Appendix FP

Featured Problems
Ultimately, the way we assess drives the way students learn. Without problems
that challenge and guide students and prepare them for topics to be learned in later
courses, a text will have limited impact. Students could simply solve a number of
simple problems without the need to think and learn deeply.
This module exhibits some outstanding problems and ideas of the text “Single
Variable Calculus with Precalculus” by B. Schröder. Feel free to use them in any
way you see fit. Author’s comments regarding motivation behind the problems,
their origin, the author’s experiences as well as requests for feedback are given in
handwriting .
The focus is on problems, problem types and ideas that the author considers
novel or promising. It is understood that standard assessment staples, such as for
example an adequate number of differentiation problems in the sections on differentiation, are included in the text. These standard problems are a substantial part of
any homework assignment in the author’s classes. (Also consider the remarks on
fundamentals in the foreword.) The featured problems can provide a nice change
of pace, challenge exercises, connections to visualizations, sharpening of reasoning
skills, etc. In that sense they are also fundamental. Yet they stand out because they
are different from what the author has seen in texts so far.
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√

• Section 1.6, Exercise 7. This section includes the
Rational Zeroes Theorem.
The square roots of integers.
7a) Show that the polynomial p(x) = x 2 − 2 has
no rational zeroes.
√
7b) Prove that 2 is not rational.
7c) Prove√that for all positive integers k we have
that k is either an integer or an irrational
number.

In a class of novices, proving that 2
is not rational is a challenging proof by
contradiction, possibly the rst the
students see. (This proof is given for
example in Example 2.3.9). I recall being
struck by it and thinking \how do people
ever get that idea?"
At
√ the same time, the irrationality of
2 is fundamental. So are the idea
that square roots are solutions of
equations, the idea that solutions of
equations can be represented as zeroes
of functions and the rational zeroes
theorem. If we put all of them together,
we have this exercise.
Standards based education is about
having problems that will engage and
challenge all students, possibly with
multiple stages that are targeted to
students at different levels of
readiness. To me this exercise is a nice
example of such problems. Every
student should be able to solve part 7a
with the Rational Zeroes Theorem. Part
7b requires making the connection to
equations. It will stretch students'
minds. Part 7c is the type of
generalization that routinely occurs in
mathematics. We have the basic idea,
we introduce a parameter and there we
go. The details for this part are
challenging. Consider that this exercise
will be reached in the rst term of the
freshman year. However, human beings
love a challenge.
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• Project 1.9.3 is highly authentic. In the early 1980s
industry changed their can design to save material.
The basic idea is a win-win situation. Saving material is good for the planet and for profits.
Figures 1.70 and 1.71 were provided by a major U.S.
manufacturing company.

Empty aluminum cans are a waste product that is being recycled. After all, the metal still is a resource (for example to make
new cans). To assure that the initially produced waste is not
more than necessary and to keep material costs down, beverage
cans are designed to minimize the total amount of metal used.
In Project 1.9.3 the reader will derive the shape of some optimal
beverage cans.

Figure 1.70: Cross section of an actual industry design for a
beverage can.

Figure 1.71: Detail view of beverage can design.
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Project 1.9.3: Beverage Cans
A standard aluminum beverage container has a volume of 21.6563 in3 . Assuming that the shape is a
right circular cylinder, find the dimensions of the
cylinder that uses the least amount of material.
1. Set up the surface area as a function of the radius or the height. Find a 4-digit approximation for the dimensions that realize the minimum surface area. (For this part you should
use your own sketches, etc. The included design specifications in Figures 1.70 and 1.71
are for later illustration.)
Comment how close you are to the actual
measurements and explain any possible discrepancies.
2. Find the dimensions of the optimal soda can
when the thicknesses of top, bottom and sides
are ctop = .0093in, cbot = .0113in, and csid =
.0041in respectively (actual industry specifications, cf. Figures 1.70 and 1.71). “Optimal” means that as little material as possible
is used. Use a model similar to what was done
in part 1.
3. Compare the dimensions you obtain in 3 with
the actual dimensions given in Figure 1.70.
Comment how close you are to the actual
measurements and explain any possible discrepancies.
4. (Embedding the data into the actual application.) Explain why the can has to withstand a
minimum of 250 pounds of downward force.
If storage was the only concern, could we use
cans that withstand a lesser force?

Authentic assessment is when students
solve a problem that comes from a real
life application. Beverage cans certainly
are real life. So is the waste of
aluminum when cans are thrown away
and so is the energy that is needed for
transportation, melting etc. when cans
are recycled. The less material is used
per can, the less waste there is and
the lower are the energy needs for
recycling. Thus less material per can is
good for the planet. Moreover, less
material per can also is an economic
plus for the beverage companies,
because of saved packaging costs.
One of the driving forces in designing
the current shape of beverage cans was
the desire to minimize use of material,
while still satisfying certain
speci cations. The main speci cations
include the need to resist certain
downward pressures that the can
experiences when the lid is pressed on.
These speci cations dictate certain
minimum thicknesses for top, bottom
and sides. The overall shape is
computed using the nite element
method.
In this project, we use the thicknesses
for top, bottom and sides and we model
the can as a right circular cylinder. The
optimal dimensions we derive are very
close to the actual dimensions.
Authentic industry data can be
obtained from Figures 1.70 and 1.71.
Note that we start by minimizing the
surface area to show that the rst
idea is not necessarily the right one.
Moreover, this approach breaks the
modeling aspect into a rst, geometric
step, followed by a second step in which
the thicknesses are introduced.
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• Section 2.3, Exercise 10d. This section describes
when an implication is true and specifically addresses
the fact that anything can follow from a false conclusion.
Distraught student. “If I had done all the homework,
then my cumulative score in this class would be a 75
instead of a 67. Therefore I should receive a grade
of “C” instead of a “D”.
Is this line of reasoning sound? Assuming all statements are correct, should the student receive a “C”?

Innocent excuses are a sign of our
times. We can be exasperated about
them or we can use them to explain
logic. I chose the latter. It's a simple
case of a conclusion that need not be
valid, because the hypothesis is not
satis ed.

6

FP. Featured Problems
• Section 2.4, Exercise 3h. This section explains how
to negate a logical statement.
State the negation of the following statement. (We
assume that a function f and a point x0 are given.)
For all ε > 0 there is a δ > 0 such that for all x we
have that |x − x0 | < δ implies | f (x) − f (x0 )| < ε.

The ε − δ de nition of continuity is
relegated to a project in favor of using
sequences (and their ε − K de nition of
convergence). This exercise asks
students to negate the ε − δ de nition
of continuity. Assigning this problem
reveals why the ε − δ de nition has been
(and will remain) so troublesome for
rst term freshmen. It's logically
complex.
This is a high-end exercise in the logic
section. Yet it should still be within
reach of every student. In my classes
it has revealed a surprising array of
mistakes in the reading and processing
of mathematical statements.
A request for ideas/help. Formal
negation of mathematical statements is
a topic within the reach of solid
mathematics education research. How
do students read and try to negate a
statement? What can and does go awry
in the process and how can we improve
this important combination of reading
and processing skills? I would be
interested in the results of studies,
etc. in this direction. After the books
are done I will happily participate in
one.
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• Project 2.5.1. This is an authentic computer science
type project.

example, consider Figure 2.22.
1. Warmup: Perform the binary addition
0010 1110 1011 0011 + 0110 1000 0011 1100
by hand. Remember that in binary arithmetic
1 + 1 = 0 with a carry over of 1.
2. In a spreadsheet, use the functions AND, OR
and NOT to work out the addition of two binary numbers including the carry over. Put the
inputs as well as the results in the same column. (This is what is called a “half adder”
in electrical engineering and computer science,
cf. Figure 2.23.)

Figure 2.22: A simple 4-bit adder.

Figure 2.23: A
half adder adds two bits (left) and generates the sum (lower
right) and the carry over to the next digit (upper right). You
will need to model a half adder for your one’s bits and then an
adder with three inputs for the higher bits.

P
0
0
1
1

Q
0
1
0
1

P NAND Q
1
1
1
0

Figure 2.24: The truth table of NAND.

Project 2.5.1: Binary Addition
We all know that computers are used to work with
numbers and, at the most basic level, to perform
arithmetic. Yet the internal circuits of a computer
are not based on arithmetic, but on logic. The state
“false” or “0” is represented by no voltage being
present and the state “true” or “1” is represented by
a voltage of around 5V . Numbers therefore have to
be encoded in base 2 arithmetic (so, for example, 9
in base 10 notation is 1001 in base 2 notation, since
the place value goes with powers of 2 not powers of
10). Consequently, arithmetic has to be reduced to
logical operations.
In this project we shall investigate how addition of
16-digit binary numbers is possible just using logic.
We will assume that the numbers 0 and 1 as well as
the logical operations “AND”, “OR” and “NOT” are
available to us. We shall implement our program in
a spreadsheet, leaving a possible actual implementation to electrical engineers. For the look of a smaller

3. In the column to the left of the column in 2 use
the functions AND, OR and NOT to implement
the addition of the next two numbers plus the
carry over. Put the results and the inputs (except the carry over which is one column to the
right) into the same column.
4. If all was implemented correctly, then by copying the appropriate cells you can now generate a 16 digit binary addition machine on your
spreadsheet.
5. Use your addition machine to add
(a) 0001 1000 1111 0101 + 1010 0110 1111 0011
(b) 1100 1100 0111 1110 + 0100 1110 1101 1011
6. Decode the inputs and outputs of 5 from binary
to regular base 10 numbers and check the additions.
Do the results make sense? Explain.
7. So far we have assumed that at the most basic level we have AND, OR and NOT available to us. The truth is even worse than that.
The most easily implementable logic function
is “NAND” (=NOT AND), which has truth table shown in Figure 2.24.
To see how the other logical operations can be
reconstructed from this one operation please
prove the following using appropriate truth tables.
(a) The NOT operation can be implemented
as ¬P = P N AN D P.
(b) Express the AND operation in terms of
NAND.
(c) Express the OR operation in terms of NAND.
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Binary addition is an authentic topic
from basic computer science. The
project is a bit long. Yet it
demonstrates how the basic functions
of a computer still are fundamental
logic. Despite the multiple layers of
application software, software design
utilities, shared objects, high level
programming languages, and assembly
language, this fact will not change. It
dictates the functionality of digital
computers.
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• Project 3.7.2. Another authentic project.

Figure 3.67: The stars for which the specifications for the sections are to be derived in Project 3.7.2.
12in

Figure 3.66: Floors in the Dr. Smith ’s hallway. Concept and
craftsmanship training courtesy of Dr. Smith ’s wife. Geometry

12 in

by Dr. Smith , implementation by Dr. Smith and wife.

Figure 3.68: The raw material from which the stars in Project
3.7.2 are made. Sketch the cuts into this picture or on separate
copies.
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Project 3.7.2: Designing Stars
Dr. Smith is installing vinyl flooring in a house. His
wife wants to have stars inlaid in the floor as shown
in Figure 3.66. Each star is made up of eight identical rhombuses. Since rhombus shaped tiles cannot
be bought at the store, these tiles need to be custom
cut from the raw material. The raw materials are
the regular 12in×12in vinyl tiles that can be bought
at the hardware store. In this project you will derive how to cut the vinyl tiles so that the rhombuses
for the stars can be made (cf. Figure 3.67). In the
following some background information and specifications are given.
1. Cutting vinyl tiles is a two step process. First
one cuts a groove in the tile along the line that
one wants to cut. Then one breaks the tile
along that grove.
2. Cuts should always be straight and defined by
a starting point and an endpoint. With this information one can align a steel ruler with the
points and then cut along the ruler. (Thus,
tempting as it is, specifications that involve
angles such as “Well, you start here and run
the cut at an angle of 38.5◦ to the side from
which you start” are useless. We need two
points for each cut.)
3. Since cutting vinyl is tedious we want to use
as few cuts as possible. That means some
side(s) of the finished rhombuses should coincide with parts of the original sides of the
square.
4. We want to obtain two rhombuses from each
12in × 12in tile. These should be as large as
possible.
Following the above specifications, please give exact
instructions how to cut the raw material to obtain the
rhombuses needed for one star. These instructions
should be specific enough so that a (hobby) craftsman with a sharp knife and a metal ruler is able to
perform the cuts. Thus measurements of the important entities and a picture how to cut the 12in × 12in
squares (cf. Figure 3.68) should be submitted as
specifications.
Hints.
– Determine the angles in the rhombuses first.
– There is a solution that uses exactly 5 cuts.

Just like Project 1.9.3, this is an
authentic project, though on a more
personal level. One weekend, my wife and
I wanted to lay a oor as described.
When we started cutting the stars, the
rhombus shapes did not work out. After
several off-the-cuff attempts at cutting
I retreated to the attic for some basic
trigonometry and geometry. Then we
laid the oors, with the results as
shown in the text.
The protagonist was changed to Dr.
Smith for obvious reasons.
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• Section 9.2, Exercise 20a. This is a typical mistake
students make.
Catching mistakes: In the following problems find
the mistake(s), if there are any. For each mistake (if
there are any), describe the mistake and suggest how
to fix it.Find the derivative of f (x) = 2x 2 − 5x + 3
at an arbitrary x.
“Solution”(?).
f 0 (x)


2(x + h)2 − 5(x + h) + 3 − 2x 2 − 5x + 3
=

lim

h

h→0

=

lim

2x 2 + 4xh + 2h 2 − 5x + 5h + 3 − 2x 2 + 5x − 3

h→0

=
=

h(4x + 2h + 5)
lim
h
h→0
4x + 5

h

Mistakes are a nuisance to all of us.
They even become an Achilles' heel for
some students. Yet mistakes will always
happen. We do our best to teach
students to not make mistakes, but
they (and we, too) still make mistakes.
Hence, we need to think about how we
can avoid mistakes. My own experience
in proofreading papers, books, etc. is
that when I read something that is still
fresh in my mind, I often don't read
what is on the paper. Instead, I read
what I think is on the paper. When I
read someone else's work I catch
mistakes much easier, because I have
no choice but to read what's written. (I
have no \inside track" to the author's
brain.)
In terms of training I believe a rst
step to learning to track our own
mistakes is to learn proofreading
someone else's work. Cooperative
learning techniques such
think-pair-share or peer editing seem to
go in this direction also, though it is
not explicitly stated in their
descriptions. The \catching mistakes"
problems are an attempt to make
careful proofreading a systemic part of
undergraduate training in mathematics.
I have created these problems in any
section in which I could think of typical
mistakes that might be avoided if
students just face them once. More
ideas for these problems would be
appreciated. If there is something that
your students are likely to do wrong,
just let me know. Recognizing a common
mistake is the rst step towards xing
it.
For this particular problem, the mistake
is typical. Negative signs get lost more
often than I care to count.
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• Section 9.3, Exercise 13. This section contains Rolle’s
theorem.
Rolle’s Theorem. Let the function f be differentiable on the open interval (a, b) and continuous on
the closed interval [a, b]. If f (a) = f (b), then there
is an m with a < m < b and f 0 (m) = 0.
Analysis of Rolle’s Theorem (Theorem 9.3.9). We
shall assume throughout that f is a continuous function on [a, b] that is differentiable on (a, b).
13a) State the converse of Rolle’s Theorem.
13b) Give an example that shows that the converse
is false.
13c) State the contrapositive of Rolle’s Theorem.

Analysis of important theorems is a
track that goes through the whole text.
If we want students to read and
analyze theorems carefully, we need to
create problems that require careful
reading and analysis. The setup for this
problem is a typical template. Aside
from requiring careful reading of the
theorem, it also reinforces typical
logical constructs such as the converse,
the contrapositive and (through the
contrapositive) negations.
I am constantly looking for more ideas
to enhance the logic track. If we want
students to be competent in reading
mathematics and science, we need to
give them more opportunity to practice
the slow and through analysis of
statements which is unique to
mathematics.
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• Section 9.4, Exercise 9.
For the functions f and g, the graphs of the derivatives are the straight lines given in Figure 9.50.
9a) Sketch the graph of f assuming that f (−2) =
−2.
9b) Sketch the graph of g assuming that g(−2) =
−2.
9c) What type of function do the graphs of f and
g look like?
9d) How do the graphs of f and g differ and why?
9e) Where are the vertices in relation to significant features of the derivative?
6
0

f 




HH
H




HH
H

H
HH

−3

-

−2
−1
2
H 1
HH

H
HH


H









3

HHg 0
H

Figure 9.50: The graphs of f 0 and g 0 for Exercise 9.

4

This simple looking problem is designed
to drive home the idea that at a
maximum the derivative changes from
positive to negative and at a minimum
the derivative changes from negative to
positive.
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• Section 9.4, Exercise 17.
The Mean Value Theorem (Theorem 9.4.5) can be
generalized. This generalization is needed to prove
l’Hôpital’s Rule. Prove the following.
If f and g are functions that are continuous on
the closed interval [a, b], differentiable on the
open interval (a, b) and g(a) 6= g(b), then there
is a number c with
a < c < b such that
f (b) − f (a)
f 0 (c)
= 0 .
g(b) − g(a)
g (c)
Hint. Apply Rolle’s Theorem to the function
h(x) := [ f (b) − f (a)]g(x) − [g(b) − g(a)] f (x).

This is a challenging high end problem.
(Remember, this is a calculus class, not
a proof class.) I would reserve it mostly
for classes with many math inclined
people or majors. In other classes, it
could be (well-earned) extra credit.
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Concavity is about trends in data.
Physically, concavity is related to
acceleration. These two problems are
simple illustrations how concavity can
in uence decisions that are based solely
on data.

• Section 9.5, Exercises 8 and 9.
Part a) of Figure 9.61 depicts the position function
of two runners over time. Both started the race at
time t = 0 and both are head-to-head at time t = t1 .
If the trends visible in the data persist and the finish
line is not too far away, who will win the race?

a)

b)

p

c

6

6

finish line

u

stock 1

runner 1

stock 2

u

runner 2

-

-

t

t

Figure FP.1: Figure 9.61: Graphs for Exercises 8 and 9.

Part b) of Figure 9.61 depicts the value of two stocks
that you bought. Both cost the same and both have
the same value now. Since both have been losing
money, you decide to sell one and you want to hold
on to the one that has a better chance to recover.
Based on the given data, which stock should be held
and which should be sold?
Disclaimer. The price of stocks is subject to fluctuations that are best modeled as random. That
means that even much more sophisticated analysis
than what is done in this exercise does not guarantee
earnings. This was a lesson people learned early in
the 21st century.
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• Section 9.5, Exercise 10.
In each of the following graphs a function f and its
first two derivatives is given. Identify which function is f , which is f 0 and which is f 00 .

1.

2.

3.

Matching graphs of functions and
derivatives is by now almost a standard
problem. It's quite cute, though, and it
trains a good many visual recognition
skills.
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• Section 10.2, Exercise 2. (Abbreviated.)
Catching mistakes: In the following problems find
the mistake(s), if there are any. For each mistake (if
there are any), describe the mistake and suggest how
to fix it.Find the mistakes (if any) in the following
problems.
2a) Draw the graph from the given data. If the
data is contradictory, identify the problem.
2(a)ii) f (1) = 0, f (2) = 3, f (3) = 2,
f (4)
=
3, f (5)
=
−4,
lim f (x) = lim f (x) = ∞,
f
x→∞

x→−∞

differentiable.
+
−
− +
f0 − +
−
−
+ +
f 00 + +
3
5
1
2
4

2(a)iii) f (−10) = 2, f (−5) = 4, f (0) = 6,
f (1) = 3, vertical asymptote at x = 3,
horizontal tangent line at x = −10,
lim f (x) = 0, lim f (x) = −∞, f
x→∞

x→−∞

differentiable for x 6= 3.
+
−
− +
f0 + +
−
−
+ −
f 00 − +
−10 −5 0
3
1

2b) You are graphing a fourth degree polynomial
and you obtain:
+
−
− +
f0 + +
−
−
+ +
f 00 − +
3
5
1
2
4
Is there a mistake in your computation?
2c) You are graphing a fourth degree polynomial
and you obtain:
−
+
+ +
f0 − −
+
+
− +
f 00 + −
−2 0
7
3
5
Is there a mistake in your computation?

Another \catching mistakes" problem.
Graphing functions in calculus is an
activity that trains precise
computation, organization of data as
well as the ability to synthesize a
reasonable amount of information into
one consistent picture. A single mistake
in a graphing problem can have dire
consequences.
The present problem is intended to
prevent students from trying to make
contradictory data t rather than
looking for mistakes. Spotting
inconsistencies in data is a very helpful
skill. Bad decisions can be avoided when
people are able to spot inconsistencies
and are not afraid to report them.
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• Section 10.4, Exercise 25d.
Catching mistakes: In the following problems find
the mistake(s), if there are any. For each mistake (if
there are any), describe the mistake and suggest how
to fix it.
Find the absolute maximum and the absolute minimum of
f (x) = 3x 2 e x
on the interval [−1, 5].
“Solution”(?).
f 0 (x) = 6xe x ,
f 0 is defined everywhere and it’s only zero is at x =
0.
f (−1) = 3e1 ≈ 8.1548,
f (0) = 0,
f (5) = 3 · 25 · e5 ≈ 11, 131.
Thus f (5) is the absolute maximum and f (0) is the
absolute minimum.

More \catching mistakes". Messing up
the product rule is a typical mistake
when students rush it.
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• Pyramid Workout 10.5.4. An idea borrowed from
weightlifting that is used throughout for training fundamental skills.
Find the derivatives of the following functions:
1. f (x) = (x + 1)15
s
3. f (x) =

5. f (x) =

7. f (x) = e

2. f (x) = e3x

x 2 − 2x
2x 4 + 1
7

9x 5 + x

x



4. f (x) = e x(x+1) x 2

 34

3x 3 + 2

√

2 +√ x+1

3
5
6x − 6 + 5

 7

3 15
9. f (x) = x 3 − x 7

6. f (x) =
√

e x (e x + 1)
√ x
e (x − 1)

8. f (x) = xe x

2

In weight lifting, a pyramid workout has
an increase and a decrease phase. In
each phase, the weight with which a
certain exercise is performed is changed
in given increments or decrements. The
increments on the increase phase equal
the corresponding decrements in the
decrease phase. The increase phase
starts with low weight and many
repetitions. For each new set of
repetitions, the weight is increased,
while the number of repetitions
decreases. The increase commences
until reaching a weight that can barely
be lifted. After that, the decrease
phase starts. Weight is decreased in
the same intervals in which it was
increased before, and the number of
repetitions correspondingly increases.
This type of workout improves both
strength and endurance. The decrease
phase also helps prevent injuries to
muscles that were just taxed to their
limits.
Pyramid workouts in this text are set
up with the same idea in mind. For
certain skills, say, differentiation,
repetition is needed to practice
recalling the right rules, recognizing and
decomposing patterns, etc. Practicing
always at the same level quickly turns
boring. Hence an increase in dif culty is
needed. To truly prepare students, the
level of dif culty in practice should be
higher than what could occur on a test
or when reading a scienti c text. Once
that level is reached, the dif culty
shrinks back to fairly simple problems.
In this fashion, the brain slowly
disengages from the rather challenging
\peak" problem.
Students who make it over the peak
and also students who skip the peak
but get all but the middle two or three
not only build the necessary skills to
move on. The decrease phase serves as
a skill check and a (well earned)
con dence boost. Some problems in the
decrease phase are similar to problems
that may have felt challenging during
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the increase phase. They don't feel so
challenging any more, because of
improved student competence.
I have used pyramid workouts in
business calculus with good success.
Also, students seemed to like them,
especially when I told the physical
analogy with weight lifting.
A request for ideas/help. Formal
investigation of this approach is within
the reach of solid mathematics
education research. I invite any user to
test this idea with studies etc. Just
let me know what you nd out and
acknowledge the source. As far as I
recall, I really had this idea when I
remembered my own experiences in the
weight room. It just made sense to try
it with the brain. Once the books are
done, I might try setting up a study
myself.

FP. Featured Problems
• Section 10.5, Exercise 29.
Two satellites are in a low, circular orbit around the
earth. The height of their orbit is equal to one radius
of the earth. Therefore, if we want to use the radius
of the earth as our base unit, then the earth’s cross
section has equation x 2 + y 2 = 1 and the satellites’
orbit has equation x 2 + y 2 = 4. To make things easier, assume satellite 1 is currently at the point (2, 0).
Determine the positions for satellite 2 that allow a
camera on board satellite 2 to still take pictures of
satellite 1.

21

This is a cute problem involving tangent
lines and the need for a clear
line-of-sight for direct communication. I
was probably thinking of killer satellites
tracking each other when I wrote the
exercise. This clearly dates me as a
child of the \star wars" era.
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• Section 11.1, Exercise 11. This section presents optimization when parameters are involved.
Dr. Smith is on vacation in a log cabin that is one
mile away from the nearest road. The closest sports
bar is three miles down the road from the point closest to the cabin. The road is straight. Suddenly he
realizes that his favorite team is playing in the world
cup soccer tournament and he could watch the game
at the sports bar. He can run at speed k going crosscountry and he can run at speed r > k along the
road.
1. Find the optimal path for Dr. Smith from the
log cabin to the sports bar.
2. Find the length of the optimal path when Dr.
Smith ’s speeds are
(a) r = 9 mi
, k = 5 mi
h
h
(b) r = 7 mi
, k = 6 mi
h
h
(c) r = 10 mi
, k = 3 mi
h
h
3. Assuming that k  r , what does the path look
like?
4. What does the path look like when k is close
to r (but still k < r )?

One important function of single
variable calculus is to prepare the
student for multivariable calculus. Over
the years I have observed that the step
from one to several dimensions involves
multiple conceptual and computational
challenges.
By introducing students early to
working with parameters, I hope to
better prepare them for the transition
to multivariable work. Section 11.1, the
second part of Section 11.2 and a
track on parameter dependent integrals
in Module 13 are designed with this
transition in mind.
This particular problem shows a typical
optimization problem, similar to Example
10.5.11 and to problems without
parameters that were solved earlier.
Connecting the problem to Example
10.5.11 as well as earlier,
parameterless problems allows a smooth
transition to this new conceptual level.
For this particular problem, the
parameters allow the quick solution of
several problems with different
parameter values. They also allow the
analysis of situations such as k  r
and k → r . It is reassuring that our
model gives the paths that common
sense dictates for k  r and k → r .
This is no news to the mathematician,
but it can be a revelation to the
student.
The general pattern for this problem is
used for many of the problems in
Section 11.1.

FP. Featured Problems
• Section 11.2, Exercise 8. This section presents how
to graph families of functions that depend on a parameter.
Background. The universal gas law pV = ν RT applies to ideal gases only. ( p is the pressure, V is
the volume, T is the temperature, ν is the amount
J
of gas in moles and R ≈ 8.31
is the gas
K · mol
constant.) In many situations real gases behave like
ideal gases. However, there are situations in which
the universal gas law needs some correction terms.
The 
corrected law
 is called the van der Waals equaν 2a
tion p + 2 (V − νb) = ν RT . Then term term
V
ν 2a
takes the molecular attraction into account and
V2
the term νb takes the volume of the molecules into
account.
This means for example that for a constant amount
ν of a real gas, kept at a constant temperature T the
pressure does not depend on the volume in the form
const.
p(V ) =
(Boyle-Mariotte’s law), but rather
V
ν RT
ν 2a
c1 T
c3
we have p(V ) =
− 2 =
− 2,
V − νb
V
V − c2
V
where c1 , c2 , c3 are constants.
Tasks. To qualitatively discuss the shape of functions p(V ) that arise from the van der Waals equation, we shall consider the family of functions
1
T
pT (V ) ==
− 2 , where T is our param1
V
V − 10
eter.
1. Plot (on a CAS) functions pT (V ) for several
values of T between 2 and 4. You should see
two different types of behavior. Describe the
difference.
2. By plotting the appropriate functions pT (V )
find approximately at what T the behavior
changes from one to the other.
3. Using a physics or a chemistry text, find some
realistic values for a and b for a real gas and
find a temperature at which the function p(V )
will have relative maxima and minima. Give
a reference which text and which page(s) you
have used.
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One important function of single
variable calculus is to prepare the
student for multivariable calculus. Over
the years I have observed that the step
from one to several dimensions involves
multiple conceptual and computational
challenges.
By introducing students early to
working with parameters, I hope to
better prepare them for the transition
to multivariable work. Section 11.1, the
second part of Section 11.2 and a
track on parameter dependent integrals
in Module 13 are designed with this
transition in mind.
Analysis of parameter dependent graphs
is a rst step towards analyzing the
vertical traces of a three dimensional
graph, as well as an important skill for
working with graphs in physics and
chemistry. This particular problem has
an obvious connection to physics and
chemistry (so it certainly is as
authentic as we can get in freshman
calculus). Because of the long lead-in,
it's a bit tedious overall, though.
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• Section 11.3, Exercise 30a.
Catching mistakes: In the following problems find
the mistake(s), if there are any. For each mistake
(if there are any), describe the mistake and suggest
how to fix it.Water is leaking out of a tank shaped
like a right circular cone with height 5m and top
radius 3m. When the water level in the cone is 2m,
m
the water level is decreasing at a rate of 0.1 . How
s
fast is the water leaking out of the cone? That is,
find the rate of change of the volume of the water in
the cone.
“Solution”(?). Figure 11.19 gives the cross section
of the cone.
rtop = 3m

TT
T




T

T dl = −0.1 m
s
T dt

T


T
r

T ?

T
6

T
T

l = 2m
T

T 
?
T

6

h tot = 5m

?

Figure FP.2: Figure 11.19: Cross section of the cone in Exercise
30a.

1
The volume of water in the cone is V = r 2 π h
3
r
3
and (cf.
Figure 11.19)
= , which
h
5
3
6
3
means r = h = 2 = .
This means
5
5
 2 5
12π
1 6
V =
πh =
h and then
3 5
25
 
12π 0 12π 1
6π m 3
0
V =
h =
=
.
25
25 10
125 s

Typical mistake in related rates
problems. Plugged numbers in too early.

FP. Featured Problems
• Section 12.1, Exercises 1d and 1e.
1d) Represent the front of the shed in Figure 12.27
with as few rectangles and triangles as possible.
1e) Estimate the area of the front of the shed in
Figure 12.27. Assume that the shed is 8ft tall
at its highest point.

Figure 12.27: The shed for Exercise 1d.
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These are cute \think-out-of-the-box"
problems. Moreover, it is observed in [S.
Clark, E. Seat and F. Weber, The
Performance of Engineering Students on
the Group Embedded Figures Test,
Proceedings of the 30th ASEE/IEEE
Frontiers in Education Conference
(2000), session T3A] that engineering
and science students are more likely to
get the geometric decompositions of
gures right than students in other
areas. This ability to resolve geometric
patterns is also correlated to algebra
skills, which are of course crucial to
success in mathematics.
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• Section 12.1, Exercise 2 ...
Dr. Smith ’s house is heated by an oil-burning furnace. The oil is stored in a spherical underground
tank of radius 1m. Winter (and thus heating season)
usually lasts 124 days, from December 1st to April
3rd . On December 1st the level of oil in the tank was
1.4m. By January 31st , the level of oil in the tank has
dropped to 0.7m. Will Dr. Smith need to buy more
oil before the winter is over? Assume that every day
the same amount of oil is burned.
Hint. No computation necessary.
(Also, compare with problem 5 in Section 15.1.)

... and Section 15.1, Exercise 5.
Dr. Smith ’s house is heated by an oil-burning furnace. The oil is stored in a spherical underground
tank of radius 1m. Winter (and thus heating season)
usually lasts 124 days, from December 1st to April
3rd . On December 1st the level of oil in the tank was
1.4m. By January 31st , the level of oil in the tank has
dropped to 0.7m. For how many more days will the
remaining oil last? Assume that each day the same
amount of oil is burned.

The height of oil on a dipstick may not
be proportional to the volume in the
container. Once this is realized, this
problem requires computing the volume
of caps of spheres. These volumes can
be obtained through the formula in
Example 15.1.5 or by re-deriving them
with calculus.
The rst exercise asks if the oil will
last through the rest of the winter. If
you can visualize it, it without calculus
calculations.
Aside from being a nice problem in
itself, couched into what might even be
close to a realistic application, these
two problems also showcase that I like
to revisit problems as more tools
become available. Deep thinking can be
trained by revisiting problems with
re ned tools.
This particular problem pair can be used
to show how our mathematical tools
allow us to change the statement \the
oil will not last through the winter" to
a precise statement when the good
doctor will run out.
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• Section 12.2, Exercises 17 and 18. This section introduces the Riemann integral.
Considerthe function
0; if x is rational,
f (x) =
1; if x is irrational,
[0, 1]

on the interval

17a) Show that every Riemann sum with evaluation
at the left endpoints will be zero.
17b) Given that there are more irrational than rational numbers in the interval [0, 1], what should
the area under f in [0, 1] be. (There are so
many more irrational than rational numbers in
[0, 1] that we can say the height is 1 “almost
everywhere”.)
17c) Show that every Riemann sum with evaluation
at irrational points in the intervals will be one.

A dyadic rational number is a rational number of
p
the form m , where p and m are integers and m > 0.
2
Define

0; if x is a dyadic rational number ,
f (x) =
1; otherwise.
Consider this function on the interval [0, 1].
18a) Show that every Riemann sum with evaluation
at the right endpoint and n = 2m for some m
will be zero.
18b) Show that every Riemann sum with evaluation
at the right endpoint and n a prime number
1
will be 1 − .
n
18c) Does the limit of the sequence of Riemann
sums with evaluation at the right endpoint exist?

These are two high-end problems for
classes and students that are
interested in pathological details that
ultimately led to measure theory. At
the same time, the execution of the
problems is accessible.
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• Project 12.3.1.

3. Final Results. The final outputs of the program should be
– The Riemann sum of f over [a, b] with n
subintervals, evaluated at the points specified through p.
– The numerical evaluation I and the symZ b
bolic evaluation S of
f (x) d x by the
a

CAS.
– The absolute value |I − R| of difference
between the numerical result I of the CAS
and the value R of our Riemann sum.
4. Initial testing. Use homework problems that
you have already solved or examples from the
text to test if your program is correct.
5. Tasks. Use your program to compute the indicated values and answer the given questions.
Z 3π
2
(a) Compute
sin(x) d x using 50 subin0

Figure 12.42: Riemann sums with evaluations using p =
(top) and p =

1
(bottom).
4

1
2

Project 12.3.1: Riemann Sums With Evaluations
Inside Each Interval
In this project we shall implement in a CAS the computation of a Riemann sum with evaluations at points
in similar positions in each interval.
Specifications.
1. Inputs. The program should input
–
–
–
–

The function f to be integrated,
The endpoints a and b of the interval,
The number n of subintervals,
A number p between 0 and 1 that indicates how far through each subinterval [xk−1 , xk ]
the point xk∗ is to be chosen. p = 0 indicates the left endpoint, p = 1 indicates the
right endpoint and 0 < p < 1 makes xk∗
the point in [xk−1 , xk ] that is p · (xk − xk−1 )
to the right of xk−1 . (Cf. Figure 12.42.)

To solve a new problem, the user should not
need to make any adjustments to the program
beyond the above inputs.
2. Intermediate Steps. The program should produce as intermediate steps
– The length 1x of the subintervals.

tervals and evaluations at the left endpoints.
Then determine a number N of subintervals so that the absolute value |I − R| of
the difference between the CAS’s numerical result I and our Riemann sum R is less
than 10−4 .
(b) Repeat part 5a using evaluation at the right
endpoint.
Z 2
(c) Compute
x 2 d x using 50 subintervals
0

and evaluations at the left endpoints. Then
do the same thing with evaluation at right
endpoints.
Where are your results in relation to the
“actual value” given by the CAS? Explain
why the overshoots occur. Explain why
the undershoots occur. (Two explanations.
Use pictures etc. as necessary.)
Then find a value p such that the difference between your Riemann sum R (with
n = 50) and the “actual value” I from the
CAS is less than 10−6 .
Z 1
(d) Consider
cos(100π x) d x. Compute the
0

Riemann sums with evaluations at the left
endpoints for n = 10, n = 50, and n =
100. Is the value of the integral predictable
from these numbers?
Then find K large enough so that the difference between the Riemann sum and the
“actual value” from the CAS consistently
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stays less than 10−6 for n > K . (Verify
by computing the differences for K + 1,
K + 2, K + 3, . . ..)
Scoring Rubric
The scoring rubric below is approximately what will
be used to score the project on definite integrals.
It can be used as a check sheet to determine if all
points that need to be made were made. While completeness according to this rubric does not guarantee
a perfect score, incompleteness certainly guarantees
an imperfect score.
Assessment item
Inputs encoded correctly

percentage
10%

Correct summation formula

10%

Automatic computation
of Riemann sum

10%

Integral of the function with built-in numerical processor to doublecheck

10%

Absolute value |I − R|

10%

Task 5a: Riemann sum
R, number of evaluations N

10%

Task 5b: Riemann sum
R, number of evaluations N

10%

Task 5c: Riemann sums
R, explanations, value p

15%

Task 5d

10%

Presentation, grammar,
spelling

5%

check/score

An important part of scienti c,
engineering and mathematical work is
programming. Independent of the
language or package used, the
implementation of a speci ed algorithm
is fundamental to programming.
This project is representative of many
programming projects in which the
student programs a template that
solves certain (homework) problems for
them. Aside from practicing valuable
programming skills and also analyzing
the underlying mathematics from a
programmer's point-of-view, the
students gain a tool that can literally
solve tedious homework problems for
them. This is a good selling point for
getting a project done early.
Projects that I have assigned in my
classes usually also include a scoring
rubric at the end. I like giving students
this rubric as a checklist and I usually
ll in a copy of the rubric for every
project I grade. It makes grading very
effective and there is no dispute about
misunderstandings or potentially
undisclosed information in the project.
The present project can be used on any
of the Riemann sum problems in the
text. Students who do this correctly
have earned the time they save,
because I would say they know how to
analyze and set up a Riemann sum.
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• Section 13.1, Exercise 15.
Theorem 13.1.4. Let f be a function defined on an
interval I and let F and G be antiderivatives of f .
Then there is a constant c such that F = G + c.
Investigating the hypothesis of Theorem 13.1.4.
1
15a) Show that the derivative of F(x) =
is
x
1
F 0 (x) = − 2 =: f (x).
x
15b) Show that the derivative of the function
1
;
for x < 0,
G(x) = x1
+ 4; for x > 0,
x
is G 0 (x) = −

1
= f (x).
x2

15c) Is part 15b a contradiction to Theorem 13.1.4?
Explain.

Cute theory problem. Accessible, but
mostly interesting to math people.

FP. Featured Problems
• Section 13.1, Exercise 16.
In
Z

Theorem 13.1.9 we have seen that
1
d x = arcsin(x) + c.
More√
1 − x2
over, by Theorem 10.7.6 we have that
d
1
arccos(x) = − √
.
Does this mean
dx
1 − x2
that arcsin(x) = − arccos(x)? Explain why or why
not.
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It is common knowledge that when we
differentiate a function and then
integrate it, we get the same function
back. (Or do we?) This problem puts
another spin on the subtleties of
integrating derivatives by investigating
the inverse trigonometric functions.
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• Section 13.2, Exercise 10.
Solve the following parameter dependent integrals.
These integrals are cornerstones for the integration
of rational functions in Section 13.4.
Z
1
10a)
dx
x −c
Z
1
10b)
dx
(n > 1)
(x − c)n
Z
x
10c)
dx
2
x + b2
Z
x
10d)
(n > 1) (For solutions,
n d x
2
x + b2
cf. Proposition 13.4.1.)

Another problem set aimed at training
work with parameters. Solving the
integrals is purely symbolic, but it is
good preparation for multiple integrals.
For this particular problem, we are also
preparing for the integration of rational
functions via partial fraction
decomposition.

FP. Featured Problems
• Section 13.2, Exercise 11.
Derive the following formulas in the integral table
in Section A.6. (That is, use integration. Do not
differentiate the right side.)
11a) Formula
Z p 31
3
1
x a2 − x 2 d x = − a2 − x 2 2
3
11b) Formula
33
Z
x 
1
d x = arcsin
√
a
a2 − x 2
11c) Formula
Z p 39
3
1 2
x + a2 2
x x 2 + a2 d x =
3
11d) Formula
42
Z
p
x
d x = a2 + x 2
√
x 2 + a2
11e) Z
Formula 49
p
x
d x = x 2 − a2
√
x 2 − a2
11f) Formula
58
Z
1
1
2
sin (x) d x = x − sin(2x)
2
4
11g) Formula
59
Z
1
1
cos2 (x) d x = x + sin(2x)
2
4
11h) Formula
60
Z
tan2 (x) d x = tan(x) − x
11i) Formula
41 (you may use Formula 23)
Z
x 
1
d x = arsinh
√
a
x 2 + a2
11j) Formula
48 (you may use Formula 24)
Z
x 
1
d x = arcosh
√
a
x 2 − a2
11k) Formula
71 (you may use Formula 25)
Z
x 
1
d
x
=
artanh
a2 − x 2
a
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Another problem set aimed at training
work with parameters. Solving the
integrals is purely symbolic, but it is
good preparation for multiple integrals.
This particular problem, as well as
similar problems in later sections, also
shows that integral tables do not
spontaneously materialize. We build
them using the tools we have available.
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• The “Li Ate” acronym for integration by parts next
to Discussion 13.3.4.
A student’s (J. Tanner) way to decide which function is to be differentiated. Remember your oriental
friend Li ate. This acronym stands for “Logarithmic, inverse, algebraic, trigonometric, exponential”.
Classify the functions in your integrand according
to this scheme. The function with the earlier letter
should be differentiated.
L
o
g
ln(x)
log(x)
..
.

i
n
v
arcsin(x)
arctan(x)
..
.

A
l
g
x
x2
..
.

t
r
g
sin(x)
cos(x)
..
.

e
x
p
ex
2x
..
.

This is not an exercise, but it has
helped students. Jason Tanner, the
student who came up with it, is
rightfully proud of this idea. It worked
well for a number of class mates who
struggled with integration by parts.
Integration by parts is surprisingly hard
for some students. I present multiple
ways how to make the decision which
function to integrate and which function
to differentiate (two formulas, verbal
discussion for each example, plus \Li
Ate").
The \Li Ate" acronym nicely sums up
how we select the decomposition of a
product in most cases. True, it is
elementary and might be a crutch. Yet
if it allows people to perform at an
acceptable level, then why not? By our
observation, the idea did not turn into
a crutch that hindered students later.
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• Project 13.6.1.

C. Are there integrals that even a CAS cannot solve?

Project 13.6.1: Solving Integrals With a CAS
In this project we shall investigate some of the pitfalls of solving integrals with a CAS.1 For each of
the following functions

2. Define the function f p(x) as the derivative of
f and output f p(x).
Z
3. Compute the indefinite integral
f p(x) d x.
Z
4. If the CAS can solve
f p(x) d x, give a reaZ
son why the CAS did not output f (x) as
f p(x) d x.
This reason can be a statement regarding how
the CAS apparently simplifies expressions
inZ

ei x − e−i x
– Euler’s identity that sin(x) =
.
2i
Z
2
– It is known that e x d x cannot be expressed
in closed form.
– Writing an integral in a strange way can prevent a recognition algorithm from being successful.
Scoring Rubric

f p(x) d x

(can be checked with a graph), explain why the
functions are not equal.
Z
If the CAS could not solve

Hints.
– Trigonometric identities.

1. Input the function as f in the CAS.

ternally. If f (x) is not equal to

Submit your calculations, your reasons and the answers to the questions above.

f p(x) d x, give

a reason why the integral was not solved. After all, we know it is f (x), so why doesn’t the
computer? To give this reason, analyze how
easy or difficult the function f p(x) looks as
the CAS outputs it.

The scoring rubric below is approximately what will
be used to score the project on definite integrals.
It can be used as a check sheet to determine if all
points that need to be made were made. While completeness according to this rubric does not guarantee
a perfect score, incompleteness certainly guarantees
an imperfect score.
Assessment item
Function 1

percentage
5%

Function 2

10%

Function 3

10%

Function 4

10%

Function 5

10%

Function 6 and 7
plus explanation why 7
works and 6 does not
Question A

15%

Question B

10%

Question C

10%

Grammar, punctuation,
spelling
(a single typo will reduce this category by
50%)

10%

The functions are
√
1. f (x) = sin(x) cos(x) x
2. f (x) = (sin(x) cos(x))2
2

3. f (x) = e x sin(x)
4. f (x) = e x ln(x) sin(x)
√
5. f (x) = e x ln(x) x
√
6. f (x) = x e x
x

7. f (x) = xe 2 This one works. Yet it fails for
part 6, though we investigate the same function. Please explain why you think the process
works for this way to write the function and not
for part 6.
After you are done with the above, please answer the
following questions and justify your answers.
A. Can we trust a CAS to always give us a correct,
simple answer for a given definite integral?
B. Will a CAS always give us the integral we expect?
1 It should be noted that this project was designed for the MathCAD
CAS. Results with other programs may vary.

10%

check/score
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The idea behind this project is to show
what computers can and cannot do for
us. The process of re-integrating a
derivative can have surprising results
(similar to back-and-forth translations
that are used to test text translation
programs). The upshot: Don't trade
your brain in for a Pentium quite yet.
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• Section 14.2, Exercise 10.
A general ellipse (cf. Figure 14.22) is given by the
x2
y2
formula 2 + 2 = 1.
a
b
10a) Derive the formula for the area of an ellipse.
(If nothing else works, you may use a CAS to
solve the integral.)
10b) Use your result from part 10a to (once more)
derive the formula for the area of a circle as a
special case.

Figure 14.22: Schematic picture of an ellipse
with axes of length a and b.

x2
y2
+
=1
a2
b2

This exercise forces students to use an
integral table in context. The solution
is π ab, which is the only answer that
makes sense. This is one of those neat
geometric formulas that I like very
much, though I would still not
recommend to memorize it.
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• Section 15.1, Exercise 1.
Common household items, such as bottles and
glasses have rotational symmetry. For each of the rotationally symmetric objects below, sketch the function that has to be rotated about the axis of symmetry
to obtain the shape of the object. To get a function
f (x), you’ll need to think of each object as lying on
its side.
1a) The bottle on the left in Figure 15.16.
1b) The bottle in the middle in Figure 15.16.
1c) The bottle on the right in Figure 15.16.
Figure 15.16: Bottles with rotational symmetry for Exercise 1.

1d) The glass on the left in Figure 15.17.
1e) The glass in the middle in Figure 15.17.
1f) The glass on the right in Figure 15.17.
1g) Name at least two other objects that you encounter in daily life and which have rotational
symmetry.

Figure 15.17: Glasses with rotational symmetry for Exercise 1.
The author has experimental evidence that alcohol impairs your
judgment. Don’t drink and derive. And don’t even think about
operating machinery!

Cute Visualization. Volumes of rotation
can look very unmotivated if we do not
put them into an everyday context. This
problem gives an everyday context and
forces visualization without any recourse
to \mindless computation".

FP. Featured Problems
• Section 15.1, Exercise 16.
An ellipsoid is a three dimensional analogue of an
ellipse (cf. Figure 15.21). Its general equation is
x2
y2
z2
+
+
= 1.
a2
b2
c2
16a) Derive the formula for the volume of the general ellipsoid. (Use the result of Exercise 10a
in Section 14.2.)
16b) Use your result from part 16a to obtain the formula for the volume of a sphere of radius r .

Figure 15.21: An ellipsoid is like a sphere with different radii
in the x-, y- and z-directions.
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I like this one because I never saw the
resulting formula anywhere. The volume
4
of an ellipsoid is π abc, which is the
3
only thing that makes sense. It
immediately came to mind when a
student asked me in class. The
computation took a little longer.
This is another neat formula that I
would not recommend for memorization.
Aside from the problem, consider where
it came from. Our students are a great
resource of interesting questions that
can become exercises. Let us use this
resource.
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• Section 15.2, Exercise 6.
A certain oil tank is shaped like a right circular cylinder that is lying on its side. The tank has a radius of
1.5m and a length of 5m.
6a) Find the amount of work that it takes to pump
out the whole contents through the top of the
tank.
6b) Find the amount of work that it takes to empty
the tank through the top if the tank is half full.
6c) Find the amount of work that it takes to empty
the tank through the top if the tank is three
quarters full.
6d) Why is the amount in part 6b not half the
amount in part 6a? Why is the amount in part
6c not three quarters the amount in part 6a?
Why is the amount in part 6b not two thirds
the amount in part 6c? Explain.

Similar to Exercise 5 in Section 15.1.
Only this time it's work we investigate.
For some reason, I like the cylinder lying
on its side. Plus, oil tanks do look like
that.
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• Example 15.2.1.
Example 15.2.1.
Compute the minimum amount of work that is needed
to move a payload of mass m = 1kg from the surface of the earth to the international space station
(cf. Figure 15.23).
Distance over which the force acts. We split up the
trip into short steps of length 1r . During each such
step, the acting force can be considered to be constant. Thus the distance over which the force acts is
1r . The trip will start on the surface of the earth and
end in the orbit of the international space station.

W

=

lim

n→∞

Z
=
=

n
X

F(rk )1r =

Z
F dr

k=1

riss

mM
dr
r2
re
m M riss
−G
r re
G

Nm2
≈ −6.6720 × 10−11 2 · 1kg · 5.9763 × 1024 kg
kg


1
1
·
−
6, 725km 6, 371km
≈ 3.2945 × 106 Nm
Note that in the last step we canceled meters (m)
against kilometers (km), which leads to an extra factor 10−3 .

Figure 15.23 The international space station (NASA photograph).
In Example 15.2.1 we compute the minimum amount of energy
needed to move a 1kg mass from earth to the international space
station. Use of this picture is consistent with [31]. Endorsement
by NASA is neither claimed nor implied.

Force needed. The force that is needed to move the
mass from a height r to a height r + 1r is given by
mM
Newton’s law of gravitation as F(r ) = G 2 , if we
r
ignore the slight decrease in the gravitational force
over the short interval.
Data. We can look up all needed quantities. The
mean radius of earth is about 6, 370, 949m ≈ 6, 371km2 ,
so our integral will start at re = 6, 371km. The average orbit height of the international space station is
354km, so our integral will end at riss = 6, 725km.
The mass of earth is M ≈ 5.9763 × 1024 kg and the
Nm2
gravitational constant is G ≈ 6.6720 × 10−11 2 .
kg
These constants are complicated enough to warrant
our solving the integral for the symbolic parameters
before substituting numbers.
2 It’s a little more on the equator where the mean radius is
6, 378, 077m, but we will work with the rounded mean value.

It should be noted that in Example 15.2.1 we just
computed the difference in gravitational potential energy between the surface of the earth and the international space station’s orbit. This is the absolute minimum amount of energy needed to lift the payload.
The actual amount of energy is significantly larger,
because the lifting mechanism (usually a rocket or
a shuttle) itself needs to be lifted, requiring further
energy expenditures. Also, friction is not taken into
account. In Exercise 9 in Section 15.3 we shall compute the velocity to which the mass would need to be
accelerated on the surface of the earth to shoot it directly to the orbit.

Not a problem, but I like space
applications. Example 15.3.7 is an
extension in which we compute the
escape velocity. Nice connection to
physics.
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FP. Featured Problems
• Section 15.3, Exercise 8.
The Schwartzschild radius of a mass is the radius
of a spherical region from which not even light could
escape if the mass was compressed into this sphere.
This effect actually occurs for black holes, where the
Schwartzschild radius is also called the event horizon.
1. If not even light can escape from the inside
of the Schwartzschild radius, then the escape
velocity exactly at the boundary would be the
speed of light c. Use this idea and the formula
for the escape velocity to derive a formula for
the Schwartzschild radius.
2. Compute the Schwartzschild radius for the
following objects.
(a) Our sun. (Mass ≈ 1.99 × 1030 kg.)
(b) A star whose mass is 30 times that of the
sun.
(c) A 70kg human being. (This will just verify that people are not capable of turning
into black holes.)
(d) The Milky Way galaxy. Assume an estimated mass of 600 billion solar masses.

With improper integrals we can compute
the energy it takes for a mass to leave
earth's gravity well. This allows a brief
presentation (one example) of the
escape velocity, which is independent of
an object's mass. Computing actual
escape velocities is then only application
of a formula. The Schwartzschild radius
can be used to stretch the imagination.
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FP. Featured Problems
• Section 16.3, Exercise 8 and Examples 1.7.7 and
1.7.8.

Figure 1.63: The function f (x) = (2x )4 − (24 )x = 0 graphed
in the interval [0, 20]. Rounding errors cause ridiculous results
past x = 13.

The limit L computed with Newton’s method does
not always give f (L) ≈ 0.

1. Let f (x) = 10100 + 1050 x − 10100 . Apply
Newton’s method with x0 = 1. Use a CAS
and call the limit L.
2. Compute f (L). Is f (L) ≈ 0?
3. Compute the zero of f exactly and compare it
to L. Is L close to the zero?
4. Explain why Newton’s method cannot produce a better approximation to the actual zero
of f .

Example 1.7.8.
The limited precision of a CAS can even be made
visible. In Figure 1.64 we have repeatedly zoomed
in on the vertex of f (x) = (x − 1)2 + 1. The graph
should always look like a smooth parabola. Yet it
looks more like a step function. Moreover the steps
are too large as that they could be caused by low
graphical resolution.
The reason for the appearance of the graph as a step
function is that we have reached the limits of the
internal accuracy of the CAS. The jumps in Figure
1.64 are the jumps between adjacent numbers that
can be represented in the CAS. The numbers between them do not exist for the computer. They are
rounded up to the larger one or down to the smaller
one.

Example 1.7.7.
We are unlikely to encounter computations that have
billions of operations soon. However we can show
the effect of rounding errors as it manifests itself in
small differences of large numbers.
In Figure 1.63 the function f (x) = (2x )4 − (24 )x =
0 is graphed. Past x = 13 the function looks nothing like the horizontal line y = 0. What happened is
that the quantity (2x )4 = (24 )x has been computed
in two different ways in the computer. While the difference between the two results is small (likely beyond the specified precision of the CAS), it does exist. When we now subtract these two approximately
equal numbers, then all the exactly computed digits should cancel each other, since they must be the
same. What remains is the difference between the
unreliable parts. This difference is many orders of
magnitude smaller than the original numbers. Yet
once the original numbers become large enough (past
x = 13 here) the difference becomes visible.

Figure FP.3: Figure 1.64: The function f (x) = (x − 1)2 + 1
graphed in the interval [.99999997, 1.00000003]. (The y-axis
goes from 1 to 1.000000000000001.) This does not look like a
parabola.

It should be understood that these systemic errors
occur in any CAS sooner or later. No matter how
much the precision of the CAS is increased, as long
as the evaluation is numerical (and in large-scale computation it always is), one will always have to take
rounding errors into account. Examples 1.7.7 and
1.7.8 can be recreated on any CAS by adjusting the
viewing window if necessary.

Students will ultimately use computer
algebra systems and numerical packages
to solve problems. An awareness of
rounding errors will safeguard against
computations running afoul.

