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Abstract. We propose a new single phase local upscaling method that uses spatially varying
multi-point transmissibility calculations. The method is demonstrated on two-dimensional Cartesian
and adaptive Cartesian grids. For each cell face in the coarse upscaled grid, we create a local fine
grid region surrounding the face on which we solve two generic local flow problems. The multi-point
stencils used to calculate the fluxes across coarse grid cell faces involve the six neighboring pressure
values. They are required to honor the two generic flow problems. The remaining degrees of freedom
are used to maximize compactness and to ensure that the flux approximation is as close as possible
to being two-point. The resulting multi-point flux approximations are spatially varying (a subset of
the six neighbors is adaptively chosen) and reduce to a two-point expressions in cases without fulltensor anisotropy. Numerical tests show that the method significantly improves upscaling accuracy as
compared to commonly used local methods and also compares favorably with a local-global upscaling
method.
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1. Introduction. Subsurface formations typically display high degrees of variability over multiple length scales. The systems may exhibit geometrically complex
features with complicated large scale connectivity. The effects of permeability variability, its uncertainty and its potentially complex connectivity must be included in
simulations of flow and transport in aquifers or petroleum reservoirs because they
can fundamentally impact simulation results. Uncertainty can be taken into account
either through stochastic modeling or by simulating a number of deterministic geostatistical realizations of the reservoir [8], which is the approach we assume in this work.
To reduce computational costs, simulations are generally performed on grids that are
coarse compared to the given geocellular grids. These coarsened flow models should
adequately represent key behaviors, such as the overall flow rate for given boundary
conditions and critical connected flow paths.
Multi-scale methods, in our definition, are methods designed to capture multiple
scales involved in these fluid flow processes. These include approaches that upscale
to a coarse simulation grid and reconstruct the solution on a finer scale, often the
geocellular scale, within each coarse grid cell, or approaches based on grid refinement.
In the latter case, again appropriate upscaling methods to the grid levels involved must
be developed. Hence, any upscaling procedure can be incorporated in a multiscale
procedure.
In this work we are concerned with transmissibility upscaling, that is, with finding
representative coefficients that relate fluxes at faces between coarse cells to pressures
of cells neighboring the faces. As demonstrated in [9], transmissibility upscaling is generally found to give substantially improved flow results over permeability upscaling.
We limit ourselves to single phase upscaling methods also to find transmissibilities for
the upscaled equation 2.1, but these transmissibilities can also be used for multi-phase
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simulations. We focus on finite volume upscaling methods that lead to a cell-centered
coarse scale pressure equation and conservative fluxes. Upscaling approaches based
on finite element methods are also available, and we refer to [28, 12, 4] and [1] for a
discussion of methods in this class.
1.1. A brief overview of flow-based upscaling methods and their applicability. Upscaling methods can be distinguished in terms of the flow problems used
to find representative coarse grid values. The three main classes are local or extended
local methods, global or quasi-global methods and the newly developed local-global
approaches. We can also distinguish upscaling methods in terms of the stencil used
to compute the flux across a cell face. With two-point flux approximations (TPFA)
the flux is computed using pressure values information from the two cells that share
the face, whereas with multi-point flux approximations (MPFA), additional cells may
be involved.
1.1.1. Local, global and local-global. In local approaches the upscaled transmissibility for a coarse cell face is computed using generic flow solutions on a fine grid
region centered around the face. This region may contain only parts of the coarse
blocks sharing the face (purely local method) or may be extended to include surrounding blocks also (extended local methods). The local flows are typically driven
by generic Dirichlet or periodic boundary conditions imposed on the fine scale regions, see [14, 40, 35]. Local or extended local methods are attractive because of their
low computational costs and relative ease of implementation. Most of the current
upscaling strategies used in industry are in this class. Although local methods may
give satisfactory results for some permeability fields, they generally do not perform
well on reservoirs with important large-scale connected flow paths. For flow-based
grids [24] reasonable results may be obtained provided the grids capture the reservoir heterogeneity well, which is challenging to accomplish in strongly heterogeneous
three-dimensional problems.
To improve the accuracy of local and extended local upscaling methods, several
approaches have been explored. Global or quasi-global methods reduce the connected
flow path errors by using global or approximate global fine scale flow simulations
to determine coarse scale parameters, but they are significantly more expensive [26]
and are not considered further in this paper. The promising local-global approach
was recently suggested in [9] specifically to improve the coarse representation of large
scale connectivities in the given geocellular grids. In local-global upscaling, a standard (extended) local method is used to obtain an approximate coarse permeability or
transmissibility field. Then, a coarse global solve is performed with generic boundary
conditions. Interpolation of the coarse solution provides the Dirichlet boundary conditions for the next iteration of local solves. The process is repeated until the coarse
field converges.
In [20], the Multi-Level Local-Global (MLLG) method was introduced. This
method combines local-global upscaling with grid adaptivity to further improve the
representation of large scale connectivities and reduce process dependency. Like localglobal upscaling, MLLG performs d global coarse-scale solves during each iteration,
where d is the number of spatial dimensions. These global solves use the upscaled
transmissibilities that are obtained from local solves. For each global solve, generic
boundary conditions are chosen so as to drive flow in the direction of one of the
coordinate axes. However, MLLG differs from local-global upscaling in the following
aspects:
• to compute transmissibilities across a face that is perpendicular to a given
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coordinate direction, local-global transmissibility upscaling only uses the information from the global solve for which flow is driven in that direction.
MLLG, by contrast, takes all global solves into account for each face by solving a weighted least-squares problem to compute each transmissibility, where
the weights are based on the local fine-scale fluxes across the face. In [20] it
has been demonstrated that this approach substantially improves accuracy.
• After each global solve, the flux across each face in the coarse grid is computed. If the flux exceeds a given threshold, cells that are adjacent to the
face are flagged for refinement, so that high-flow paths are accurately resolved
without imposing an excessively small mesh size on the entire grid. In [20],
this approach to adaptivity is applied to Cartesian cell-based anisotropically
refined (CCAR) grids.
In [11] a different local-global strategy was used to compute transmissibilities
based on one specific, well-driven global flow problem. For this method, when boundary or well conditions change significantly, upscaled transmissibilities should be recomputed. So far, local-global studies have been performed with TPFA methods on
Cartesian grids, but they can also be applied to other grid topologies, and several
researchers are working on these extensions. For example, in [15] a local-global iteration was included in the multiscale finite volume element method, which utilizes
multi-point expressions.
1.1.2. MPFA versus TPFA. It is generally agreed upon that MPFA methods
are required to obtain an accurate representation of full-tensor anisotropy. Full-tensor
effects may be introduced by the permeability field directly, or by grid topology. For
example, non-orthogonal grids lead to full-tensor effects in the pressure equation that
governs flow even when the underlying permeability field is isotropic. Many authors
have investigated MPFA approaches for solving single-scale flow problems with fulltensor permeability that is assumed constant over grid cells [3, 17, 31]. Naturally,
MPFA methods lead to larger stencils than TPFA. On structured grids in three dimensions, for example, the MPFA o-method developed by Aavatsmark [3] results in
a 27-point stencil for the cell-centered pressure equation, as compared to the 7-point
stencil for TPFA. The first stage of the multiscale finite volume method [29] can
be viewed as a local MPFA transmissibility upscaling method. This method, like
the MPFA o-method, leads to a 27-point stencil for the coarse, cell-centered pressure equation. Apart from high computational costs, in cases with strong full-tensor
anisotropy MPFA methods have also been found to suffer from non-monotonicity, that
is, the pressure solution may contain non-physical oscillations [34].
Although TPFA methods are attractive because of their simplicity, compactness
and monotonicity, they formally yield inconsistent approximations to the single-scale
pressure equation in case of full-tensor anisotropy. For local transmissibility upscaling
methods, assuming a TPFA is similar to neglecting the cross terms in upscaled permeability tensors. In many cases this approximation is reasonable, but in cases with
significant full-tensor effects larger errors should be expected. Interestingly, and perhaps surprisingly, TPFA methods combined with local-global procedures have been
shown to provide good upscaled transmissibilities even in challenging cases [9, 11].
Grid adaptivity in combination with TPFA and local-global upscaling leads to further improvements, as shown with the MLLG method in [20].
1.2. Aim of this work: Compact and variable MPFA. The above discussion shows the challenge in designing an upscaling method that is both accurate
and computationally efficient. Local TPFA methods are attractive because of their
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simplicity, yet they may not give sufficiently accurate upscaling results in formations
with large scale connective paths. Local-global upscaling offers improved accuracy
at the expense of some added computational complexity. Local-global methods and
MLLG help to reduce process dependency. In the presence of full-tensor effects,
MPFA methods are desirable, yet they add computational costs and may suffer from
non-monotonicity.
Whether or not TPFA methods can indeed be made competitive with MPFA
in terms of accuracy is an open question. The paper by Chen et al. [10] in this
volume partly aims to address this question by applying global and local-global TPFA
procedures to problems with significant full-tensor anisotropy.
In this paper we follow a different approach. Our goal is to construct a local multipoint flux approximation that accommodates full-tensor anisotropy, but remains as
close to a two-point approximation as possible. To achieve this we allow the MPFA
stencil to vary spatially. We minimize the number of points involved in the MPFA
stencil and let the MPFA stencil revert to a TPFA stencil wherever the accuracy
obtained with TPFA is sufficiently high. We name our method the Variable Compact
Multi-Point method, or VCMP for short. For homogeneous problems described by
a full permeability tensor, [34] recently showed that a finite volume scheme with a
similarly varying stencil is optimal in terms of monotonicity amongst a general class
of schemes that are linearly exact. Our current implementation of VCMP is in two
spatial dimensions on Cartesian grids that may have adaptive grid interfaces, but we
are extending the method to corner point grids and three-dimensional problems.
A brief discussion of the governing equations and the traditional local upscaling
method is given first in section 2. Section 3 describes the new Variable Compact
Multi-Point technique. In section 4, the extension of VCMP to adaptive grids is
discussed. We introduce the test suite in section 5 and compare the performance
of VCMP to TPFA in combination with (extended) local upscaling and local-global
upscaling. We discuss the results and future directions in section 6 and list our main
conclusions in section 7.
2. Governing equations and discrete approximations.
2.1. Fine and coarse grid equations. The upscaling strategy is based on single phase, steady and incompressible flow in a heterogeneous reservoir. The governing dimensionless pressure equation is obtained by combining the continuity equation
∇ · u = 0 and Darcy’s law given by u = −k · ∇p, which leads to
∇ · (k · ∇p) = 0.

(2.1)

Here p is the pressure, u is the Darcy velocity and k the permeability tensor,
all of which are non-dimensionalized by appropriate reference values. We ignored
any sources or sinks in the domain. This equation is valid on the fine scale, at
which we assume that the permeability tensor as given by geostatistical methods is
diagonal, constant in each grid cell and may be highly variable in space. Although
homogenization of equations with variable coefficients generally yields coarse scale
equations of a different form than the original fine scale equations, it is common
practice to keep the same equation as 2.1 for the coarse pressure, with the permeability
tensor replaced by the coarse scale permeability tensor k∗ , also referred to as the
effective permeability tensor, and p by the coarse scale pressure. This has been found
to lead to adequate coarse scale pressure solutions [14, 35, 7]. In the remainder of the
paper we will use equation 2.1 indiscriminately of scale.
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For more complex multi-phase flow problems, the system of governing equations
generally includes a pressure equation similar to Eqn. 2.1, based on the commonly
used multi-phase extension to Darcy’s law, that is coupled to a system of transport
equations describing the movement of either phase saturations or multicomponent
species [2]. Here, we will only consider Eqn. 2.1 coupled to the transport of a neutral
tracer with concentration C as described by
∂C
+ ∇ · (uC) = q.
∂t

(2.2)

Here q represents source/sink terms and we have ignored diffusive terms. Tracer
transport is coupled to pressure through the Darcy velocity u. In section 5, we will
use tracer concentration profiles to highlight differences between upscaled results.
Although we focus on this relatively simple single-phase system, any transmissibility
upscaling method, including the method developed here, is applicable to more general
multi-phase systems.
2.2. Two-point flux approximation. We consider Eqn. 2.1 in two dimensions. In case of diagonal permeability tensors, the standard finite volume discretization on Cartesian grids computes the flux f across the cell face shared by the neighboring cells (i, j) and (i + 1, j) as
f = −Ti+1/2,j (pi,j − pi+1,j ) ,

(2.3)

and similar for (i, j) and (i, j + 1). The transmissibility T can be computed from
k
H∆y
upscaled permeability values, as in T = i+1/2
, where H is the model thickness,
∆x
and where the interblock permeability ki+1/2 is computed via a harmonic average
of the upscaled permeabilities ki and ki+1 . In this work, we will instead compute
the transmissibility of each coarse cell face T directly using a local or extended local method, as discussed in the introduction. In the finite volume discretization of
Eqn. 2.1 the numerical fluxes across all faces of the cell are summed and equated
to zero. This leads to a matrix-vector equation of the form Ap = b, where A is the
matrix containing the transmissibilities and any coefficients resulting from the prescribed boundary conditions, p the vector containing all unknown pij and b a vector
containing boundary data.
3. Variable Compact Multi-Point (VCMP) Transmissibility-based Upscaling. We start this section with our algorithm for constructing variable and compact multi-point flux approximations for each face in a Cartesian grid. Then, we will
generalize our approach to an adaptive Cartesian grid strategy, namely the Cartesian
Cell-based Anisotropically Refined grids, or CCAR grids for short.
3.1. The main ideas behind VCMP. We aim to construct a multi-point
finite-volume scheme that has four desirable properties. First, we would like our
scheme to be ”close” to a two-point scheme. The reasons for this criterion are simplicity and efficiency (by maximizing matrix sparsity), robustness (as the scheme is
more likely to generate an M-matrix), and consistency (the scheme should reduce to
a two-point scheme in the case of homogeneous permeability on a Cartesian grid).
Second, the scheme should be easily applicable to adaptive grid strategies, such as
the CCAR strategy developed in [33] and discussed below. Adaptivity is an effective
way to reduce upscaling errors, and improve representation of connected flow paths
in highly heterogeneous formations [20]. This will be true especially when combined

6

J. V. LAMBERS, M. GERRITSEN AND B. T. MALLISON

with a multi-point flux approximation. Third, the scheme should be very accurate for
smooth pressure fields. If the pressure field is not smooth, improved accuracy can be
achieved by local grid refinement. Fourth, the scheme should perform well for grids
with a high aspect ratio, such as are commonly used in reservoir simulators.
3.2. Construction of VCMP for Cartesian Grids. To achieve these goals,
we allow the stencil used in the multi-point flux approximation to vary per cell face.
Figure 3.1 depicts an interior face in a Cartesian grid. Our multi-point flux approximation will use a subset of or all of the six pressure values pj , j = 1, . . . , 6 indicated
in the figure. We will use two generic flow problems on an (extended) local region
around each face. The multi-point flux approximations are required to honor the two
flow problems at the face, as well as two other constraints on the stencil weights that
are given below. The remaining degrees of freedom are used to drive the scheme as
close as possible to a two-point approximation. We now discuss this process in more
detail. For each j = 1, . . . , 6, we let tj denote the weight that will be assigned to point
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Fig. 3.1. The red and green dots denote the centers of cells of a Cartesian grid that are used to
construct a VCMP approximation to the flux across a face, indicated by the thick blue line. The green
dots correspond to pressure values whose weights that are to be dominant; the red dots correspond
to values whose weights are to be minimized.

j in the flux approximation. The flux approximation has the general form
f = −tT p,

(3.1)
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where
t=



t1

···

t6

T

,

p=



p1

···

p6

T

.

(3.2)

As in local upscaling methods, we solve the pressure equation on the local region of
the fine grid containing the six points with two generic Dirichlet boundary conditions.
We let p1 (x, y) and p2 (x, y) be the solutions of these local problems, and pij denote
the value of pi (x, y) at point j.
The boundary conditions are chosen so as to satisfy the following criteria: (1) the
pressure is linear along the boundary, (2) the pressure varies between 0 and 1, and (3)
the gradients for the two problems are parallel to each of the coordinate axes. The
pressure field p1 is computed using boundary values chosen so that flow is across the
face, and p2 is obtained from boundary values chosen so as to drive flow parallel to
the face.
For extended local upscaling, we add a border region around the coarse grid cells
centered at points 1 through 6. The dimensions of the border region are discussed
in Section 4.2. We then prescribe the same boundary values as in the purely local
case, except that these values are prescribed at the corners of the extended region,
rather than at points 1 through 6. Then, the pressure values at points 1 through 6
are obtained from the computed pressure fields.
For both problems, the values of the pressure at all other fine grid boundary
points are obtained by linear interpolation of the values at the corners of the local
(or extended local) region. Figure 3.2 illustrates the pressure fields p1 and p2 for an
example heterogeneous permeability field, along with the fine-scale fluxes across the
face for both solutions.
For i = 1, 2, we let fi denote the coarse-scale flux (sum of fine-scale fluxes) across
the face obtained from the local solution pi (x, y). To compute the weights {tj }6j=1 ,
we solve a general optimization problem in which we wish to compute
min
t

2
X

α2i |tT pi − fi |2 +

i=1

6
X

βj2 t2j

(3.3)

j = 1, 2, 3.

(3.4)

j=3

subject to the essential linear constraints
6
X

tj = 0,

t2j−1 ≤ 0,

t2j ≥ 0,

j=1

In the current implementation, the weights αi are chosen to be |fi | and the weights
βj are chosen to be equal to (|f1 | + |f2 |)/M , where M is a tuning parameter. The
larger the value of M , the more closely the flows are honored. For small M we will
obtain a two-point flux with tj = 0 for j = 3, 4, 5, 6. For simplicity in this paper,
we use M = 1000. Depending on the main orientation of the local heterogeneity,
the fine-scale fluxes of one of the flow problems (e.g., p1 in Figure 3.2) may have
the greater role than the other in determining the upscaled transmissibilities. Other
possible choices for the weights are discussed in Section 6.
We solve this problem using the lsqlin function from MATLAB’s Optimization
Toolbox. This function employs an active set method, which is also a projection
method, similar to that described in [22]. It finds an initial feasible solution by first
solving a linear programming problem. If a minimizing set of weights {ti }6i=1 is found,
then we examine the weights and determine whether any of them are negligibly small.
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Fig. 3.2. Plots (a) and (b) show solutions p1 and p2 to local fine-scale problems with generic
boundary conditions as described in the text. The black arrows in plots (c) and (d) denote the
fine-scale fluxes from p1 and p2 , respectively, across the coarse grid face at the center of the local
region.

If so, then we solve the minimization problem (3.3) again, with the corresponding
variables excluded from consideration. We repeat this process until we obtain a solution for which no weights are negligibly small, or until we are left with a 2-point
flux. The resulting weights are then used to approximate the flux in the relevant
finite-volume stencils.
It is worth noting that in the limiting case M → ∞, the fluxes fi must be honored
exactly, and the weights t3 through t6 must be minimized subject to this constraint
as well as the constraints (3.4). In this case, the optimization problem (3.3) can easily
be solved analytically. First, we compute four three-point stencils ti , for i = 3, 4, 5, 6.
Each stencil ti involves points 1, 2 and i, and it can be obtained by solving a system
of three linear equations

 i  

1 1 1
t1
0
 p11 p12 p1i   ti2  =  −f1  .
(3.5)
p21 p22 p2i
tii
−f2
Then, the stencil t is given by
t=

6
X
i=3

wi ti

(3.6)
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wi = P Q
k 2
j
k6=j [tk ]
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(3.7)

where all products and sums only consider those three-point stencils ti for which tii has
the correct sign, according to (3.4). It follows that the cost of computing the spatially
varying stencils can be bounded independently of the behavior of the flow around the
face. Furthermore, this bound is reasonable; the solution of the optimization problem
(3.3), (3.4) does not add undue computational cost to the upscaling process. It
follows that the computational expense of VCMP is comparable to that of extended
local upscaling, and is therefore negligible compared to that of an entire reservoir
simulation.
In the rare case that this approach breaks down (e.g. if no correctly-signed threepoint stencils are available), and no minimizing set of weights can be found that also
satisfies the constraints (3.4), we use a two-point flux with points 1 and 2, with the
transmissibility chosen so that, as closely as possible, both flows are honored in a
weighted least-squares sense. This is accomplished using the flux-based weighting of
transmissibilities, which is discussed in [20]. In our experiments, we encountered a
very small number of negative transmissibilities (the resulting stencil does not have the
correct signs). Almost all of these cases were for the channelized problem (see Section
5). In the adaptive grid framework, we use grid refinement to remove the problem
cells, which is an effective strategy [20]. On Cartesian grids, we again use a two-point
flux, with the transmissibility equal to the sum of the fine-scale transmissibilities
across the face.
3.3. Extension to Cartesian Cell-based Anisotropically Refined (CCAR)
grids. In [33] we suggested a Cartesian grid topology with anisotropic cell-based refinement and coarsening, which we find attractive because it allows aggressive grid
adaptation while maintaining grid quality. We can use adaptivity to align the grid
with important flow and geological features and improve flow accuracy.
The CCAR grid is formed by a number of anisotropic refinements of its cells,
i.e. splitting a cell in half along a right-direction, to construct a suitably refined
mesh. We impose the restriction that no cell can have more than two neighbors in
two dimensions to maintain solution accuracy across interfaces [5]. This is illustrated
for three refinement levels in Figure 3.3.
VCMP can easily be extended to CCAR grids. Figure 3.4 depicts a face shared
by a hanging node, centered at point 2, and its parent, centered at point 1. For such
a face, the flux approximation is constructed from at most five points, rather than
six. We then compute (3.3) subject to the constraints (3.4), as before, with obvious
modifications due to the absence of any of the points 3, 4, 5 or 6.
In the rare cases that no solution can be found to (3.3), our approach is similar to
the Cartesian case. Here, we then fall back on a compact three-point stencil including
points 1 and 2 that honors the local flow across the problem face. If that were to fail
as well, but we have not encountered any such cases in our experiments, we flag this
face for refinement, or resort, as before, to using a transmissibility equal to the sum
of the fine-scale transmissibilities across the face.
We use four refinement criteria to guide grid adaptivity during the upscaling
process. The first two criteria are the flow-based criteria introduced in [20], which
flag a face for refinement if it has a disproportionately large flux, and reduce the
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Fig. 3.3. CCAR grid cells with 3 levels of refinement. Left: isotropic refinement. Right:
anisotropic refinement.

number of ”hanging” nodes that occur in high-flow regions. The third criterion is
to refine if the computed transmissibility across the face is negative, as we discussed
in a previous section. This refinement is isotropic. Finally, we examine the nonzero
elements of the matrix A obtained from the flux approximations. Suppose that in the
i − th row, there exists an index j 6= i such that Aij has the same sign as Aii . If cell
j shares a face with cell i, then the face is flagged for refinement. The reason for this
refinement is that the sign of Aij is contrary to the goal of obtaining an M -matrix, and
therefore is an indication that the discretization is not sufficiently robust. However, if
there is low flow across this face in both global coarse pressure fields, the refinement
is cancelled.
4. Numerical results and comparisons.
4.1. The test suite. Our test suite consists of four types of fine permeability
fields that are used in the experiments described in this section. All have dimension
Lx × Ly , where Lx = 256 and Ly = 64. The fields are:
• 10 realizations with short correlation lengths of ℓx = ℓy = 5
• 10 realizations with long correlation lengths of ℓx = 50, ℓy = 10, aligned with
the grid
• 10 realizations with long correlation lengths of ℓx = 75, ℓy = 5, not aligned
with the grid
• A channelized domain, based on layer 44 from the SPE 10 Comparative
Project introduced in [13].
All fine grids are of size 256×64, with ∆x = ∆y = 1. For all cases generated using
2-point statistics, we use mean 3.0 and standard deviation 1.735, which corresponds
to a log-normal distribution.
For each test case and each upscaling algorithm, we use the upscaled transmissibilities to solve the pressure equation on a Cartesian grid with 32 cells in the x-direction,
and 16 cells in the y-direction. The dimensions of the cells are ∆x = 8 and ∆y = 4.
For the channelized case, we also use a CCAR grid obtained by iterative refinement of
an initial 8 × 4 uniform Cartesian grid, with ∆x = 32 and ∆y = 16. The refinement
is performed according to the criteria described in Section 3.3.
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Fig. 3.4. The red and green dots denote the centers of cells of a CCAR grid that are used to
construct a VCMP approximation to the flux across a face, indicated by the thick blue line. The green
dots correspond to pressure values whose weights that are to be dominant; the red dots correspond
to values whose weights are to be minimized. Points 2 and 4 are centers of hanging nodes that,
together, share a face with the cell centered at point 1.

For each permeability field and each grid, we solve the pressure equation with the
following eight sets of boundary conditions, in order to measure how effective each
algorithm is in reducing process dependency resolving the fine-scale velocity:
• Constant pressure/no-flow boundary conditions in the x- and y-directions,
respectively. For the first set, we prescribe p(0, y) = 1, p(Lx , y) = 0, and
py (x, 0) = py (x, Ly ) = 0. For the second set, we prescribe p(x, 0) = 1,
p(x, Ly ) = 0, and px (0, y) = px (Lx , y) = 0. These are the generic boundary
conditions used for the global coarse solves in local-global upscaling, and also
for the local fine solves in local or extended-local upscaling.
• Flow from each of the four corners of the domain. For example, for flow
from the lower left corner, we prescribe p(0, y) = exp(−(2y/Ly )4 ) (shown in
Figure 4.1), p(x, 0) = exp(−(2(Lx − x)/Lx )4 ), and p(Lx , y) = p(x, Ly ) = 0.
The boundary conditions for the other three corners are defined similarly.
• Prescribing p(x, y) = x + y on the boundary, and also p(x, y) = x − y.
We will compare various upscaling methods in various ways. First, we will compare the total flow to that obtained from a fine-scale solution, for each set of boundary
conditions. For cases generated from 2-point statistics, we will also examine the mean
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Fig. 4.1. The pressure p(0, y) = exp(−(2y/Ly )4 ) prescribed on the left boundary, for the set of
boundary conditions in which flow emanates from the lower left corner of the domain.

and standard deviation of relative errors in total flow across all realizations. Then,
we will examine the velocity fields, compared to the fine-scale velocity field averaged
over each coarse grid cell. Finally, we will perform particle tracing on both coarse and
fine solutions. Particles are traced using Pollock’s method [36], which we extended
for CCAR grids.
4.2. Test results and comparisons. Here, we present numerical results obtained from comparisons of VCMP to other upscaling algorithms. Table 4.1 lists the
methods used, and abbreviations that will be used to refer to the methods throughout
this section. For the methods EL, ELW and MLLG, the extended face-centered region
Abbreviation
EL
ELW
MLLG
VCMP
VCMP-EL

Description
Extended local
Extended local with flux-based weighting of transmissibilities
Multi-level Local-Global, using extended local
VCMP, local mode
VCMP, extended local mode

Table 4.1
Abbreviations used to refer to upscaling algorithms in Section 4.2.

for each local solve is obtained by first including all coarse cells that border the central
face. Then, we add a border region of thickness Bx fine cells in the x-direction, and
By fine cells in the y-direction, where Bx is the maximum width, in the x-direction,
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of each of the cells bordering the face, and By is defined similarly. For VCMP-EL, we
only add a border along the dimension that is perpendicular to the face. For example,
if the face is perpendicular to the x-direction, then By = 0, and Bx is obtained by
halving the x-dimension of the local region consisting of the cells bordering the face.
This ensures that the extended regions for VCMP-EL are similar in size to those used
in EL, ELW and MLLG.
We now present the results of applying these methods on the four types of permeability fields introduced in the previous section.
4.2.1. Short Correlation Length. Table 4.2 lists relative errors in total flow
for one of the realizations with short correlation lengths ℓx = ℓy = 5. We see that for
the case in which p(x, y) = x + y on the boundary, EL seems the most accurate, with
VCMP-EL being the most accurate, on average, across all other cases.
Flow
In x-direction
In y-direction
From lower left
From upper left
From lower right
From upper right
p = x + y on bdry
p = x − y on bdry

Fine scale
4.13
77.38
29.85
−32.57
34.24
−32.47
−6731.42
3918.35

EL
0.04
0.03
0.01
0.02
0.03
0.03
0.01
0.02

ELW
0.20
0.00
0.01
0.00
0.02
0.02
0.04
0.02

MLLG
0.29
0.01
0.01
0.02
0.03
0.02
0.11
0.03

VCMP
0.05
0.04
0.04
0.06
0.05
0.06
0.09
0.06

VCMP-EL
0.04
0.01
0.01
0.04
0.02
0.02
0.08
0.02

Table 4.2
Relative errors in total flow for domain with short correlation length, for various upscaling
methods and boundary conditions, on a 32 × 16 coarse grid.

To determine whether EL really is the most accurate for permeability fields of
this type and with the boundary pressure equal to x + y, we examine the flow errors
for all ten realizations. The results of this examination are given in Table 4.3. We see
that the superior accuracy of EL for this case was coincidental, and that VCMP-EL
in fact performs most consistently across all realizations.

Flow
In x-direction
In y-direction
From lower left
From upper left
From lower right
From upper right
p = x + y on bdry
p = x − y on bdry

Mean
0.04
0.03
0.02
0.02
0.03
0.03
0.04
0.03

EL
Std Dev
0.01
0.01
0.01
0.01
0.02
0.01
0.02
0.02

MLLG
Mean Std Dev
0.28
0.03
0.01
0.00
0.01
0.01
0.01
0.01
0.01
0.01
0.02
0.01
0.06
0.03
0.06
0.02

VCMP-EL
Mean Std Dev
0.05
0.01
0.01
0.00
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.02
0.02
0.01
0.01

Table 4.3
Mean errors in total flow, and corresponding standard deviations, after applying various upscaling methods to ten realizations with short correlation length, using a 32 × 16 coarse grid.

Figures 4.2 and 4.3 show portions of the velocity field computed by EL and
VCMP-EL. The portions chosen are those with the strongest flow. It can be seen
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from these figures that VCMP-EL captures both the direction and magnitude of the
fine-scale velocity vectors more accurately than EL; with EL, the velocity vectors tend
to align too closely with the coordinate axes.
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Fig. 4.2. Velocity fields for permeability field with short correlation length, with flow from the
lower right corner of the domain. Left plot: fine-scale velocity, averaged over each cell of a 32 × 16
coarse grid. Right plot: coarse-scale velocity, obtained using method EL.
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Fig. 4.3. Velocity fields for permeability field with short correlation length, with flow from the
lower right corner of the domain. Left plot: fine-scale velocity, averaged over each cell of a 32 × 16
coarse grid. Right plot: coarse-scale velocity, obtained using method VCMP-EL.

Figure 4.4 shows the results of particle tracing for the fine-scale solution, and
the coarse-scale solutions computed using methods EL, MLLG, and VCMP-EL. It
is interesting to note that even though all three methods computed the total flow
accurately, it can be observed that the particle tracing for MLLG and VCMP-EL
agree more closely with that of the averaged fine-scale solution than that of EL.
Furthermore, VCMP-EL agrees with the averaged fine-scale solution more closely
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than MLLG, though those differences are not as obvious.
Fine

4

Permeability

x 10
3
2
1

Averaged Fine

EL

MLLG

VCMP−EL

Fig. 4.4. Particle tracking results are shown for a realization of the short correlation length
permeability with flow from the lower right. The tracer profile is shown at 0.2 pore volumes injected.

4.2.2. Long Correlation Length, Aligned with Grid. Table 4.4 lists relative
errors in total flow for one of the realizations with long correlation lengths ℓx = 50
and ℓy = 10, aligned to the grid. MLLG seems to perform best overall.
Flow
In x-direction
In y-direction
From lower left
From upper left
From lower right
From upper right
p = x + y on bdry
p = x − y on bdry

Fine scale
9.41
39.22
14.16
−12.87
13.86
−16.49
−5854.41
81.16

EL
0.02
0.00
0.00
0.01
0.01
0.00
0.00
0.23

ELW
0.00
0.00
0.01
0.02
0.02
0.00
0.01
0.04

MLLG
0.01
0.01
0.01
0.00
0.01
0.00
0.02
0.02

VCMP
0.01
0.02
0.03
0.05
0.03
0.02
0.02
0.34

VCMP-EL
0.01
0.01
0.03
0.06
0.02
0.01
0.02
0.19

Table 4.4
Errors in total flow for domain with long correlation length, aligned with the grid, for various
upscaling methods and boundary conditions, on a 32 × 16 coarse grid.

Again, we examine the flow errors more closely for all ten realizations. The results
of this examination are given in Table 4.5. We see that EL comes out as the most
consistent method.
Figure 4.5 shows the results of particle tracing for the fine-scale solution, and the
coarse-scale solutions computed using methods EL, MLLG, and VCMP-EL. In this
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Flow
In x-direction
In y-direction
From lower left
From upper left
From lower right
From upper right
p = x + y on bdry
p = x − y on bdry

Mean
0.02
0.00
0.00
0.01
0.01
0.00
0.02
0.09

EL
Std Dev
0.00
0.00
0.00
0.01
0.00
0.00
0.03
0.13

MLLG
Mean Std Dev
0.01
0.01
0.01
0.00
0.01
0.01
0.01
0.01
0.02
0.02
0.01
0.01
0.04
0.05
0.64
1.46

VCMP-EL
Mean Std Dev
0.01
0.00
0.01
0.00
0.02
0.01
0.02
0.02
0.01
0.01
0.01
0.00
0.01
0.01
0.23
0.49

Table 4.5
Mean errors in total flow, and corresponding standard deviations, after applying various upscaling methods to ten realizations with long correlation length, aligned with the grid, using a 32 × 16
coarse grid.

case, all three methods agree closely with the averaged fine-scale solution, though
MLLG seems slightly less accurate than the other two methods. This is consistent
with the total flow results reported in Table 4.5.
Fine

Permeability
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x 10
2
1.5
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0.5

Averaged Fine
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MLLG

VCMP−EL

Fig. 4.5. Particle tracking results are shown for a realization of the long correlation length,
grid-aligned permeability with flow from the lower right. The tracer profile is shown at 0.2 pore
volumes injected.

4.3. Long Correlation Length, Not Aligned with Grid. Table 4.6 lists
relative errors in total flow for one of the realizations with long correlation lengths
ℓx = 75 and ℓy = 5, not aligned to the grid. This time, EL performs quite poorly
compared to other methods. MLLG is quite accurate except for the cases in which

VARIABLE COMPACT MULTI-POINT TRANSMISSIBILITY CALCULATIONS

17

flow is driven in the x-direction, and for p(x, y) = x − y on the boundary. On the
other hand, VCMP-EL is very accurate for all boundary conditions. This superiority
is confirmed by examining the flow errors for all ten realizations, as can be seen in
Table 4.7.
Flow
In x-direction
In y-direction
From lower left
From upper left
From lower right
From upper right
p = x + y on bdry
p = x − y on bdry

Fine scale
2.92
97.11
55.85
−52.73
41.88
−58.36
−16132.22
2105.36

EL
0.05
0.18
0.37
0.33
0.21
0.30
0.39
0.44

ELW
0.48
0.02
0.07
0.06
0.01
0.02
0.04
0.07

MLLG
0.54
0.04
0.09
0.10
0.04
0.01
0.04
0.07

VCMP
0.13
0.06
0.03
0.02
0.06
0.04
0.00
0.12

VCMP-EL
0.08
0.02
0.00
0.00
0.02
0.01
0.01
0.03

Table 4.6
Errors in total flow for domain with long correlation length, not aligned with the grid, for
various upscaling methods and boundary conditions, on a 32 × 16 coarse grid.

Flow
In x-direction
In y-direction
From lower left
From upper left
From lower right
From upper right
p = x + y on bdry
p = x − y on bdry

Mean
0.03
0.23
0.35
0.27
0.21
0.36
0.41
0.45

EL
Std Dev
0.02
0.06
0.08
0.08
0.05
0.06
0.04
0.13

MLLG
Mean Std Dev
0.49
0.10
0.03
0.02
0.05
0.05
0.06
0.06
0.03
0.03
0.04
0.02
0.05
0.03
0.09
0.05

VCMP-EL
Mean Std Dev
0.06
0.02
0.02
0.01
0.01
0.01
0.01
0.01
0.02
0.02
0.01
0.01
0.01
0.00
0.04
0.02

Table 4.7
Mean errors in total flow, and corresponding standard deviations, after applying various upscaling methods to ten realizations with long correlation length, not aligned with the grid, using a
32 × 16 coarse grid.

Figures 4.6 and 4.7 show portions of the velocity field computed by EL and
VCMP-EL. The portions chosen are those with the strongest flow. It can be seen
from these figures that VCMP-EL captures both the direction and magnitude of the
fine-scale velocity vectors more accurately than EL. As in the case of short correlation
lengths, EL yields velocity vectors that tend to align too closely with the coordinate
axes.
Figure 4.8 shows the results of particle tracing for the fine-scale solution, and
the coarse-scale solutions computed using methods EL, MLLG, and VCMP-EL. As
with the total flow results, there are obvious differences between all three methods.
VCMP-EL agrees with the fine-scale solution more closely than MLLG, which in turn
is in closer agreement than EL.
4.3.1. Channelized Domain. Table 4.8 lists relative errors in total flow for a
channelized domain, using a 32 × 16 coarse grid. For this particularly difficult test
case, we see that no one method performs more accurately than the others for all
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Fig. 4.6. Velocity fields for permeability field with long correlation length, not aligned with the
grid, with flow from the lower left corner of the domain. Left plot: fine-scale velocity, averaged over
each cell of a 32 × 16 coarse grid. Right plot: coarse-scale velocity, obtained using method EL.
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Fig. 4.7. Velocity fields for permeability field with long correlation length, not aligned with the
grid, with flow from the lower left corner of the domain. Left plot: fine-scale velocity, averaged
over each cell of a 32 × 16 coarse grid. Right plot: coarse-scale velocity, obtained using method
VCMP-EL.

boundary conditions. If the case where p(x, y) = x + y on the boundary is excluded,
then MLLG is clearly the most accurate.
Similar results are obtained using a CCAR grid with each method, as shown
in Table 4.9. However, MLLG, EL and ELW do not perform nearly as well on the
p(x, y) = x + y case, likely due to insufficient refinement. For these methods, the
refinement is determined by analyzing local flow for the two generic problems in which
flow is driven in the coordinate directions, so it is not surprising that the resulting
grid would not be suitable for flow driven across the portion of the domain through
which there is little flow in the generic problems. On the other hand, the variations
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Fig. 4.8. Particle tracking results are shown for a realization of the long correlation length,
unaligned permeability with flow from the lower left. The tracer profile is shown at 0.2 pore volumes
injected.

of VCMP use additional refinement criteria based on matrix properties, resulting in
additional refinement and greater accuracy for this case.
Flow
In x-direction
In y-direction
From lower left
From upper left
From lower right
From upper right
p = x + y on bdry
p = x − y on bdry

Fine scale
7.85
35.77
7.41
−1.35
21.03
−28.07
−16696.89
−2163.40

EL
0.19
0.10
0.15
0.34
0.07
0.09
0.52
0.00

ELW
0.08
0.02
0.04
0.02
0.05
0.04
0.19
0.10

MLLG
0.04
0.01
0.00
0.01
0.01
0.01
0.27
0.01

VCMP
0.08
0.08
0.04
0.21
0.09
0.07
0.07
0.01

VCMP-EL
0.11
0.02
0.01
0.18
0.01
0.00
0.05
0.03

Table 4.8
Errors in total flow for a channelized domain, for various upscaling methods and boundary
conditions, on a 32 × 16 coarse grid.

Figures 4.9 and 4.10 show portions of the velocity field computed by EL and
MLLG, for the problem in which flow is driven in the y-direction. The portions
chosen are those with the most flow. It can be seen from these figures that MLLG
captures both the direction and magnitude of the fine-scale velocity vectors more
accurately than EL. Once again, EL yields velocity vectors that tend to align too
closely with the coordinate axes.
Figure 4.11 shows the results of particle tracing for the fine-scale solution, and the
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Flow
In x-direction
In y-direction
From lower left
From upper left
From lower right
From upper right
p = x + y on bdry
p = x − y on bdry

Fine scale
7.85
35.77
7.41
−1.35
21.03
−28.07
−16696.89
−2163.40

EL
0.19
0.10
0.15
0.35
0.07
0.09
0.63
0.28

ELW
0.08
0.02
0.04
0.08
0.04
0.04
0.36
0.40

MLLG
0.04
0.00
0.01
0.02
0.01
0.01
0.28
0.17

VCMP
0.08
0.08
0.05
0.21
0.08
0.07
0.07
0.00

VCMP-EL
0.11
0.02
0.03
0.18
0.01
0.01
0.05
0.03

Table 4.9
Errors in total flow for a channelized domain, for various upscaling methods and boundary
conditions, on CCAR grids.
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Fig. 4.9. Velocity fields for channelized domain, with flow driven in the y-direction. Left plot:
fine-scale velocity, averaged over each cell of a 377-cell CCAR grid. Right plot: coarse-scale velocity,
obtained using method EL.

coarse-scale solutions computed using methods EL, MLLG, and VCMP-EL, on their
respective CCAR grids. As with the total flow results, we observe that both MLLG
and VCMP-EL agree more closely with the fine-scale solution than EL. There is little
difference between MLLG and VCMP-EL, which is consistent with the fact that in
this case, the total flow computed by both methods is within 1% of the fine-scale flow.
It should be noted that in the case of VCMP-EL, there appear to be a few particles
that enter the domain from the bottom boundary, suggesting non-monotonicity in the
solution. In this region, the stencils include some weights that have the incorrect sign,
which can certainly cause this behavior. Furthermore, for approximately 5% of the
faces, a stencil with the correct signs could not be obtained, so a two-point flux was
used with the transmissibility obtained from the sum of the fine-scale transmissibilities
along the face. MLLG, on the other hand, eliminates practically all instances of
negative transmissibilities using a simple adaptive scheme for computing the fluxes
across the face from the local solves, as described in [20]. This scheme will be applied
to VCMP in the future.
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Fig. 4.10. Velocity fields for channelized domain, with flow driven in the y-direction. Left plot:
fine-scale velocity, averaged over each cell of a 398-cell CCAR grid. Right plot: coarse-scale velocity,
obtained using method MLLG.
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Fig. 4.11. Particle tracking results are shown for the channelized case with flow from the upper
right. The tracer profile is shown at 0.2 pore volumes injected.

5. Discussion. Results of the previous section suggest that VCMP(-EL) has
the best overall performance for our suite of test problems, and is a very promising
approach. In the cases exhibiting mild effects of full-tensor anisotropy, the EL and
WEL methods performed well with few exceptions. The local-global method and
VCMP also performed well for these permeability fields with only one exception for
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each method. Local-global upscaling does not perform as well in cases where the
total flow is low, or the flow direction is not adequately represented by the generic
global flow problems used to determine the boundary conditions for the local solves.
VCMP, on the other hand, is less accurate in cases where the pressure field is rough.
In these cases the current choice of local boundary conditions may not be sufficiently
good. But, overall, our results indicate that VCMP is less sensitive to changes in the
magnitude or direction of flow than the local-global method.
For the more challenging permeability fields with stronger full-tensor effects VCMP
clearly outperformed the other methods overall and showed the least process dependency. However, for both permeability fields there were certain choices of boundary
conditions for which other methods obtained superior results. In particular for the
channelized example, LG gave very accurate total flow rate results, which is to be
expected as it was designed for such cases specifically.
For the channelized field, we also observed a couple of instances in which the
pressure fields computed using VCMP and VCMP-EL lacked monotonicity. This
can occur because there is no strict guarantee with VCMP that the pressure matrix
will be an M-matrix. The variability of the VCMP stencil ensures that connections
between diagonally neighboring cells will have the correct sign, but not for direct
neighbors that share a face. In [21] we introduce a modification of VCMP in which
fluxes that contribute to incorrectly-signed elements are recomputed, with additional
constraints to control the magnitude of selected weights. By exploiting the flexibility
in the minimization problem (3.3), (3.4), we are able to guarantee an M-matrix with
minimal loss of accuracy.
While we have focused on the upscaling problem, we note that VCMP can be
combined with a fine grid reconstruction algorithm to form a multiscale method with
similarities to the multiscale finite volume method (MSFV) of [29]. The performance
of MSFV, a local-global upscaling method [11], the multiscale mixed finite element
method [1], and the numerical subgrid upscaling method [4] are compared in [30].
They point out that high cell aspect ratios and/or strong anisotropy ratios pose challenges for MSFV and to a lesser degree the other methods. The poor performance of
MSFV in these cases may, in part, be related to monotonicity problems. Because it
is designed to be close to a two-point scheme and has an adaptive stencil, we believe
that VCMP should perform well in these cases. This assertion is supported by the
VCMP results for the permeability fields with long correlation that were not aligned
with the grid. See Table 4.6. In future work it would be beneficial to directly compare
the performance of VCMP to these other approaches and investigate high aspect ratio
grids.
We are also investigating a local-global version of VCMP that we hope will combine the strengths of LG and the VCMP method presented here. Global information
can be incorporated into VCMP in several ways. For example, we can simply replace
the linear boundary conditions used for both local flow problems with the boundary conditions used by LG which are interpolated from the two coarse generic flow
problems. However, care must be taken to ensure that the local flow problems are
complimentary. Our initial implementation of VCMP-LG avoids this complication by
using global information from only one of the generic coarse flows. The choice is made
independently for each coarse face based on the magnitude of the fluxes across the
face. The second local flow is defined using linear boundary conditions with the gradient chosen to complement the other flow. Preliminary results using this approach
are shown in Table 5.1. We note that a similar strategy can be used to incorporate
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specific (well-driven) flow into VCMP, as well as MLLG.
Flow
In x-direction
In y-direction
From lower left
From upper left
From lower right
From upper right
p = x+y
p = x−y

Fine scale
9.41
39.22
14.16
−12.87
13.86
−16.49
−5854.41
81.16

VCMP-EL
0.00
0.00
0.02
0.05
0.02
0.01
0.02
0.26

VCMP-LG
0.00
0.00
0.02
0.03
0.01
0.01
0.02
0.15

Table 5.1
Errors in total flow for domain with long correlation length, aligned with the grid, for variations
of VCMP and various boundary conditions, on a 32 × 16 coarse grid.

While our focus has been on the two-dimensional case, VCMP has a straightforward extension to Cartesian grids in three dimensions that involves three local flow
problems for each coarse face. In 3D, the VCMP stencil only includes points corresponding to cells that share faces and cells that share edges. Hence, the VCMP
stencil will contain between 7 and 19 point whereas a full multipoint stencil contains
27 points. The extension of VCMP to 3D CCAR grids is also manageable since there
is no need to individually consider each possible configuration of cells around hanging nodes when determining transmissibility. Furthermore, the analytical solution to
(3.3), (3.4) described in Section 3.2 can be generalized to 3D, combining four-point
stencils that honor three flows. The set of eligible four-point stencils can be limited by
geometric or flow-based considerations so that an efficient algorithm can be obtained
as in the 2D case. This will be investigated in future work.
The extension of VCMP to non orthogonal grids sharing the same topology as
Cartesian or CCAR grids and with fine cells nested inside coarse cells requires only
that an MPFA finite volume scheme (or another suitable method) is used to solve
the fine local problems. The more general case when coarse cells are not formed as
the union of a rectangular collection of fine cells can be handled by making some
changes to the definition of the local flow problems. The extension to more generally
unstructured grids is also possible since the algebraic problem (Eqn. 3.3 and Eqn. 3.4)
we use to determine transmissibility does not require specific information concerning
grid topology. Some additional modifications are required, but the strategy of solving
a constrained minimization problem for transmissibility coefficients can still be used
as long as appropriate local flow problems can be defined.
6. Summary and Conclusions. We have introduced a new (extended) local
transmissibility upscaling scheme that we are calling the variable compact multi-point
method or simply VCMP. Because a multi-point flux approximation is used, VCMP is
able to accommodate full-tensor anisotropy which is generally present in coarse scale
flow problems. However, VCMP is designed to be as close as possible to a two-point
flux approximation scheme, and in particular, the flux approximation reduces to two
points for homogeneous cases and other cases lacking full-tensor effects. In 2D on
structured grids, the VCMP stencil for the coarse pressure equation has between five
and nine points. The stencil is variable in the sense that it adapts to the orientation
of the underlying fine permeability distribution. In the case that adaptive grids are
used, hanging nodes that occur at grid interfaces can easily be handled due to the
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unstructured formulation of the transmissibility calculations. The combination of
these features makes VCMP a very promising scheme for upscaling flow through
general heterogeneous media.
As expected, for permeability fields with significant full-tensor anisotropy VCMP
outperforms local and extended local methods that are based on a two-point flux
approximation. In addition, VCMP compares favorably with local-global upscaling
methods (also based on a two-point flux approximation) although for the channelized
permeability field the local-global scheme produced superior results in three out of
eight flow problems. This is not surprising as local-global methods were designed
for channelized systems. Future improvements and extensions of VCMP including a
local-global version were discussed in the previous section. In addition to accurately
predicting global flow rates, upscaled transmissibility fields computed with VCMP
locally agree well with averaged fine scale results and hence are suitable for use in
multi-phase flow simulations.
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