhrujklv/ D1 ) Idluzhdwkhu/ J1/ Wkh phwkrg ri ixqgdphqwdo

vroxwlrqv iru wkh vroxwlrq ri qrqolqhdu sodqh srwhqwldo sureohpv/

LPD Mrxuqdo ri Qxphulfdo Dqdo|vlv/ </ 5640575/ 4<;<1

^<` Ndudjhrujklv/ D1 ) Idluzhdwkhu/ J1/ Wkh phwkrg ri ixqgdphqwdo

vroxwlrqv iru wkh qxphulfdo vroxwlrq ri wkh elkduprqlf htxdwlrq/

Mrxuqdo ri Frpsxwdwlrqdo Sk|vlfv/ 9</ 768078</ 4<;:1



^43` Jroehuj/ P1D1 ) Fkhq/ F1V1/ Rq d phwkrg ri Dwnlqvrq iru hydox0

dwlqj grpdlq lqwhjudov lq wkh erxqgdu| hohphqw phwkrg/ Dssolhg

Pdwkhpdwlfv dqg Frpsxwdwlrq/ 93/ 458046;/ 4<<71

^44` Jroehuj/ P1D1/ Fkhq/ F1V1 ) Nduxu/ V1U1/ Lpsuryhg pxowl0

txdgulf dssur{lpdwlrq iru sduwldo gl�huhqwldo htxdwlrqv/ Hqjl0

qhhulqj Dqdo|vlv zlwk Erxqgdu| Hohphqwv/ 4;/ <04:/ 4<<91

^45` Fkhq/ F1V1/ Wkh phwkrg ri ixqgdphqwdo vroxwlrqv iru qrq0olqhdu

wkhupdo h{sorvlrqv/ Frppxqlfdwlrqv lq Qxphulfdo Phwkrgv lq

Hqjlqhhulqj/ 44/ 9:809;4/ 4<<81

^46` Nrrspdq/ J1K1/ Vrqj/ O1 ) Idkqolqh/ M1E1/ D phwkrg iru frp0

sxwlqj dfrxvwlf �hogv edvhg rq wkh sulqflsoh ri zdyh vxshusrvl0

wlrq/ Mrxuqdo ri Dfrxvwlfdo Vrflhw| ri Dphulfdq/ ;9/ 57660576;/

4<;;1

^47` Fdr/ \1/ Vfkxow}/ Z1 ) Ehfn/ U1/ Wkuhh glphqvlrqdo ghvlqjx0

odul}hg erxqgdu| lqwhjudo phwkrgv iru srwhqwldo sureohpv/ Lq0

whuqdwlrqdo Mrxuqdo iru Qxphulfdo Phwkrgv lq Hqjlqhhulqj/ 45/

:;80;36/ 4<<41

^48` Dpdqr/ N1/ D fkdujh vlpxodwlrq phwkrg iru wkh qxphulfdo frq0

irupdo pdsslqj ri lqwhulru/ h{whulru dqg grxeo| frqqhfwhg gr0

pdlqv/ Mrxuqdo ri Frpsxwdwlrqdo dqg Dssolhg Pdwkhpdwlfv/ 86/

68606:3/ 4<<71

^49` Fkhq/ F1V1 ) Jroehuj/ P1D1/ Odv Yhjdv phwkrg iru gl�xvlrq

htxdwlrqv/ Erxqgdu| Hohphqw Whfkqrorj| [LL/ hgv1 M1L1 Iudqnho/

F1D1 Euheeld ) P1D1K1 Doldedgl/ Frpsxwdwlrqdo Phfkdqlfv

Sxeolfdwlrqv/ 5<<063;/ 4<<:1

^4:` Ndwvxudgd/ P1 ) Rndprwr/ K1/ D pdwkhpdwlfdo vwxg| ri wkh

fkdujh vlpxodwlrq phwkrg/ Mrxuqdo ri wkh Idfxow| ri Vflhqfh/

Xqlyhuvlw| ri Wrn|r/ Vhfwlrq 4D/ 68/ 83:084;/ 4<;;1

^4;` Ndwvxudgd/ P1/ Dv|pswrwlf huuru dqdo|vlv ri wkh fkdujh vlpx0

odwlrq phwkrg lq d Mrugdq uhjlrq zlwk dq dqdo|wlf erxqgdu|/

Mrxuqdo ri wkh Idfxow| ri Vflhqfh ri Wrn|r Xqlyhuvlw|/ Vhfwlrq

4D/ 6:/ 968098:/ 4<<31

^4<` Fkhqj/ U1V1F1/ Ghowd0Wuljrqrphwulf dqg Vsolqh Phwkrgv xvlqj

wkh Vlqjoh0Od|hu Srwhqwldo Uhsuhvhqwdwlrq/ Sk1G1 glvvhuwdwlrq/

Xqlyhuvlw| ri Pdu|odqg/ 4<;:1



^53` Nlwdjdzd/ W1/ Rq wkh qxphulfdo vwdelolw| ri wkh phwkrg ri ixqgd0

phqwdo vroxwlrqv dssolhg wr wkh Glulfkohw sureohp/ Mdsdq Mrxuqdo

ri Dssolhg Pdwkhpdwlfv/ 68/ 83:084;/ 4<;;1

^54` Nlwdjdzd/ W1/ Dv|pswrwlf vwdelolw| ri wkh ixqgdphqwdo vroxwlrq

phwkrg/ Mrxuqdo ri Frpsxwdwlrqdo dqg Dssolhg Pdwkhpdwlfv/

6;/ 596059</ 4<<41

^55` Erjrproq|/ D1/ Ixqgdphqwdo vroxwlrqv phwkrg iru hoolswlf

erxqgdu| ydoxh sureohpv/ VLDP Mrxuqdo rq Qxphulfdo Dqdo|vlv/

55/ 977099</ 4<;81

^56` Dplql/ V1/ Kduulv/ S1M1 ) Zlowrq/ G1M1/ Frxsohg Erxqgdu| dqg

Ilqlwh Hohphqw Phwkrgv iru wkh Vroxwlrq ri G|qdplf Ioxlg0

Vwuxfwxuh Lqwhudfwlrq Sureohp/ Ohfwxuh Qrwhv lq Hqjlqhhulqj/

hgv1 F1D1 Euheeld dqg V1D1 Ruv}dj/ Vsulqjhu0Yhuodj/ Ehuolq/

4<<51

^57` ]kx/ V1/ Vdwudydkd/ S1 ) Ox/ [1/ Vroylqj Olqhdu Gl�xvlrq Htxd0

wlrqv zlwk wkh Gxdo Uhflsurflw| Phwkrg lq Odsodfh Vsdfh/ Hq0

jlqhhulqj Dqdo|vlv zlwk Erxqgdu| Hohphqwv/ 46/ 4043/ 4<<71

^58` Sdvtxhwwl/ U1/ Fduxvr/ D1 ) Zureho/ O1F1/ Wudqvlhqw sureohpv

xvlqj wlph0ghshqghqw ixqgdphqwdo vroxwlrqv/ Erxqgdu| Hohphqw

Phwkrgv lq Khdw Wudqvihu/ hgv1 O1F1 Zureho dqg F1D1 Euheeld/

Frpsxwdwlrqdo Phfkdqlfv Sxeolfdwlrqv/ Vrxwkdpswrq/ 4<<51

^59` Jroehuj/ P1D1 ) Fkhq/ F1V1 dqg Udvkhg/ \1I1/ Wkh dqqlklodwru

phwkrg iru frpsxwlqj sduwlfxodu vroxwlrqv wr sduwldo gl�huhqwldo

htxdwlrqv/ vxeplwwhg iru sxeolfdwlrq1

^5:` Vwudqj/ J1 ) Il{/ J1M1/ Dq Dqdo|vlv ri wkh Ilqlwh Hohphqw

Phwkrg/ Suhqwlfh0Kdoo/ Hqjohzrrg Fol�v/ 4<:61

^5;` Dwnlqvrq/ N1H1/ D glvfuhwh Jduohunlq phwkrg iru �uvw nlqg lq0

whjudo htxdwlrqv zlwk d orjdulwkplf nhuqho/ Mrxuqdo ri Lqwhjudo

Htxdwlrqv dqg Dssolfdwlrqv/ 4/ 6760696/ 4<;;1

^5<` Fkhq/ \1 )Dwnlqvrq/ N1H1/ Vroylqj d Vlqjoh Od|hu Lqwhjudo Htxd0

wlrq rq Vxuidfhv lq U�/ Wkh Xqlyhuvlw| ri Lrzd/ Ghsduwphqw ri

Pdwkhpdwlfv/ Whfkqlfdo Uhsruw/ Qr1 84/ 4<<71

^63` Nohhv/ U1/ Judylw| �hog ghwhuplqdwlrq xvlqj erxqgdu| hohphqw

phwkrgv/ Vxuyh|v lq Jhrsk|vlfv/ 47/ 74<0765/ 4<<61



^64` Iuhhghq/ Z1 ) Nhuvwhq/ K1/ D frqvwuxfwlyh dssur{lpdwlrq wkhr0

uhp iru wkh reoltxh ghulydwlyh sureohp lq srwhqwldo wkhru|/Pdwk0

hpdwlfdo Phwkrgv lq Dssolhg Vflhqfh/ 6/ 4370447/ 4<;41

^65` Fkulvwldqvhq/ V1 ) Vduduhq/ M1/ Wkh frqglwlrqlqj ri vrph qxphu0

lfdo phwkrgv iru �uvw nlqg lqwhjudo htxdwlrqv/ Mrxuqdo ri Frp0

sxwdwlrqdo dqg Dssolhg Pdwkhpdwlfv/ 9:/ 7608;/ 4<<91

^66` Fkulvwldqvhq/ V1 ) Kdqvhq/ S1F1/ Wkh h�hfwlyh frqglwlrq qxpehu

dssolhg wr huuru dqdo|vlv ri fhuwdlq erxqgdu| froorfdwlrq phwk0

rgv/ Mrxuqdo ri Frpsxwdwlrqdo dqg Dssolhg Pdwkhpdwlfv/ 87/

48069/ 4<<71

^67` Kdq/ S1V1/ Rovhq/ P1G1 ) Mrkqvrq/ U1O1/ Dq dgdswlyh erxqgdu|

hohphqw phwkrg/ Lqwhuqdwlrqdo Mrxuqdo iru Qxphulfdo Phwkrgv

lq Hqjlqhhulqj/ 57/ 44;:04535/ 4<;:1

^68` Dwnlqvrq/ N1H1/ D vxuyh| ri erxqgdu| lqwhjudo htxdwlrq phwkrgv

iru wkh qxphulfdo vroxwlrq ri Odsodfh*v htxdwlrq lq wkuhh glphq0

vlrqv/ Fkdswhu 4/ Qxphulfdo Vroxwlrq ri Lqwhjudo Htxdwlrqv/ hg1

P1D1 Jroehuj/ Sohqxp/ Qhz \run/ 4<<31

^69` Dplql/ V1 ) Vordq/ L1/ Froorfdwlrq phwkrgv iru vhfrqg nlqg lqwh0

judo htxdwlrqv zlwk qrq0frpsdfw rshudwruv/ Mrxuqdo ri Lqwhjudo

Htxdwlrqv dqg Dssolfdwlrqv/ 5/ 4063/ 4<;<1

^6:` Edexvnd/ L1 ) Vxul/ P1/ Wkh s dqg k � s yhuvlrqv ri wkh �qlwh

hohphqw phwkrg/ edvlf sulqflsohv dqg surshuwlhv/ VLDP Uhylhz/

69/ 63:067:/ 4<<71

^6;` Ndudjhrujklv/ D1/ Prgl�hg phwkrgv ri ixqgdphqwdo vroxwlrqv iru

kduprqlf dqg elkduprqlf sureohpv zlwk erxqgdu| vlqjxodulwlhv/

Qxphulfdo Phwkrgv iru Sduwldo Gl�huhqwldo Htxdwlrqv/ ;/ 404</

4<<51

^6<` Srxoolnndv/ D1/ Ndudjhrujklv/ D1 ) Jhrujlrx/ J1/ Phwkrg ri ixq0

gdphqwdo vroxwlrqv iru kduprqlf dqg elkduprqlf erxqgdu| ydoxh

sureohpv/ Frpsxwdwlrqdo Phfkdqlfv/ wr dsshdu1

^73` Nuhvv/ U1/ D Q|vwuùp phwkrg iru erxqgdu| lqwhjudo htxdwlrqv

zlwk fruqhuv/ Qxphulvfkh Pdwkhpdwln/ 8;/ 4780494/ 4<<31



^74` Nxsudg}h/ Y1G1 ) Dohnvlg}h/ P1D1/ Wkh phwkrg ri ixqfwlrqdo

htxdwlrqv iru wkh dssur{lpdwh vroxwlrq ri fhuwdlq erxqgdu| ydoxh

sureohpv/ X1V1V1U1 Frpsxwdwlrqdo Pdwkhpdwlfv dqg Pdwkhpdw0

lfdo Sk|vlfv/ 7/ ;50459/ 4<971

^75` Ndwvxudgd/ P1 ) Rndprwr/ K1/ Wkh froorfdwlrq srlqwv ri wkh ixq0

gdphqwdo vroxwlrq phwkrg iru wkh srwhqwldo sureohp/ Frpsxwhuv

dqg Pdwkhpdwlfv zlwk Dssolfdwlrqv/ 64/ 456046:/ 4<<91

^76` Dkoiruv/ O1Y1/ Frpsoh{ Dqdo|vlv/ Dq Lqwurgxfwlrq wr wkh Wkhru|

ri Dqdo|wlf Ixqfwlrqv ri Rqh Frpsoh{ Yduldeoh/ PfJudz0Kloo/

Qhz \run/ 4<861

^77` Ndwvxudgd/ P1/ Fkdujh vlpxodwlrq phwkrg xvlqj h{whulru pds0

slqj ixqfwlrqv/ Mdsdq Mrxuqdo ri Lqgxvwuldo dqg Dssolhg Pdwkh0

pdwlfv/ 44/ 7:094/ 4<<71

^78` Duqrog/ G1Q1 ) Zhqgodqg/ Z1O1/ Wkh frqyhujhqfh ri vsolqh fro0

orfdwlrq iru vwurqjo| hoolswlf htxdwlrqv rq fxuyhv/ Qxphulvfkh

Pdwkhpdwln/ 7:/ 64:0674/ 4<;81

^79` Grqjduud/ M1M1/ Olqsdfn Xvhuv Jxlgh/ VLDP/ Sklodghoskld/ 4<:<1

^7:` Fkdq/ W1I1 ) Irxovhu/ G1/ H�hfwlyho| zhoo0frqglwlrqhg olqhdu v|v0

whpv/ VLDP Mrxuqdo ri Vflhqwl�f dqg Vwdwlvwlfdo Frpsxwlqj/ </

<960<9</ 4<;;1

^7;` Jhqj/ S1/ Rghq/ M1W1 ) Ghpnrzlf}/ O1/ Qxphulfdo vroxwlrq dqg

d srvwhulrul huuru hvwlpdwlrq ri h{whulru dfrxvwlfv sureohpv e| d

erxqgdu| hohphqw phwkrg dw kljk zdyh qxpehuv/ Mrxuqdo ri wkh

Dfrxvwlfdo Vrflhw| ri Dphulfd/ 433/ 6680678/ 4<<91

^7<` Sroodqgw/ U1/ Vroylqj qrqolqhdu htxdwlrqv ri phfkdqlfv zlwk wkh

erxqgdu| hohphqw phwkrg dqg udgldo edvlv ixqfwlrqv/ Lqwhuqd0

wlrqdo Mrxuqdo iru Qxphulfdo Phwkrgv lq Hqjlqhhulqj/ 73/ 940:6/

4<<:1

^83` Jroehuj/ P1D1 ) Fkhq/ F1V1/ Wkh wkhru| ri udgldo edvlv ixqf0

wlrqv dssolhg wr wkh EHP iru lqkrprjhqhrxv sduwldo gl�huhqwldo

htxdwlrqv/ Erxqgdu| Hohphqwv Frppxqlfdwlrqv/ 8/ 8:094/ 4<<71

^84` Euheeld/ F1D1 ) Qduglql/ G1/ G|qdplf dqdo|vlv lq vrolg phfkdq0

lfv e| dq dowhuqdwlyh erxqgdu| hohphqw surfhgxuh/ Vrolg G|qdp0

lfv dqg Hduwktxdnh Hqjlqhhulqj/ 98/ 47:0497/ 4<;61



^85` Dwnlqvrq/ N1H1/ Wkh qxphulfdo hydoxdwlrq ri sduwlfxodu vroxwlrqv

iru Srlvvrq*v htxdwlrq/ LPD Mrxuqdo ri Qxphulfdo Dqdo|vlv/ 8/

64<066;/ 4<;81

^86` Fkhqj/ D1K1G1/ Julool/ V1 ) Odih/ R1/ Gxdo uhflsurflw| EHP

edvhg rq frpsohwh joredo vkdsh ixqfwlrqv/ EHP [YLL/ Frpsx0

wdwlrqdo Phfkdqlfv/ Vrxwkdpswrq/ 4<<81

^87` Jroehuj/ P1D1 ) Fkhq/ F1V1/ D eleolrjudsk| rq udgldo edvlv

ixqfwlrq dssur{lpdwlrq/ Erxqgdu| Hohphqwv Frppxqlfdwlrqv/

:/ 4880496/ 4<<91

^88` Srzhoo/ P1M1G1/ Wkh wkhru| ri udgldo edvlv ixqfwlrq dssur{lpd0

wlrq lq 4<<3/ Dgydqfhv lq Qxphulfdo Dqdo|vlv/ Yro LL/ hg1 Z1

Oljkw/ R{irug Vflhqfh Sxeolfdwlrqv/ R{irug/ 4<<51

^89` Gxfkrq/ M1/ Vsolqhv plqlpl}lqj urwdwlrq lqyduldqw vhpl0qrupv lq

Vrerohy vsdfhv/ Lq Frqvwuxfwlyh Wkhru| ri Ixqfwlrqv ri Vhyhudo

Yduldeohv/ Ohfwxuh Qrwhv lq Pdwkhpdwlfv 8:4/ hg1 Z1 Vfkhpss

) N1 ]hoohu/ Vsulqjhu0Yhuodj/ Ehuolq/ ;80443/ 4<:91

^8:` Pdg|fk/ Z1U1/ Plvfhoodqhrxv huuru erxqgv iru pxowltxdgulf dqg

uhodwhg lqwhusrodqwv/ Frpsxwhuv dqg Pdwkhpdwlfv zlwk Dssolfd0

wlrqv/ 57/ 454046;/ 4<<51

^8;` Kdug|/ U1O1/ Pxowltxdgulf htxdwlrqv ri wrsrjudsk| dqg rwkhu

luuhjxodu vxuidfhv/ Mrxuqdo ri jhrsk|vlfdo Uhvhdufk/ 4:9/ 4<380

4<48/ 4<:41

^8<` Iudqnh/ U1/ Vfdwwhuhg gdwd lqwhusrodwlrq= whvwv ri vrph phwkrgv/

Pdwkhpdwlfv ri Frpsxwdwlrq/ 7;/ 4;40533/ 4<;5 1

^93` Srzhoo/ P1M1G1/ Wkh xqlirup frqyhujhqfh ri wklq sodwh vsolqh

lqwhusrodwlrq lq wzr glphqvlrqv/ Qxphulvfkh Pdwkhpdwln/ 9;/

55;0588/ 4<<71

^94` Ohyhvoh|/ M1/ Srlqwzlvh Hvwlpdwhv iru Pxowlyduldwh Lqwhusrodwlrq

Xvlqj Frqglwlrqdoo| Srvlwlyh Gh�qlwh Ixqfwlrqv/ Xqlyhuvlw| ri

Ohlfhvwhu/ 4<<71

^95` Ndqvd/ H1M1/ Pxowltxdgulfv 0 D vfdwwhuhg gdwd dssur{lpdwlrq

vfkhph zlwk dssolfdwlrqv wr frpsxwdwlrqdo  xlg0g|qdplfv +L,/

Frpsxwhuv dqg Pdwkhpdwlfv zlwk Dssolfdwlrqv/ 4<<3/ 4</ 45:0

4781



^96` Krq/ \1F1 ) Pdr/ [1]1/ Dq h!flhqw qxphulfdo vfkhph iru Exuj0

hu*v htxdwlrq/ wr dsshdu lq Dssolhg Pdwkhpdwlfv dqg Frpsxwd0

wlrq1

^97` Krq/ \1F1/ Ox/ P1Z1/ [x/ Z1P1 ) ]kx/ \1P1/ Pxowtxdgulf

phwkrg iru wkh qxphulfdo vroxwlrq ri d elskdvlf pl{wxuh prgho/

wr dsshdu lq Dssolhg Pdwkhpdwlfv dqg Frpsxwdwlrq1

^98` Ehdwvrq/ U1N1 ) Srzhoo/ P1M1G1/ Xqlyduldwh lqwhusrodwlrq rq d

uhjxodu �qlwh julg e| d pxowltxdgulf soxv d olqhdu sro|qrpldo/

LPD Mrxuqdo ri Qxphulfdo Dqdo|vlv/ 45/ 43:046:/ 4<<51

^99` Plour|/ P1M1/ Ylfnhuv/ J1Z1 ) Eudgoh|/ F1/ Dq dgdswlyh udgldo

edvlv ixqfwlrq dssurdfk wr prghoolqj vfdwwhuhg gdwd/ suhsulqw/

4<<71

^9:` Fkdq/ F1\1 ) Fkhq/ F1V1/ Wkh phwkrg ri ixqgdphqwdo vrox0

wlrqv iru pxowlsoh glphqvlrqdo txhqfklqj sureohpv/ Surfhhglqjv

ri G|qdplf V|vwhpv dqg Dssolfdwlrqv/ 5/ 4480455/ 4<<91

^9;` Fkdq/ F1\1/ Frpsxwdwlrq ri wkh fulwlfdo grpdlq iru txhqfklqj

lq dq hoolswlf sodwh/ Qhxudo dqg Sdudooho Vflhqwl�f Frpsxwlqj/ 4/

4860495/ 4<<61

^9<` Fkhq/ F1V1 ) Jroehuj/ P1D1/ D grpdlq hpehgglqj phwkrg dqg

wkh txdvl0Prqwh Fduor phwkrg iru Srlvvrq*v htxdwlrq/ Erxqgdu|

Hohphqwv [YLL/ hgv1 F1D1 Euheeld/ V1Nlp/ W1D1 Rvvzdog/ K1

Srzhu/ Frpsxwdwlrqdo Phfkdqlfv Sxeolfdwlrqv/ 4480455/ 4<<81

^:3` Qlhghuuhlwhu/ K1/ Udqgrp Qxpehu Jhqhudwlrq dqg Txdvl0Prqwh

Fduor Phwkrgv/ VLDP/ FEPV 96/ Sklodghoskld/ SD/ 4<<51

^:4` Jroehuj/ P1D1/ Wkh phwkrg ri ixqgdphqwdo vroxwlrqv iru Srlv0

vrq*v Htxdwlrq/ Hqjlqhhulqj Dqdo|vlv zlwk Erxqgdu| Hohphqwv/

49/ 5380546/ 4<<81

^:5` Jroehuj/ P1D1/ Fkhq/ F1V1/ Erzpdq/ K1 ) Srzhu/ K1/ Vrph

frpphqwv rq wkh xvh ri udgldo edvlv ixqfwlrqv lq wkh gxdo uhfh0

surflw| phwkrg/ wr dsshdu lq Frpsxwdwlrqdo Phfkdqlfv1

^:6` Pludqgd/ F1/ Sduwldo Gl�huhqwldo Htxdwlrqv ri Hoolswlf W|sh/

Vsulqjhu0Yhuodj/ Qhz \run/ 4<:31



^:7` Vfkdedfn/ U1/ Huuru hvwlpdwhv dqg frqglwlrq qxpehuv iru udgldo

edvlv ixqfwlrq lqwhusrodwlrq/ Dgydqfhv lq Frpsxwdwlrqdo Pdwk0

hpdwlfv/ 6/ 5840597/ 4<<81

^:8` Mhrq/ \1 ) Dwnlqvrq/ N1H1/ Dq Lqwhjudo Htxdwlrq Surjudp iru wkh

Sodqdu Odsodfh Htxdwlrq/ Pdwkhpdwlfv Ghsduwphqw/ Xqlyhuvlw|

ri Lrzd/ Lrzd flw|/ 4<<61

^:9` Nduxu/ V1U1 ) Udpdfkdqgudq/ S1D1/ Dxjphqwhg wklq sodwh

vsolqh dssur{lpdwlrq lq GUP/ Erxqgdu| Hohphqwv Frppxql0

fdwlrqv/ 9/ 8808;/ 4<<81

^::` Djqdqwldulv/ M1S1/ Sro|}rv/ R1 ) Ehvnrv/ G1H1/ Vrph vwxglhv rq

wkh gxdo uhflsurflw| EHP iru hodvwrg|qdplf dqdo|vlv/ Frpsxwd0

wlrqdo Phfkdqlfv/ 4:/ 5:305::/ 4<<91

^:;` GhPh|/ J1/ Wkh dx{looldu| erxqgdu| hohphqw phwkrg iru wlph gh0

shqghqw sureohpv/ Mrxuqdo ri Frpsxwdwlrqdo dqg Dssolhg Pdwk0

hpdwlfv/ 45046/ 56<0578/ 4<;81

^:<` Zdonhu/ V1S1/ Gl�xvlrq sureohpv xvlqj wudqvlhqw glvfuhwh vrxufh

vxshusrvlwlrq/ Lqwhuqdwlrqdo Mrxuqdo ri Qxphulfdo Phwkrgv lq

Hqjlqhhulqj/ 68/ 49804:;/ 4<<:1

^;3` Ul}}r/ I1 ) Vklss|/ G1M1D1/ D Phwkrg ri Vroxwlrq iru Fhuwdlq

Sureohpv ri Wudqvlhqw Khdw Frqgxfwlrq/ DLDD Mrxuqdo/ ;/ 53370

533</ 4<:31

^;4` Vwhkihvw/ K1/ Dojrulwkp 69;= Qxphulfdo Lqyhuvlrq ri wkh Odsodfh

Wudqvirup/ Frppxqlqfdwlrqv ri wkh DFP/ 46/ 7:07</ 4<:31

^;5` Prulglv/ J1O1 ) Uhgghoo/ G1O1/ Wkh Odsodfh Wudqvirup Erxqg0

du| Hohphqw +OWEH, Phwkrg iru wkh Vroxwlrq ri Gl�xvlrq0w|sh

Htxdwlrqv/ Erxqgdu| Hohphqwv [LLL/ Yro1 4/ Vsulqjhu0Yhuodj/

Ehuolq/ ;60<:/ 4<<41

^;6` Vdwudydkd/ S1/ Vroylqj Olqhdu dqg Qrqolqhdu Wudqvlhqw Gl�xvlrq

Sureohpv zlwk wkh Odsodfh Wudqvrup Gxdo Uhflsurflw| Phwkrg/

Sk1G1 Wkhvlv/ Ghsduwphqw ri Pdwkhpdwlfv/ Wkh Xqlyhuvlw| ri

Zroorqjrqj/ Zroorqjrqj/ Dxvwudold/ 4<<91

^;7` ]kx/ V1 ) Vdwudydkd/ S1/ Dq h!flhqw frpsxwdwlrqdo phwkrg iru

prghoolqj wudqvlhqw khdw frqgxfwlrq zlwk qrqolqhdu vrxufh whupv/

Dssolhg Pdwkhpdwlfdo Prghoolqj/ 53/ 8460855/ 4<<91



^;8` ]kx/ V1/ Sduwlfxodu vroxwlrqv dvvrfldwhg zlwk wkh Khopkrow} rshu0

dwru xvhg lq GUEHP/ Erxqgdu| Hohphqw Devwudfwv/ 7/ 5640566/

4<<61

^;9` Fkhq/ F1V1 ) Udvkhg/ \1I1/ Hydoxdwlrq ri Wklq Sodwh Volqh

Edvhg Sduwlfxodu Vroxwlrqv iru Khopkrow}0w|sh Rshudwru iru wkh

GUP/ Ghsduwphqw ri Pdwkhpdwlfdo Vflhqfhv/ <:�39/ Xqlyhuvlw|

ri Qhydgd/ Odv Yhjdv/ X1V1D1

^;:` Deudprzlw}/ P1 ) Vwhjxq/ L1D1/ Kdqgerrn ri Pdwkhpdwlfdo

Ixqfwlrqv/ Gryhu/ Qhz \run/ 4<981

^;;` Fduvodz/ K1V1 ) Mdhjhu/ M1F/ Frqgxfwlrq ri Khdw lq Vrolgv/ R{0

irug Xqlyhuvlw| Suhvv/ Orqgrq/ 4<8<1

^;<` Z1U1 Ghuulfn ) V1L1 Jurvvpdq/ Hohphqwdu| Gl�huhqwldo Htxd0

wlrqv zlwk Dssolfdwlrqv/ Dgglvrq0Zhvoh| Sxeolvklqj Fr1/ 4<:91


