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Abstract Krylov Supspace Spectral (KSS) methods provide an efficient approach to
the solution of time-dependent, variable coefficient partial differential equations by
using an interpolating polynomial with frequency-dependent interpolation points to
approximate a solution operator for each Fourier coefficient. KSS methods are highorder accurate time-stepping methods that also scale effectively to higher spatial
resolution. In this paper, we will demonstrate the effectiveness of using coarse-grid
residual correction, generalized to the time-dependent case, to improve the accuracy
and efficiency of KSS methods. Numerical experiments demonstrate the effectiveness of this correction.

1 Introduction
Consider a time-dependent, variable-coefficient PDE, such as
ut + Lu = 0,
u(x, 0) = f (x),

0 < x < 2π,
0 < x < 2π,

t >0

(1)
(2)

where L is a second order, self-adjoint, positive definite differential operator, such as
a Sturm-Liouville operator. This type of problem often poses difficulties for both implicit and explicit time-stepping methods due to the lack of scalability of these methods caused by stiffness. That is, unless the chosen time-step is sufficiently small, the
computed solutions might exhibit nonphysical behavior with large input sizes [7].
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Krylov Subspace Spectral (KSS) methods [13] are designed specifically for solving time-dependent, variable-coefficient problems. The main idea behind KSS methods is to use an interpolating polynomial with frequency-dependent interpolation
points to approximate the solution operator for each Fourier coefficient. As a result,
KSS methods exhibit a high order of accuracy and stability. The dilemma is that this
approach is only practical when applied to the high frequency components of the
solution, and so a less efficient approach, such as standard Krylov projection, must
be used on the low frequency components.
We have found that with the addition of coarse-grid residual correction, we can
eliminate low frequency components of the error by restricting the problem to a
coarser grid, and then using KSS methods on that coarser grid. In this paper, an
overview of KSS methods in its current form will be given, as well as a description
of how the addition of coarse-grid residual correction can be added to improve the
accuracy of KSS. Numerical results will demonstrate this improvement.
The outline of this paper is as follows, Section 2 reviews KSS methods. Section
3 will discuss the addition of coarse-grid residual correction to KSS. Numerical
results will be presented in Section 4, and conclusions will be given in Section 5.

2 Krylov Subspace Spectral Methods
We start by examining the parabolic PDE ut + Lu = 0 on (0, 2π) with periodic
boundary conditions u(0,t) = u(2π,t). The solution of this PDE can be represented
by the Fourier series
1
u(x,t) = √
2π

∞

∑

eiωx û(ω,t).

(3)

ω=−∞

To find the Fourier coefficients of the solution of the solution at time t n+1 , we can
represent them using the standard inner product on (0, 2π),


1
û(ω,tn+1 ) = √ eiωx , e−L4t u(x,tn ) ,
(4)
2π
where e−L4t is the exact solution operator.
The main idea behind KSS methods, as first described in [12], is to independently
approximate all Fourier coefficients of the solution using an approximation of the
exact solution operator that is tailored to each Fourier coefficient. To approximate
the exact solution operator, spatially discretizing the right hand side of (4) leads to

û(ω,tn+1 ) ≈

∆x
√ eiωx
2π

H 

e−LN ∆t u(x,tn )

(5)

where LN is a N × N symmetric positive definite matrix obtained from spatial
discretization of L using finite differences, and x is a vector of equally spaced
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points in [0, 2π) with spacing ∆ x = 2π/N. If we let u =
φ (LN

) = e−LN ∆t ,

√∆ x eiωx ,
2π

3

v = u(x,tn ), and

then we can represent the right side of (5) by the bilinear form
uH φ (LN )v.

(6)

The matrix LN is symmetric positive definite, and therefore has positive, real
eigenvalues b = λ1 ≥ λ2 ≥ . . . ≥ λN = a, and orthonormal eigenvectors q j where
j = 1, . . . , N. Then the spectral decomposition of (6) is
N

uH φ (LN )v =

∑ φ (λ j )uH q j qHj v.

(7)

j=1

From here, we define the measure α(λ ) by

if λ < a
0
N
H q qH v if λ ≤ λ ≤ λ
u
α(λ ) = ∑ j=i
j j
i
i−1
 N
∑ j=1 uH q j qHj v if b ≤ λ .

(8)

Now, as shown in [5], the bilinear form in (6) can be expressed as a RiemannStieltjes integral
uH φ (LN )v =

Z b

φ (λ ) dα(λ ).

(9)

a

To approximate this integral, Gaussian quadrature is used because it has a high degree of accuracy, and the weights are guaranteed to be positive if the measure α(λ )
is positive and increasing [5]. After applying Gaussian quadrature to (9) the following approximation can be obtained
K

Z b

φ (λ ) dα(λ ) =
a

∑ φ (λ j )w j + error

(10)

j=1

where the nodes are λ j and weights are w j , for j = 1, . . . , K. This quadrature rule is
exact for polynomials of degree up to 2K − 1 [5].
In the case where u = v, the nodes and weights for Gaussian quadrature can be
obtained using the symmetric Lanczos algorithm applied to LN using initial vector
u. In the case where u 6= v, the weights for Gaussian quadrature, w j , are not always guaranteed to be positive real numbers. This occurrence can destabilize the
quadrature rule as shown in [1]. In this case, we consider a block approach:
[u v]H φ (LN )[u v].
We can represent this matrix as the Riemann-Stieltjes integral
 H

Z b
u φ (LN )u uH φ (LN )v
φ (λ ) dµ(λ ) = H
,
v φ (LN )u vH φ (LN )v
a

(11)

(12)
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where µ(λ ) is a 2 × 2 matrix with entries of the form α(λ ) from (8) [5]. Then a
quadrature rule approximates the integral (12) as follows:
Z b

2K

φ (λ ) dµ(λ ) ≈

a

∑ φ (λ j )v j vHj + error.

(13)

j=1

where each λ j is a scalar and each v j is a 2-vector.
The block Lanczos algorithm applied to LN using initial block [u v] yields the
nodes and weights for block Gaussian quadrature [6]. Specifically, block Lanczos
produces the block tridiagonal matrix with 2 × 2 blocks


M1 BT1
 B1 M2 BT

2


TK = 
(14)
,
.
.
.
.
.
.


. .
.
BK−1 MK
where each B j is upper triangular. The eigenvalues of TK are used as the nodes λ j
in (13), and v j vHj are the matrix-valued “weights”, where v j consists of the first two
components of the normalized eigenvector corresponding to λ j .
A time step of block KSS, as seen in [12], proceeds as follows. First, we define
R0 (ω) = [êω un ]

(15)

x iωx
e
on a uniform N-point grid, and un is the
where êω is a discretization of √∆2π
computed solution at time tn (these are u and v in (11) above). The QR factorization
of (15) leads to
R0 (ω) = X1 (ω)B0 (ω)
(16)

with
h
X1 (ω) = êω

unω
||unω ||2

i


,

B0 (ω) =


1 êω H un
,
0 ||unω ||2

where
unω = un − êω êH un = un − êω û(ω,tn ).

(17)

Block Lanczos is then applied to the discretized operator, LN , with initial block
X1 (ω). From block Lanczos, we obtain our M j and B j so that we can produce the
matrix TK (ω) with the same form as (14), the entries of which depend on ω. Then,
each Fourier coefficient of the solution at time tn+1 can be approximated by
H −TK (ω)4t
[ûn+1 ]ω = [BH
E12 B0 (ω)]12 ,
0 (ω)E12 e

E12 = [ e1 e2 ]

(18)

By applying an inverse Fast Fourier Transform (FFT) to the vector of Fourier coefficients, we obtain the vector un+1 , which approximates the solution u(x,tn+1 ). In
[12] it was shown that this algorithm has local temporal accuracy of O(4t 2K−1 )
for the parabolic problem and in [9] it was shown to have local temporal accuracy
O(4t 4K−2 ) for the second-order wave equation.

KSS Methods with Coarse-Grid Correction for Time-Dependent PDEs

5

To improve the efficiency of block KSS methods, asymptotic analysis of block
Lanczos iteration was performed in [3, 14]. It was shown that at high frequencies,
the eigenvalue problem for TK (ω) approximately decouples, so that the Gaussian
quadrature nodes could instead be estimated by performing “non-block” Lanczos on
LN with initial vectors êω and un , which yields frequency-dependent and frequencyindependent nodes, respectively.
This improves efficiency for two reasons. First, the frequency-independent nodes
need only be computed once per time step, and shared by all quadrature rules of the
form (13) for each ω. Second, the entries of the Jacobi matrix obtained by applying Lanczos with to LN initial vector êω can easily be estimated in terms of the
coefficients of the underlying differential operator L.
With these enhancements taken into account, the following algorithm from [3]
describes a time step of KSS on [tn ,tn+1 ] to solve ut + Lu = 0, on an N-point uniform
grid, with periodic boundary conditions, and O(∆t 2K−1 ) accuracy in time.
1. Perform K iterations of Lanczos on LN with initial vector un to obtain Jacobi matrix TK . The eigenvalues λ1 , . . . , λK of TK are the frequency-independent nodes.
2. For each ω = −N/2 + 1, . . . , N/2, compute the frequency-dependent nodes
λ1,ω , . . . , λK,ω from analytically computed estimates of the entries of TK (ω), obtained through K iterations of Lanczos on LN with initial vector êω [3, 14].
3. For each ω = −N/2 + 1, . . . , N/2, compute the polynomial interpolant
2K−1

p2K−1,ω (λ ) =

∑

c j,ω λ j

j=0

of φ (λ ) = e−λ ∆t , with interpolation points λ1 , . . . , λK , λ1,ω , . . . , λK,ω .
4. Each Fourier coefficient of the solution at time tn+1 is then computed as follows:
2K−1

[un+1 ]ω =

∑

j n
c j,ω êH
ωL u .

(19)

j=0

FFTs are used to compute Fourier coefficients of L j un , but by performing Newton interpolation in step 3 with the frequency-independent nodes listed first, the
number of FFTs can be reduced from 2K in (19) to K [3].
5. Perform an inverse FFT to obtain the solution at time tn+1 .

3 KSS with Coarse-Grid Residual Correction
The “smoothing” property [2] is a phenomenon that many iterative methods possess. This property describes a method in which the rapid decrease in error in earlier iterations is due to the elimination of higher frequency error. Methods with the
smoothing property are often not as effective at eliminating low frequency error.
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Similarly, due to the work of Cibotarica, Lambers, and Palchak in [3, 14], KSS
methods are already highly effective at computing the high frequency components
of the solution, but since the asymptotic analysis in these works applied only to
high-frequency components, they are not as effective at eliminating low frequency
error.
Solving a PDE on a coarse grid is an effective way to eliminate low-frequency
error in linear systems that arise from the spatial discretization of elliptic partial differential equations. To apply this multigrid-inspired technique to a time-dependent
problem of the form ut + Lu = 0, we first define the residual as R = ut + Lu, and then
solve a non-homogeneous version of the PDE to estimate the error for correction.
We therefore need three functions to implement coarse grid residual correction
generalized to the time-dependent PDE:
• a function to restrict the problem to a coarser grid
• a function to discretize the spatial differential operator on the coarse grid, and
• a function to interpolate back to the fine grid
The Krylov Subspace Spectral method with Coarse-Grid Residual Correction (KSSCG) proceeds as follows, during each time step:
1. use KSS as described in Section 2 to compute an initial solution and residual,
2. use a FFT to restrict the residual to a coarse grid,
3. compute a correction on the coarse grid by solving the same PDE, but with the
residual as a source term,
4. use a FFT to transfer the correction to the fine grid, and
5. add the correction to the initial solution from step 1.
It should be noted that since the test cases we use have homogeneous Neumann
boundary conditions instead of periodic, we will be using a discrete cosine transform
that employs FFTs.
In [4] it is shown why multigrid methods are ineffective for nonelliptic problems
such as the Helmholtz equation, as any choice of a relaxation parameter results in an
amplification of some modes. In [10], KSS methods were applied to the Helmholtz
equation, and difficulties arose due to a singularity in the integrand φ (λ ) = 1/λ in
(9) resulting from the indefiniteness of the underlying matrix.
In both cases, the PDE is being solved on the entire (spatial) domain through the
solution of a single system of linear equations; by contrast, KSS-CG is not solving
a nonelliptic PDE on the entire (space-time) domain simultaneously. As described
above, the algorithm is essentially a time-stepping method, with residual correction
performed after each time step on a coarser spatial grid.

3.1 Using KSS-CG to solve a Parabolic PDE
Consider the parabolic PDE
ut + Lu = 0,

(0, 2π) × (0, ∞),

(20)
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u(x, 0) = f (x),

0 < x < 2π,

7

(21)

with either periodic or homogeneous boundary conditions. In this section, we restrict ourselves to one space dimension for concreteness; a 2-D problem is considered in the results section.
As previously stated, multigrid can be used to improve the accuracy of iterative
methods that have the smoothing property. After KSS is applied during a single
time step as described in Section 2, we are left with a relatively smooth error. To
perform residual correction, first the solution computed from KSS is used to find
the residual, R(x,t) = ut (x,t) + Lu(x,t). This entails using the time derivative of
the solution operator, in this case S(t) = e−Lt , to compute ut . That is, the same
Gaussian quadrature rules are used as with computing the solution itself, but with
the integrand f (λ ) = −λ e−λt .
To restrict the residual to a coarse grid, the low-frequency components of its
discrete Fourier transform are extracted. Once the residual is restricted to the coarse
grid, the differential operator L must also be restricted to the coarse grid. Then, the
non-homogeneous equation
et + Le = R(x,t)
(22)
must be solved where e is the error, and the initial condition is e(x, 0) = e0 = 0. It
follows that
Z t
e(x,t) =
e−L(t−s) R(x, s) ds.
(23)
0

If we use Gaussian quadrature to approximate the integral in (23), we obtain the
error estimate
Z ∆t

e(x, ∆t) =

e−L(∆t−s) R(x, s)ds ≈

0

m

∑ wk e−L(∆t−sk ) R(x, sk )

(24)

k=1

where the sk are the Gauss-Legendre points, transformed to the interval [0, ∆t], and
the wk are the weights transformed to the same interval. To correct the solution, the
newly obtained error estimate can be interpolated back to the fine grid by padding
its discrete Fourier transform with zeros.
A straightforward modification of the above algorithm to perform multiple
coarse-grid corrections would have the drawback that with each correction, the total
number of quadrature nodes in time would increase substantially, because the residual of each term in each correction would have to be evaluated at m times, where
m is the number of nodes used in the quadrature rule in (24). To avoid the resulting increase in computational expense, future work will focus on coarsening in both
space and time to make multiple corrections practical.

3.2 Using KSS-CG to solve a Hyperbolic Problem
Consider the hyperbolic PDE
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utt = Lu,
u(x, 0) = f (x),

(0, 2π) × (0, ∞),

ut (x, 0) = g(x),

0 < x < 2π.

(25)
(26)

The solution operator for this problem can be expressed as a matrix of functions of
the operator L:
#
√
√


 "
√1 sin( −L4t)
cos( −L4t)
u(x,t)
u(x,t + ∆t)
−L
√
√
√
. (27)
=
ut (x,t)
ut (x,t + ∆t)
− −L sin( −L4t) cos( −L4t)
The entries of the propagator matrix in (27) indicate which functions are the integrands in the Riemann-Stieltjes integrals that are used to compute the Fourier
coefficients of the solution [11].
The residual, R, computed at each time step is
R = utt − Lu,
where the second time derivative of the solution operator from Section 2 is used to
compute utt . That is, the second derivatives of the matrix functions in (27) with respect to ∆t are used as integrands in the required Riemann-Stieltjes integrals. Then,
the error used to update the solution is obtained by solving
ett = Le + R(x,t)
which yields
Z ∆t

e(x,tn+1 ) =

0

√
1
√
sin( −L(4t − s))R(x, s) ds.
−L

(28)

This error estimate and its time derivative are then interpolated back to the fine grid
by padding their discrete Fourier transforms with zeros, as in the parabolic case.

4 Numerical Results
In this section, the effectiveness of KSS with coarse grid residual correction (KSSCG) will be demonstrated. The following approaches will be compared:
• KSS method as described in Section 2.
• KSS method with with coarse grid residual correction, as described in Section
3, using 2 Gaussian quadrature nodes (KSS-CG2). This will only be done in the
parabolic case.
• KSS method with with coarse grid residual correction, as described in Section
3, using 4 Gaussian quadrature nodes (KSS-CG5). This will only be done in the
hyperbolic case.
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• KSS method with with coarse grid residual correction using 3 Gaussian quadrature nodes (KSS-CG3)
• Krylov projection as described in [8] (KP)
• KSS-EPI method as described in [3].
The errors reported are relative errors with respect to an “exact solution” using
the M ATLAB ODE solver ode15s, computed using the smallest allowable time
step. For each test problem we use grid sizes of N = 50, 150 grid points per dimension to demonstrate how increased spatial resolution will affect the performance of
each method. For KSS-CG, a grid with N = 25 grid points per dimension is used for
residual correction.

4.1 Parabolic Problem
We first compare all five methods when solving the 2-D parabolic problem
ut = α4u + (1 − 3u20 )u,

(29)

on the rectangle [0, 1]2 and for 0 < t < 0.2, with initial condition
u(x, y, 0) = u0 (x, y) = 0.4 + 0.1 cos(2πx) cos(5πy)

(30)

and homogeneous Neumann boundary conditions.
Figures 1 and 2 show the error vs. time performance and error vs. time step
performance for each approach used, with grid sizes N = 50 and 150 points per
dimension, respectively. From these plots we can see that the errors for both the
KSS-CG methods are smaller that the errors for any other method. On the larger
grid size, seen in Figure 2, the difference in efficiency between each method is
more pronounced. KSS-CG3 had the smallest relative error for each time-step, followed closely by KSS-CG2. Standard KSS and KSS-EPI methods demonstrated less
computational time per time-step although comparatively the percentage increase in
computational time between grid sizes for KSS is much larger than the percentage
increase for both KSS-CG methods. This implies that for even larger grid sizes,
KSS-CG may be more efficient than the other tested methods, as also observed in
[3], though further numerical experiments would have to be performed to validate
this theory. It is also important to note that although all KSS methods used are thirdorder accurate, KSS-CG achieved fourth-order accuracy.

4.2 Hyperbolic Problem
We now compare the performance of these methods when solving the hyperbolic
problem
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Fig. 1 Time of each timestep for each method vs error with grid sizes N = 50 points per dimension.
The blue dashed curve represents KSS-CG using 2 Gaussian quadrature nodes, the red solid and
star curve represents KSS-CG using 3 Gaussian quadrature nodes, the yellow dash-dot curve represents KSS-EPI, the purple dot-star curve represents the KSS method with filtering (but without
correction), and the green dash-circle curve represent standard Krylov Projection.

Fig. 2 Time of each timestep for each method vs error with grid sizes N = 150 points per dimension. The blue dashed curve represents KSS-CG using 2 Gaussian quadrature nodes, the red
solid and star curve represents KSS-CG using 3 Gaussian quadrature nodes, the yellow dash-dot
curve represents KSS-EPI, the purple dot-star curve represents the KSS method with filtering (but
without correction), and the green dash-circle curve represent standard Krylov Projection.

utt = α4u + (1 − 3u20 )u,
on the rectangle

[0, 1]2

(31)

and for 0 < t < 2, with initial conditions
u(x, y, 0) = u0 (x, y),

ut (x, y, 0) = 1,

where u0 (x, y) is as defined in (30). For this problem, all KSS methods used are
sixth-order accurate, and therefore we use KSS-CG with 3 and 4 Gaussian quadrature nodes for the correction.
We can see from the graph of the smaller grid size in Figure 3 that all methods
yield similar computational time in the last time-step, yet KSS-CG3 and KSS-CG4
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yield substantially higher accuracy. As the grid size increases from N = 50 grid
points per dimension to N = 150, the accuracy of Krylov projection and KSS-EPI
decreased while the accuracy of KSS and both KSS-CG methods increased, as can
be seen in Figure 4. Most significantly, the KSS-CG methods are far more efficient
and scalable than Krylov Projection or KSS-EPI. As in the parabolic case, both KSSCG methods exhibited higher-order accuracy: eighth-order instead of sixth over the
smaller time steps.

Fig. 3 Time of each timestep for each method vs error with grid size N = 50 points per dimension.
The blue dashed curve represents KSS-CG using 3 Gaussian quadrature nodes, the red solid and
star curve represents KSS-CG using 5 Gaussian quadrature nodes, the yellow dash-dot curve represents KSS-EPI, the purple dot-star curve represents the KSS method with filtering (but without
correction), and the green dash-circle curve represent standard Krylov Projection.

Fig. 4 Time of each timestep for each method vs error with grid size N = 150 points per dimension.
The blue dashed curve represents KSS-CG using 3 Gaussian quadrature nodes, the red solid and
star curve represents KSS-CG using 5 Gaussian quadrature nodes, the yellow dash-dot curve represents KSS-EPI, the purple dot-star curve represents the KSS method with filtering (but without
correction), and the green dash-circle curve represent standard Krylov Projection.
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5 Conclusion
It has been demonstrated that with coarse-grid residual correction, KSS methods
become more accurate when solving time-dependent variable-coefficient PDEs, and
also achieve a higher order of temporal accuracy. This represents a significant step
forward in the evolution of KSS methods, as previous versions used the less efficient
approaches of explicitly performing block Lanczos [14] or Krylov projection [3]
to compute low-frequency components. Further optimization of KSS-CG will be
needed to obtain faster computation time with sustained accuracy.
Future work on the combination of coarse-grid residual correction and KSS is
needed to fully explore the effectiveness of this method. Topics for further research
include generalizing KSS-CG to solve a wider variety of problems, including nonlinear PDEs in combination with EPI methods as in [3]. Future work must also focus
on further grid coarsening, as in this paper only the next coarsest grid was used. An
efficient way to use any number of corrections must be developed to fully realize
the potential of KSS-CG; this would involve coarsening in time as well as space.
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