Surface integrals, the Divergence Theorem and Stokes' Theorem are treated
in Module 28 "Vector Analysis"

Module 26

Vector Fields and Line Integrals
Prerequisites.
Figure 26.1: Air flow over a wing is described
The minimum prerequisites for Module 26, “Vector Fields and Line Integrals” are with vector fields. Picture made available by
Chaoqun Liu and used with permission.

• An introduction to vectors such as in Module 20,
• An introduction to multivariable functions such as in Section 21.2,
• An introduction to the dynamics of space curves such as in Module 24,
• Single variable integration,

N

• Multivariable differentiation and the gradient as introduced for example in
Module 25. If we are willing to require the gradient is continuous in a neighborhood of C in Theorem 26.3.1, we only need Sections 25.1 and 25.2.
???
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Learning Objectives.
After successfully completing this module the student will be able to

S

1. Sketch the graph of a vector field.
2. Sketch the flow lines of a vector field.

Figure 26.2: Magnetic fields are vector fields.

3. State examples of vector fields that occur in nature.
4. Compute the line integral of a vector field along a curve
• directly,
• using the fundamental theorem for line integrals.
5. Estimate line integrals of a vector field along a curve from a graph of the
curve and the vector field.
6. Compute the gradient vector field of a scalar function.
7. Compute the potential of a conservative vector field.
8. Determine if a vector field is conservative and explain why by using derivatives or (estimates of) line integrals.
Figure 26.3: Gravitation is a vector field.
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Introduction
Scalar quantities (like temperature, pressure, density, etc.) can vary in space
and time (cf. Section 21.2). Similarly, vectorial quantities (like velocities or forces)
can also vary in space and time. We will concentrate mostly on the variation in
space in this text. For example,
• The gravitational field of the earth exerts a position-dependent force on any
mass. The force is directed towards the center of the earth, and the farther a
mass is away from the earth, the smaller is the attractive force.
• The flow velocity of air along the wing of an aircraft is larger on top of the
wing than it is on the bottom of it. This difference causes lower air pressure at
the top of the wing, which creates the “lift” an airplane needs to stay airborne.
While the above two examples could still be described with scalar functions
(provided we “know” the direction), such an easy way out becomes impossible
when more complex situations are considered.
Figure 26.4: Simulation of air flow over an airplane wing. Picture made available by Chaoqun
Liu and used with permission.

• The sum of the gravitational forces exerted on a mass also contains components aside from the gravitation of earth. Computations of the path of spaceborne vehicles must take the gravitation of other celestial bodies (sun, moon,
planets) into account. All these forces affect the direction of the gravitational
force acting on the vehicle.
• Air flow is not always completely smooth (or “laminar”). Turbulent air flows
can contain eddies of various sizes that rotate at different speeds. These turbulences at the tip of an airplane wing make the plane less efficient, because
they cause drag. Figure 26.4 shows flow instability on a delta wing. The
farther to the right we are, the more turbulent the air flow gets.
Vector fields describe how vector valued quantities vary in space and time.
Further examples include the electrical field that surrounds charges, the magnetic
field that surrounds currents (moving charges) or permanent magnets (cf. Figure
26.5) as well as “fields” that at first have no good explanation, such as the Coriolis
force that acts on any moving body on earth. Various types of vector fields are
described in Section 26.1.
Vector fields are detected and measured through their effect on their surroundings.

Figure 26.5: Though they are conceptual entities, the flow lines of vector fields can be made
visible. Iron shavings align themselves with the
flow lines of a magnetic field. The above pictures show the magnetic fields around a regular
magnet and around a wire in which current is
flowing.

• The effect of the gravitational field is omnipresent on earth. For example,
to move up a hill or a flight of stairs, we have to work against gravity. By
measuring the force that pulls us towards the earth, we measure the effects of
the gravitational field.
• The effect of a velocity field is motion (of a fluid). It can be seen or felt and
then measured with the appropriate instruments.
• Iron shavings and compass needles align themselves in a magnetic field.
To model the effect of a vector field on its surroundings, we must understand
how the field interacts with objects that move through the field. Basic physical laws
dictate the interaction of a homogeneous field with a body that is at rest or moving
at constant velocity. The line integral (discussed in Sections 26.2 and 26.3) is used
to describe the interaction of a general vector field with a moving body.
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26.1 Vector Fields
The mathematical definition of a vector field is straightforward. We assign a vector
to every point in our domain.
Definition 26.1.1 If D is a region in Rn , then a vector field on D is a function
E 1 , . . . , xn ).
FE that assigns each (x1 , . . . , xn ) in D an n-dimensional vector F(x
As always, we state the general definition so that we will not need to re-state the
definition for each dimension. As usual, we avoid unnecessary trouble that stems
from distinguishing a point from its position vector.
Notation 26.1.2 For a point a with position vector aE we will also write FE (E
a)
E
instead of F(a).
This is done because we will often evaluate vector fields along curves cE(t), or,
in Module 28, on a surface sE(u, v).
Let us now consider some examples.
 −x 
2 +y 2
E
Example 26.1.3 Sketch the vector field F(x, y) = x −y
and explain its ap2 +y 2
x
pearance.
Sketching a vector field is similar to sketching a direction field for antiderivaE
tives (cf. Section IND.A). Choose a grid of points in the domain. Compute F(a)
for
E
each point a in the grid and then draw a vector F(a) whose starting point is at a.
Unlike for direction fields, the vectors will not all have the same length. A comE
puter plot of our vector field is given in Figure 26.6. All vectors of F(x,
y) point
towards the origin and the magnitude of the vectors increases as we approach the
origin.
To explain the appearance we note that
E r ) = − 1 rE ,
Figure 26.6: The vector field F(E
rr
of Example 26.1.3. The window is [−1, 1] ×
 −x 
 
1
x
2 +y 2
[−1, 1]. The lengths of the arrows are scaled
E
F(x,
y) = x −y
=− 2
.
2
proportionally to fit the picture.
y
x
+
y
2
2
x +y

 
 
x
x
The vector
points radially outwards from the origin, so the vector −
y
y
1
attached at (x, y) points towards the origin. The factor 2
is the square of the
x + y2
 
1
x
magnitude of −
. This means the magnitude of FE at (x, y) is p
. This
y
x 2 + y2
magnitude is large near the origin (it goes to infinity as (x, y) → (0, 0)) and it
decays to zero as x 2 + y 2 gets large.
Qualitatively, the field FE in Example 26.1.3 behaves like the gravitational field
of a mass at the origin in two dimensional space. Indeed, because vector fields
are hard to plot and visualize, people often use two dimensional plots of “crosssections” to visualize a vector field. For example, Figure 26.5 depicts a crosssection of a three dimensional field.
But is the field FE in Example 26.1.3 really a cross section of a gravitational
field? To investigate this question we use notation that is closer to the way physics
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describes vector fields. Denote
  by r :=
x
to the origin and let rE =
. Then
y

E
F(x,
y) = −

1
2
x + y2

p

x 2 + y 2 the distance of the point (x, y)

 
1
1 rE
x
E r ).
= − 2 rE = −
= F(E
y
r
rr

1
rE
and is a unit vector. Gravity obeys an inverse square
r
r
law however. So while FE is a central vector field (a vector field in which all vectors
point to the center), it does not represent a gravitational field. Still, pictures such as
Figure 26.6 are often used to depict gravitational fields of point masses. While this
is strictly speaking not accurate, there is a good reason to use such a picture.
The magnitude of FE is

E r ) = − 1 rE ,
Figure 26.7: The vector field F(E
r2 r
which is the essence of the gravitational field
(cf. Example 26.1.4) as well as of the electrical
field surrounding a negative charge (cf. Example
26.1.6). The window is [−1, 1] × [−1, 1].

Example 26.1.4 The gravitational field of a mass. The mass M located at the
Gm M
origin attracts the mass m located at rE with a force of magnitude F (E
r) =
,
r2
Nm2
and the force points towards the origin. G ≈ 6.67 × 10−11 2 is the gravitational
kg
constant.
This means the corresponding force is
E r ) = − Gm M rE = − Gm M rE = −  Gm M 
F(E
p
3
r2 r
r3
x 2 + y2

 
x
,
y

where r = |E
r |. Aside from the scaling factors G, m and M, the gravitational
E r ) = − 1 rE (cf. Figure 26.7). As is customary in
field behaves like the field F(E
r2 r
mathematics and science, for a qualitative analysis we will often drop scaling constants to be able to graph and analyze a field. This step removes some “numerical
clutter” and leaves just the object and its properties to be analyzed.
E r ) = − 1 rE
We note that the field in Figure 26.7 looks different from the field F(E
rr
in Figure 26.6. Both fields point towards the origin. However, the magnitude of
the vector field in Figure 26.7 shrinks faster as we move away from the origin.
Any depiction will show a few discernible vectors near the origin and then a large
number of vectors that are barely long enough to be recognized.
This is why, for sake of visualization, some vector fields are depicted with the
wrong magnitude. The accurate picture of the gravitational field in Figure 26.7
explains the concept not nearly as well as a picture such as Figure 26.6.
Finally, note that for a reasonable theory, we need to make our field expression
independent of the test mass m. This is done in Section 26.1.5.

The discussion so far has implicitly shown that there are several ways to represent and describe vector fields.
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Remark 26.1.5 Vector fields can be described in any of the following ways.

1. Symbolically  with
a
componentwise
expression

P(x, y, . . .)
E
F(x,
y, . . .) =  Q(x, y, . . .) .
In this description, every com..
.
ponent of the vector field is a multivariable function.
2. Verbally, by describing the magnitude and direction of the field at every
point.
3. Symbolically by giving an expression that is the product of
 a magnitude

x1
.
and a unit vector. In this description we often use rE =  ..  for the
xn
position to reduce the number of symbols.
For sufficiently simple vector fields and for calculations we will use the componentwise expression in 1. The descriptions in 2 and 3 are more prevalent in the
sciences. Realistic vector fields, such as fields that obey an inverse square law have
complicated components. Descriptions 2 and 3 can be more effective than the componentwise descriptions. Especially description 3 can be exact with fewer symbols
than 1. For example, we can describe our two-dimensional slice of the gravitational
field in Example 26.1.4 in at least three ways.
 −x 
3

2
2 2
) .
E
1. The componentwise description is F(x,
y) =  (x +y
−y
3

(x 2 +y 2 ) 2
2. The verbal description says the following. The vector field FE points towards
the origin and its magnitude is the reciprocal of the square of the distance of
the point from the origin.
E r ) = − 1 rE .
3. Using symbolic magnitude and direction we obtain F(E
r2 r

26.1.1

Electrical Fields and Their Superposition

Another example of a central force field is the electrical field of a point charge.
Example 26.1.6 The electrical field of a charge. The charge Q located at the
E r ) = Qq rE , where
origin attracts the charge q located at rE with the force F(E
4π ε0r 2 r
As
r = kE
r k and ε0 = 8.8542 · 10−12
is the permittivity constant. Figure 26.7
Vm
gives an accurate picture how the field scales and Figure 26.6 gives a visualization
with vectors that are more easily seen.
Since the field of Q should only depend on Q, we need to make our field
expression independent of the test charge q. This is done in Section 26.1.5.
In gravity, as well as in electricity and other situations, things get interesting
when several vector fields overlap. Vector fields can be added at each point just
like vectors. This is why we will still say that the electrical field of a point charge is
given by an expression as in Example 26.1.6, even when another charge is present.

Figure 26.8: Light strings align themselves with
the flow lines of the electrical field. The first picture shows an uncharged van de Graaf generator,
the second a charged one.
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The individual fields of the charges have not changed, but what we observe is the
sum of the two fields.
Example 26.1.7 Figure 26.9 depicts the vector field

E r ) = − 1 rE +
F(E
r2 r

1
 
0
rE −
2

2

 
0
rE −
2
  .
0
rE −
2

1 rE
This field is the sum of two fields. The field EE1 (E
r ) = − 2 can be visualized as
r r
the field generated by a negative charge q1 that is located at the origin. (We assume
everything scales in such a waythat
 the constants drop out.) Similarly, the field
0
Figure 26.9: The vector field in Example 26.1.7.
rE −
The window is [−1, 1] × [−0.5, 2.5].
2
1
E
  can be visualized as the field generated by
E 2 (E
r) =
  2
0
0
rE −
rE −
2
2
a positive charge q2 = −q1 that is located at the point (0, 2).
Figure 26.10 shows the field with exaggerated vector lengths and with the centers of the two fields marked as charges. The overlap of the fields changes the
overall picture. The vectors now have a tendency to point away from (0, 2) and
towards the origin. This tendency varies depending how close to either point we
are.

26.1.2

Magnetic Fields and Their Superposition

Not all vector fields are central fields of superpositions thereof.

Figure 26.10: A depiction of the vector field in
Example 26.1.7 with longer vectors and centers
marked. The magnitudes of the vectors do not
scale right, but the vectors are more easily visible. The window is [−1, 1] × [−0.5, 2.5].

Example 26.1.8 The magnetic field that surrounds a current in a straight (infinitely long) wire. Wires that carry a current are surrounded by magnetic fields.
To get a start on analyzing this phenomenon we consider the idealized situation of
an infinitely long, straight wire. If r is the distance of a point to the wire, then the
I
I µ0
magnitude of the field at that point is B =
=
, where I is the current,
2
2π ε0 c r
2πr
1
Vs
c is the speed of light in vacuum and µ0 :=
= 1.2566 · 10−6
is the per2
ε0 c
Am
meability constant. The magnetic field is tangential to concentric circles around
the wire. The direction is obtained via a right-hand rule. If the thumb of your right
hand points in the direction in which the current flows, then the natural curve of
your right hand gives the direction of the magnetic field (cf. Figure 26.11). The
field does not have any component parallel to the current. Eliminating the constants
and assuming the current flows in the third dimension (vertically out of the paper),
we obtain the field depicted in Figure 26.12.
Example 26.1.9 Find a symbolic expression for the vector field that surrounds a
current I that flows up along the z axis.
The field is described verbally in Example 26.1.8. We note the following.

Figure 26.11: The right hand rule for the magnetic field that surrounds a current. The thumb
gives the direction of the current and the natural
curve of the right hand gives the direction of the
circular magnetic field surrounding the current.

1. The vector field has no z-component. This means that for depictions we can
sketch a vector field in two dimensions with the z-axis coming vertically out
of the sketch.
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2. Since the current I flows in the direction of the positivepz-axis, the distance
to the “wire” is the distance to the z-axis, which is r = x 2 + y 2 . In a twodimensional picture in which the z-axis points up, this is the distance from
the origin.
3. The vectors will be tangent
  vectors to the concentric circles around the origin.
x
With the vector rE =
being a radius vector for a such a circle, the vecy 



−y
y
tors rE =
and rE =
are tangent vectors that point in opposite
x
−x
directions.
4. By the right hand rule, the magnetic field points
 in the
 mathematically posi−y
The
vector
field
tive direction. This means that the vector rE =
gives the direction of Figure 26.12:
x
E r ) = 1 h−y, xi, which is the essence
F(E
the field.
r2

of the magnetic field in Example 26.1.8. The
window is [−2, 2] × [−2, 2].

Overall, the magnetic field is




−y
−y
I
1
1
µ
I
E r) =
 x = 0
 x .
B(E
2π ε0 c2r r
2πr r
0
0
Figure 26.12 shows how this field looks in the x y-plane.
“Rotating” fields as in Figure 26.12 also describe the motion of vortices in fluid
flows. Figure 26.13 shows an image of hurricane Andrew in 1992. The rotational
motion of the air and the clouds follows a pattern similar to that of Figure 26.12.
Just like central force fields, rotational fields can overlap.
Example 26.1.10 The vector field in Figure 26.14 can be interpreted as the magnetic field that surrounds two vertical currents. One current flows up the z-axis
(which is vertical to the paper). The other current flows down the vertical line
through (0, 1, 0).
The reader will determine the equation of this vector field in Exercise 10.

26.1.3

Figure 26.13: Vortices in fluids can be described
with vector fields. This picture is a satellite
image of hurricane Andrew off the coast of
Louisiana in 1992. Use of image from the National Oceanic and Atmospheric Administration
web site [33] consistent with appropriate NOAA
policy.

Flow Lines

We have seen that vector fields occur in a number of settings and that they can be
tricky to visualize using plotted arrows. Another way to visualize a vector field is
through its flow lines (cf. Figure 26.15).
Definition 26.1.11 Let FE be a vector field. The vector valued function cE is a
flow line (or streamline) of the vector field FE if and only if for all t we have
that cE0 (t) is parallel to FE (E
c(t)). That is, at every point of the curve described
by cE the vector field is tangential to the curve.
Plotting the flow lines essentially means that we “follow the arrows” in a vector
field plot. This is similar to sketching an antiderivative in a direction field for Figure 26.14: The vector field which is the
integration (cf. Example IND.B) or sketching the solution of an initial value problem essence of the magnetic field in Example
26.1.10. The window is [−1, 1] × [−0.5, 1.5].
into the direction field of a differential equation (cf. Examples QDE.A and QDE.B).
The vertical wires intersect the x y-plane at (0, 0)
(current goes up) and at (0, 1) (current goes
down).

248

N

???

???
66
6
6
6
6

S

26. Vector Fields and Line Integrals

Example 26.1.12 Sketch an appropriate number of flow lines for the vector field
in Figure 26.10.
The sketch is given in Figure 26.16. Each flow line starts at the point (0, 2) (the
location of the positive charge q2 ) and ends at the point (0, 0) (the location of the
negative charge q1 ). The flow lines are tangential to vectors of the vector field.
There is some judgment to be exercised when using flow lines to visualize a
vector field. Too many lines will clutter the picture, too few won’t reveal all the
information.
Flow lines sometimes are easier to sketch than the field, while carrying the same
information content.

Figure 26.15: The magnetic field of a permanent
magnet usually is not depicted using arrows. Instead, flow lines obtained by following the arrows are used.

I

6 
t q2

9

z

?

? ?? ?

t q1

z

?

9

Example 26.1.13 Sketch the magnetic flow lines that surround a current that flows
up the z-axis.
From the description of Example 26.1.8 we can infer that the flow lines are
concentric circles around the z-axis with a positive orientation of rotation. Figure
26.17 shows the picture.
In Figure 26.17 as well as in many depictions of flow lines, the closer the flow
lines are together, the stronger the field is in the respective region.
Flow lines have realistic meaning and they can be visualized. In a magnetic
field, dropped iron shavings will outline the flow lines. In a velocity field (such
as the field of particle velocities in a fluid flow), a particle that is set adrift will
follow the flow lines of the velocity field. This visualization of a particle carried
by a moving fluid is probably the most helpful for sketching flow lines. Similarly
in a force field, a particle that is started at rest at a given point will follow the flow
line that starts at that very point. So, for example, positive charges that are left to
move in the electrical field in Figure 26.16 will travel towards the negative charge
q1 along the flow line that goes through the charge’s starting position. Negative
charges will follow the flow line to the positive charge q2 .

Remark 26.1.14 The particle paths described by flow lines of velocity and force
fields can be quantified. Particle paths are solutions of differential equations that
Figure 26.16: The flow lines for the vector field reflect the laws governing the motion. These differential equations are easily set
in Figure 26.10.
up if we know the field. For a velocity field FEv , the differential equation that gives
d
us a particle path is cE(t) = vE(t) = FEv (E
c(t)). This is because in a velocity field,
dt
the velocity of the particle is equal to the value of the field at the current posiE the differential equation that gives us a particle path is
tion. For a force field F,
2
d
E c(t)). This is because in a force field, the acceleration
m 2 cE(t) = m aE (t) = F(E
dt
of the particle times its mass is equal to the value of the force field at the current
position.
Note that the above are examples of systems of differential equations. We have
vectorial quantities on each side of the equal sign. For an example how magnetic
fields connect to systems of differential equations, cf. Section EXB.F.


6

I

26.1.4

Gradient Fields

E f (a) of a function f is a vector that depends on the position a (cf.
The gradient ∇
Figure 26.17: The flow lines of the vector field Section 25.3). Thus, the gradient field is a symbolic example of a vector field.
in Example 26.1.13. Higher density of flow lines
indicates a stronger field.
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Definition 26.1.15 For the multivariable function f (x1 , x2 , . . . , xn ), where
x1 , . . . , xn are interpreted as space variables, the gradient
vector
field of f is


∂f
∂ x1
∂f
∂ x2




E f (x1 , . . . , xn ) := 
given by grad( f )(x1 , . . . , xn ) := ∇
 . 
 .. 
∂f
∂ xn

For the manifold interpretations of the gradient, cf. Section 25.3.4. Computing
a gradient field is simple differentiation.
Example 26.1.16 Find the gradient field of the function f (x, y) = 9 − x 2 − y 2 .
 

 ∂
−2x
9 − x 2 − y 2
∂
x
E
=
.
∇ f (x, y) = ∂
9 − x 2 − y2
−2y
∂y
A contour plot of the function with some gradients marked is given in Figure
26.18. The figure confirms that the gradient points in the direction of steepest ascent
and that it is perpendicular to the level curves.

Figure 26.18: The contour map of Example
26.1.16 with some vectors of the gradient field
superimposed (vectors not drawn to scale). The
gradient field points towards the center and the
vectors get shorter as we get closer to the origin.

There is an obvious advantage to gradient fields. Once the function f is known,
gradient fields can be described just using the function f . This function usually is
E Example 25.3.8 shows that
less complicated than the vector field expression F.
1
r
E
1
the central force field FE = − 2 is the gradient of the scalar function f = . In
r r
r
particular, this means the following.
Theorem 26.1.17 The electric field generated by a point charge is a gradient
field. The same is true for the gravitational field of a point mass.
With the gradient being a “multidimensional derivative” that retains many properties of the one dimensional derivative (cf. Section 29.1) we should be able to
recover the function f via integration.


6x y + 1
E
Example 26.1.18 If possible, find a function f such that ∇ f =
.
3x 2
Since each component is a partial derivative, we must undo the partial derivative
by using what may well be called a “partial integral”.
Z
6x y + 1 ∂ x = 3x 2 y + x + c(y)
Z
3x 2 ∂ y = 3x 2 y + c(x).

E f= 6xy+1
Verify that ∇
!
3x2
We obtain two different expressions. However, the integration constants are

only constant with respect to their integration variable. Therefore the “constant”
in the first integral can still depend on y and the “constant” in the second integral
can still depend on x. (Hence the notation c(y) and c(x).) Choosing c(y) = 0
and c(x) = x makes both expressions look the same. We obtain the function
f (x, y) = 3x 2 y 
+ x. It is easy to check that this function really is such that
6x
y
+
1
Ef =
∇
.
3x 2
Not all vector fields can be represented as the gradient of a scalar function.
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−y
E
Example 26.1.19 If possible, find a function f such that ∇ f =
.
x
The same process of “partial integration” as in Example 26.1.18 leads to
Z

−y ∂ x = −x y + c(y)
Z
x ∂ y = x y + c(x).

This time, however, because c(y) cannot depend on x and c(x) cannot depend
on x, there is no choice for these expressions that will lead to the same function
for


−y
E
both integrals. Therefore we are unable to find a function such that ∇ f =
.
x
This outcome

is a little unsatisfying. We were unable to find a function such
−y
Ef =
that ∇
. But why is that? Is our process not sophisticated enough or
x
does such a function not exist at all?
We can argue as follows. If there was such a function, then the integrals we
derived would have to describe the function. That is we must have −x y + c(y) =
x y + c(x). The only expressions that depend on x and y are −x y and x y. So, if a
function as stated did indeed exist, we would have that −x y = x y for all x and y,
which is nonsense. Thus, such a function cannot exist.

The argument at the end of Example 26.1.19 shows that there are vector fields
that are not gradient fields. Any time the results of our partial integration cannot
be made to match up by choosing our constants appropriately, the field is not a
gradient field. Graphical insight can also be used to rule out fields from being
gradient fields.

Example 26.1.20 Explain
why there is no function f such that the
 graphically

−y
Ef =
gradient satisfies ∇
.
x
Figure 26.19: The vector field in Examples


−y
26.1.19, 26.1.20 and 26.1.22.
E
Consider Figure 26.19, which depicts F(x,
y) =
. The field appears to
x
describe a vortex (an eddy) rotating around the origin. Indeed, its flow lines are
closed circles around the origin. Thus we could follow the field along one of these
circles and eventually come back to our starting point. This is impossible in a
gradient field. Following the gradient means constantly going up. If we constantly
go up, we cannot be back where we started at the end of the journey.


−y
E
Thus the field F(x, y) =
is not a gradient field, because of the eddy
x
around the origin.

We will see more along the lines of the graphical explanation in Section 26.3.
However, as we have seen, pictures of vector fields may not be scaled right and can
thus lead to the wrong impression. If a field is “almost” a gradient field, then its
picture may not differ significantly from that of a gradient field. Thankfully there
is an analytical condition for when a vector field is not a gradient field.
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F1
.
Proposition 26.1.21 Let FE =  ..  be a vector field with continuous second
Fn
E
partial derivatives. If F is a gradient field, then for all indices i 6= j we have


∂ Fj
∂ Fi
=
.
∂x j
∂ xi
Proof. By Theorem 25.1.10 we know that as long as all second partial derivatives are continuous, it does not matter in which order the mixed partial derivatives
E f , then for all indices i 6= j we
are taken. Therefore, if FE is a gradient field FE = ∇
have
∂ ∂
∂ ∂
∂
∂
Fi =
f =
f =
Fj
∂x j
∂ x j ∂ xi
∂ xi ∂ x j
∂ xi
as was to be proved.
Theorem 28.4.2 and Corollary 28.4.5 will show that in two and three dimensions the above criterion is an equivalent characterization of gradient fields. This is
also true in higher dimensions, but we will not be able to prove it in this text.
The analytic criterion in Proposition 26.1.21 is easily applied.


−y
E
Example 26.1.22 Prove that there is no function f such that ∇ f =
.
x
According to Proposition 26.1.21 we need to compare the partial derivative
of the first component with respect to y with the partial derivative of the second
component with respect to x. We see that
∂
∂
(−y) = −1 6= 1 =
x,
∂y
∂x


−y
Ef =
which proves that ∇
x
cannot be a gradient field.
For vector fields in more than two dimensions all arguments are similar. If the
field is a gradient field, we simply have to compute more integrals. If not, more
equations may need to be checked until we find a pair of corresponding partial
derivatives that are not equal. Some three dimensional vector fields will be analyzed
in the exercises.
We conclude with a short caution on the language regarding gradient fields. In
physics and in other engineering and science applications, one is often not interested in the gradient, but in the direction of steepest descent. The reason is that
objects tend to move in the direction of steepest descent. (Water flows downhill,
not uphill). The difference is a negative sign.
E f is also called the potential field of
Definition 26.1.23 The vector field −∇
the potential function f . At every point the potential field points in the direction of steepest descent for the potential function f . Physically, potential
fields point in the direction in which an object that is drawn from higher to
lower potential would travel. (Such objects include masses in a gravitational
field or positive charges in an electric field.)
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People often use “potential field” and “gradient field” interchangeably. As this
seems to be unavoidable, one should be aware of the underlying concept (a gradient
of a scalar function is involved) and then let the context determine if people meant
to throw in the added negative sign. In this text language will be consistent with
Definitions 26.1.15 and 26.1.23.

26.1.5

Defining the Gravitational and Electrical Fields

In Examples 26.1.4 and 26.1.6 we have described the forces that act between
masses and between charges. Formally our discussion then described the forces
that a certain test mass or charge would experience if it were placed in the field of
the mass or charge under investigation. Physically, this makes sense because fields
are only measurable through their effects on their surroundings.
The fields themselves are usually defined as force per test unit. That is, the field
strength will be proportional to the force that acts on a given test mass or charge.
Definition 26.1.24 Defining gravitational and electrical fields.
1. At every point in space, the gravitational field is the quotient of the gravitational force FEg acting on the test mass m and the mass m itself. That
FE
E := g .
is, 0
m
2. At every point in space, the electrical field is the quotient of the electrostatic force FEe acting on the test charge q and the charge q itself. That
FEe
is, EE := .
q

Example 26.1.25 By Example 25.3.8, the electric field of a point charge at the
Q
origin is the potential field (negative gradient) of f (E
r) =
.
4π ε0 kE
rk
Similarly, the gravitational field of a mass M at the origin is the potential field
GM
.
of f (E
r) =
kE
rk


Figure 26.20: Solids can sustain shear stress.









Figure 26.21: Fluids cannot sustain shear stress.

It turns out that even in general both the gravitational field as well as the electrostatic field (no moving charges that could create changing magnetic fields) are
gradient fields (cf. Theorem 28.4.3). Proving that this is the case will take a little
while however because we will need to ramp up from central force fields to general
fields.
In Example 26.1.8 we did not talk about the force that the magnetic field exerts
on a test object. This is because the magnetic field is not a force field like the gravitational and electric fields. The magnetic field BE is defined through its effect on
E Any attempt to
charges q moving at velocity vE, which is the force FEm = q vE × B.
define the magnetic field through its effect on, say, permanent magnets is considered too complicated. This is because the magnetic north and south poles always
occur together. They cannot be separated like positive and negative charges.

26.1.6

Fluid Flow

Fluids are defined as substances that cannot sustain shear stress (cf. Figures 26.20
and 26.21). That means, the term “fluid” includes liquids and gases. The vector
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field usually investigated in fluid flows is the field vE(x, y, z) that gives the flow
velocity at position (x, y, z). While there are certain standard fluid flow shapes,
fluid flows are not constructed as a superposition of standard flows. It is ironic
that the most intuitive interpretation of a vector field as a velocity field ultimately
requires the most complicated analysis to actually describe the situation. Thus
we will use the idea of a fluid flow to interpret some vector fields, but leave the
theoretical analysis of fluid flows to Section 28.5.
In the following we interpret a few standard vector fields as flows.

6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6

Example 26.1.26 A homogeneous vector field is a vector field that has the same
value at every point (cf. Figure 26.22). Because the interpretation of a vector field
6 6 6 6 6 6 6 6 6
is usually dynamic and involves motion, it is not considered appropriate to call
Figure 26.22: In a homogeneous (flow) vector
these vector fields “constant”.
field all particles move at the same speed in the
The flow described by a homogeneous vector field is a steady stream in which same direction.
all particles flow in the same direction at the same speed. Small sections of the
water flow in a river or in a pipe can be considered homogeneous, though larger
6 6 6 6
6 6
6
sections will not be homogeneous because of friction (cf. Example 26.1.27).
6
6
It should also be said that the electrical field in a plate capacitor is considered
to be homogeneous. Moreover, the gravitational field on earth can be considered
homogeneous as long as we do not analyze too large a region of space.
Example 26.1.27 Figure 26.23 gives an idealized depiction of the fluid flow in
a river or a pipe. Fluid particles tend to adhere to walls and internal cohesion
(viscosity) of the fluid prevents the flow velocity from changing drastically. As a
consequence, in these flows, the fluid near the wall moves slowly and the fastest
flow is in the middle. All particles can still be considered as flowing in the same
direction.

6 6 6 6
6 6
6
6

6
6 6 6 6
6 6
6

6

6
6 6 6 6
6 6
6

6

6
6 6 6 6
6 6
6

6

6
6 6 6 6
6 6
6

6

6
6 6 6 6
6 6
6

6

Example 26.1.28 In the vector field in Figure 26.24 all particles flow in the same
direction, but they do so at different speeds. Just as in a traffic flow, this leads to
compression (higher density) in regions where faster particles are behind slower
particles (see circle C). Conversely, (see circle D) in regions in which slower
particles are behind faster particles we experience a decompression (a decrease in
density).
Some of the vector fields we have considered so far can also be interpreted as
fluid flows. This re-interpretation of electric, magnetic and other fields as flows that
actually move matter has been very helpful in the analysis of these fields.

6
6 6 6 6
6 6
6

6

6

Figure 26.23: The water flow in a pipe or a river
is fastest in the middle and tends to zero on the
sides. Ideally all particles still flow in the same
direction.

6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6

6 6 6 6 6 6 6 6 6
D

6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6
C

6 6 6 6 6 6 6 6 6

6 6 6 6 6 6 6 6 6
6 6 6 6 6 6 6 6 6
Figure 26.24: A vector field that compresses (cf.
circle C) and decompresses (cf. circle D) and
which thus has non-zero divergence.
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1. The vector field in Figure 26.12 describes a vortex that spins fastest
near the center. This type of field is a first step towards describing
water draining out of a bathtub as well as more destructive phenomena like tornadoes and hurricanes (cf. Figure 26.13).
2. The vector field in Figure 26.19 describes a vortex in which the linear
velocities increase as we move away from the center. This type of
behavior is associated with rotating rigid bodies such as compact
discs or DVDs. To keep up with the motion, the particles that are
farther away from the center of rotation must move faster than those
that are close to the center.
3. The vector field in Figure 26.10 can be interpreted as a field in which
there is a source of fluid, say, a spigot at the position of q1 and a sink
(like the drain in a bathtub) at the position of q2 . The flow here is
straight outward from the source and inward into the sink, which
means as a fluid flow it could not be very deep (otherwise we would
observe the characteristic vortex of deep water going into a drain).
The reader will investigate more examples in Exercise 6.

Exercises
1. Match the vector field plots in Figure 26.27 with their equations
given below. (The matching will also be useful in Exercise 2
of Section 26.3, Exercise 2 in Section 28.2 and Exercise 2 in
Section 28.3.)
 
1
E
(a) F(x,
y) =
1
!
√ x
x 2 +y 2
E
(b) F(x, y) =
√ y
x 2 +y 2
!
√ y
x 2 +y 2
E
(c) F(x, y) =
√ −x
x 2 +y 2
 
1
E
(d) F(x,
y) =
0
!
y
x 2 +y 2
E
(e) F(x, y) =
−x
x 2 +y 2

E
(f) F(x,
y) =
E
(g) F(x,
y) =




y
−x



−x
0



(c) The magnetic field generated by two vertical wires with
parallel upwards currents.
(d) The electrical field of a positive charge at the origin.
(e) A homogeneous vector field, that is, a vector field which
does not depend on the position of (x, y).
3. Sketch the flow lines of each of the following vector fields.
(a) The vector field in Figure 26.27, part 1)
(b) The vector field in Figure 26.27, part 2)
(c) The vector field in Figure 26.27, part 3)
(d) The vector field in Figure 26.27, part 4)
(e) The vector field in Figure 26.27, part 5)
(f) The vector field in Figure 26.27, part 6)

!
−y
−y
+
x 2 +y 2
(x−1)2 +y 2
x
x−1
+
x 2 +y 2
(x−1)2 +y 2


x
3
√
x 2 +y 2 

E
(i) F(x,
y) = 

y
3
√
x 2 +y 2

E
(h) F(x,
y) =

2. Among the vector field plots in Figure 26.27 identify the plot
that is most closely described by each of the following.
(a) The vector field that for each point on a rotating CD gives
the velocity of the particle at that point.
(b) The vector field that for each point in an eddy in a fluid
gives the velocity of a small volume of fluid at that point.

(g) The vector field in Figure 26.27, part 7)
(h) The vector field in Figure 26.27, part 8)
(i) The vector field in Figure 26.27, part 9)
(j) The vector field in Figure 26.14
4. Consider the vector field in Figure 26.25.
(a) Determine where the field is strongest.
(b) Determine where the field is weakest.
(c) Now interpret the field as a flow field. As we follow the
flow along a flow line, is the flow compressing or decompressing?
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E
(d) F(x,
y) =

KM

6
6

O6





x
−y



 
1
x
E
(e) F(x,
y) = p
y
2
2
x +y
(f) The vector field whose flow lines are given in Figure
26.15
8. Write a symbolic expression for the vector field that is verbally
described.

Figure 26.25: The vector field for Exercise 4.
5. Interpret the vector field in Figure 26.26 as a fluid flow and mark
(a) The region(s) where the flow is compressing,

(a) The field points away from the origin and its magnitude
is equal to the square root of the distance from the origin.
(b) The field is circular around the origin in the mathematically negative direction and its magnitude is constant.

(b) The region(s) where the flow is decompressing,
(c) The region(s) where the flow is strongest,

9. Consider the vector field of a point charge at the origin (cf. Example 26.1.6).

(d) The region(s) where the flow is weakest.
(a) State the first (x−) component of the vector field for
points in the x y-plane. That is, you will have a function
of x and y.
(b) State the first component of the field for all points in
space, that is, as a function of x, y, and z.
(c) Will the expressions for the second and third components
look significantly different?
10. Find the equation of the vector field in Example 26.1.10.
Hint. The equation of the magnetic field surrounding a current is given in Example 26.1.9. The field for q2 in Example
26.1.7 shows how a field that is centered at the origin can be
re-centered using shifts similar to the shifts in the x-direction
for functions of one variable (cf. Section FUN.4).
11. Compute the gradient vector field of the given function.
1
(a) f (x, y) = 2
x + y2
(b)

f (x, y) = x y

(c)

f (x, y, z) = p

Figure 26.26: The vector field for Exercise 5.

1
x 2 + y2 + z2

12. For each of the following vector fields FE
6. Interpret each vector field as a fluid flow and determine
(i) Where the field compresses or decompresses,

E or
E f = F,
• Find a scalar function f such that ∇
E
• Show that F is not a gradient field.

(ii) Where there are sinks or sources in the field.
(a)
(a) The vector field in part 2) of Figure 26.27
(b) The vector field in part 3) of Figure 26.27
(c) The vector field in part 5) of Figure 26.27
(d) The vector field in part 8) of Figure 26.27
7. Sketch the given vector field.
 
x
E
(a) F(x, y) =
y
 
1
E
(b) F(x,
y) =
1
 
y
E
(c) F(x,
y) =
x

E
F(x,
y) =



2x
2y



2x y + y 2
x 2 + 2x y


cos(x)
E
(c) F(x,
y) =
sin(y)

E
(b) F(x,
y) =





2x + yz !
xz
xy
2x + y 2 !
E
(e) F(x,
y, z) = x 2 + 2y
z2
(f) The magnetic field that surrounds a current (graphical explanation suffices)
E
(d) F(x,
y, z) =
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13. Compute the given composition. In each case, the vector field
depends on x and y and the functions cE and sE provide x and y
in their components.


 2 
x2
sin (t)
E
(a) F(x,
y) =
,
c
E
(t)
=
,
y2 + x
cos(t)
E c(t))
compute F(E
 2



x + y2
u+v
E
(b) F(x,
y) =
, sE(u, v) =
−x
u−v
E s (u, v))
compute F(E
14. A 1kg mass on the surface of the earth experiences an acceleration of 9.81 m2 because of the earth’s gravity. With the earth’s
s
circumference estimated at 40, 000km, determine the size of a
point mass at the center of the earth that would cause the same
gravitational force.
We will revisit this idea in Exercise 18 in Section 28.2.
15. The geostationary orbit is the height at which a satellite takes
exactly one day to circle the earth. A satellite at this height
above the equator, moving in the mathematically positive direction when viewed from above the North Pole, will not change
its relative position with respect to any location on earth. Many
communications satellites are positioned in the geostationary
orbit. In this exercise we shall compute its height.
(a) Corollary 24.2.20 gives the force that must act on a mass
m that moves at velocity v to maintain a circular orbit
of radius r . Explain why for any circular orbit of raGm M
dius r this force must be equal to F =
, where
r2
M ≈ 5.9763 × 1024 kg is the mass of the earth and
Nm2
G ≈ 6.6720 · 10−11 2 is the gravitational constant.
kg
(b) Express the velocity that a satellite on the geostationary
orbit must have in terms of the radius of the orbit.
(c) Substitute the expression from Exercise 15b into the equation from Exercise 15a and solve for r . This is the radius
of the geostationary orbit. (Mind the units.)
(d) The height of the geostationary orbit is usually reported
as 35, 786km above mean sea level. If this number is
different from the value that you have computed, please
explain the difference.
(e) At what speed v must a satellite fly to maintain its position on the geostationary orbit?
16. The direction field of a function f (x).
(a) Explain why for a function f (x) ofone variable
the vec
1
1
tor field D(x, y) = q
is the direcf (x)
1 + ( f (x))2
tion field as defined in Section IND.A.


1
1
(b) Identify the vector field D(x, y) = p
x 2 + 4x + 5 x + 2
in Figure IND.I.
Hint. This is not half as hard as it looks. Consider Exercise 16a.
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1)

2)

3)

4)

5)

6)

7)

8)

9)

Figure 26.27: Vector field plots for Exercises 1 and 2.
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Line Integrals in Vector Fields

Vector fields manifest themselves through their interactions with objects. Theorists use this interaction to detect the field and determine more of its properties.
 

∗
Practitioners put the vector field to use (for example, in hydroelectric power plants
E
1W
=
FE cE ti−1
· 1E
c
 



gravitation pulls the water across the turbine that generates electricity) or determine
∗
0
∗
≈
FE cE ti−1 · cE ti−1 1t
how much of an adversary it is in an application (for example, gravity is an obstacle
*6
1E
c
to space travel).
K

E
F cE ti−1
To start our analysis, consider a force field, such as a gravitational or an electrical field. Energy can be gained by moving an object in the direction of the field.
cE(ti )

cE(ti−1 )
Conversely, if we are moving against the direction of the field, energy is needed to
move the object. To compute this energy we start with first principles. Work is the
ry
dot product of force and distance traveled W = FE · dE (cf. Section 20.3). Because
cE(a)
u
we are moving through a force field, the force depends on the present position. This
Figure 26.28: The work needed to move through means we cannot simply compute one scalar product.
a field along a curve is computed in small increSections DEF.B and API.F show how to handle a variable force that is parallel to
ments 1W to account for variations in the field
the
direction of motion. The same type of analysis works in higher dimensions.
and the bending of the curve.
The natural law is stated under the assumption that all quantities involved are constant. By investigating small increments we derive laws for more dynamic situations. Let our path be cE(t) with a ≤ t ≤ b. Choose t0 = a, t1 , . . . , tn = b
such that the step 1E
c := cE(ti ) − cE(ti−1 ) is so short that the force is approximately
E i−1 ) along this stretch of cE. (This is possible if the force field FE is
equal to F(t
continuous.) Then the work performed by going from cE(ti−1 ) to cE(ti ) is approximately 1Wi := FE (E
c(ti−1 )) · (E
c(ti ) − cE(ti−1 )) . The overall amount of work then
n
n
X
X
is W ≈
1Wi =
FE (E
c(ti−1 )) · (E
c(ti ) − cE(ti−1 )) . The above looks like a Riei=1

i=1

mann sum with scalar products instead of multiplication of numbers and a vector
quantity 1E
c := cE(ti )− cE(ti−1 ) instead of the scalar 1x = xi − xi−1 . Thus we should
be able to express the work as an integral. We will do so by reducing the whole
expression to an integral of a scalar function.
For sufficiently small 1E
c = cE(ti ) − cE(ti−1 ) we have that cE0 (t) is approximately
0
equal to cE (ti−1 ) from ti−1 to ti . Hence 1E
c = cE(ti ) − cE(ti−1 ) ≈ cE0 (ti−1 )(ti − ti−1 )
n
n
X
X
and the work becomes W ≈
1Wi =
FE (E
c(ti−1 )) · cE0 (ti−1 ) (ti − ti−1 ). This
i=1

i=1

E c(t)) · cE0 (t) over the inexpression is a Riemann sum of the real-valued function F(E
terval [a, b]. As we let n → ∞, this sum will converge (under mild technical condiZ b
tions) and we obtain the work performed as the integral W =
FE (E
c(t)) · cE0 (t) dt.
a

Because of the above derivation of work performed by a force field, we define
\Integration is a universal tool the line integral of a vector field as follows.

that allows the analysis of
phenomena in which quantities
vary using tools designed for
situations in which these
quantities are constant."

Definition 26.2.1 If the vector field FE is continuous on the curve C with
parametrization cE(t) and the parametrization cE is differentiable, then we define
the line integral of the vector field FE along the curve C as
Z
Z b
FE · d cE :=
FE (E
c(t)) · cE0 (t) dt
C

a

Formally we have defined the line integral using one parametrization of the
curve C. It would be strange indeed if the work needed to move along a given
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curve C depended on the parametrization of the curve. Naturally, the line integral is independent of the parametrization as Proposition 26.2.2 shows. Exercise 6
illustrates Proposition 26.2.2 with an example.
Proposition 26.2.2 Let FE be a continuous vector field, let C be parametrized
by the differentiable functions cE(t), a ≤ t ≤ b and sE(u), d ≤ u ≤ e. Then
Z b
Z e
FE (E
c(t)) · cE0 (t) dt =
FE (Es (u)) · sE0 (u) dt
a

d

Proof (sketch). Since cE and sE both parametrize the same curve, there is a
differentiable function that maps [a, b] to [d, e] such that cE(t) = sE(g(t)), g(a) = d
and g(b) = e. (This is the hard part of the proof, which we skip. Formally we have
to prove that g exists.) Now
Z

b

FE (E
c(t)) · cE0 (t) dt

b

Z
=

a

FE (Es (g(t))) · (Es ◦ g)0 (t) dt

a

Differentiate the composition sE ◦ g with
the chain rule.
b

Z
=

FE (Es (g(t))) · sE0 (g(t))g 0 (t) dt

a

By the substitution rule (cf. Theorem
FTC.D) this is exactly the integral we were
looking for.
e

Z
=

FE (Es (u)) · sE0 (u) dt

d

Line integrals for which the parametrization of the curve is known are easy to
set up.


−y
E
Example 26.2.3 Compute the line integral of the vector field F(x, y) =
x


cos(t)
along the path cE(t) =
with 0 ≤ t ≤ π .
sin(t)
Substituting the path into the vector field we obtain




−y
− sin(t)
E
E
F (E
c(t)) = F(x, y)
=
=
.
x
cos(t)
x=cos(t),y=sin(t)
x=cos(t),y=sin(t)
This leads to the integral
Z

FE · d cE =

C

π

Z

Z0 π
=



− sin(t)
cos(t)

 

Z π
− sin(t)
·
dt =
sin2 (t) + cos2 (t) dt
cos(t)
0

1 dt = π

0

Figure 26.29 confirms the sign of our result. The direction of motion is largely
parallel to the direction of the vector field, which means a particle in a force field
would gain energy along this trajectory.

Figure 26.29: The vector field and the path in
Example 26.2.5.
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Side calculation.
FE(kE(t))
= FE(x,y)lx=cos(t),y=-sin(t)
=



=



-y
x


x=cos(t),y=-sin(t)

sin(t)
cos(t)
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As long as we interpret our vector field as a force field, the sign of the line
integral tells if the particle moving along the given trajectory gains energy from the
field as in Example 26.2.3 or if work has to be done to move the particle against the
direction of the field as below.


−y
E
Example 26.2.4 Compute the line integral of the vector field F(x, y) =
x


cos(t)
E =
along the path k(t)
with 0 ≤ t ≤ π.
− sin(t)
After substituting the parametrization of the curve into the vector field, the
integral is
 

Z
Z π
Z π
− sin(t)
sin(t)
FE · d kE =
·
dt =
− sin2 (t) − cos2 (t) dt
cos(t)
−
cos(t)
C
0
Z0 π
=
−1 dt = −π.
0

Figure 26.30 confirms the sign of the integral. The direction of motion is “against”
the direction of the vector field. Thus a particle in a force field would lose energy
along this trajectory.

Examples 26.2.3 and 26.2.4 show that while the line integral does not depend
on the parametrization of the curve, it does depend on which curve we take from
one point to another. The vector field and the paths are given in Figures 26.29 and
26.30. We see that traversing the lower half of the circle requires work against the
field, while on the upper half of the circle we travel with the field. There are vector
fields for which the line integral only depends on the endpoints of the curve. Such
vector fields are called conservative vector fields. They are important in physics.
We will investigate them extensively in Section 26.3.3.
Line integrals are a bit more work when we have to find the parametrization of
the path.


Figure 26.30: The vector field and the path in
−y
E
Example 26.2.5 Integrate the vector field F(x, y) =
over the circle of raExample 28.6.2.
x
dius 2, centered at (1, 0) in the positive direction. (We will revisit this integral in
Example 28.6.2.)
The standard parametrization for a circle of radius 
2 traversed in the positive
2
cos(t)
E =
direction and centered at the origin is k(t)
, 0 ≤ t ≤ 2π. To center
2 sin(t)
this circle at the point (1,
 0)we add the position
  vector of thecenter to obtain the
1
2 cos(t)
1 + 2 cos(t)
parametrization cE(t) =
+
=
, 0 ≤ t ≤ 2π.
0
2 sin(t)
2 sin(t)


−y
E
With x = 1 + 2 cos(t) and y = 2 sin(t) plugged into F(x,
y) =
we
x


−2 sin(t)
obtain FE (E
c(t)) =
and we can set up and compute the line integral.
1 + 2 cos(t)



Z 
Z 2π 
−y
−2 sin(t)
−2 sin(t)
d cE =
x
1 + 2 cos(t)
2 cos(t)
C
0
Figure 26.31: The vector field and the path in
Z 2π
Example 26.2.5.
=
4 sin2 (t) + 2 cos(t) + 4 cos2 (t)dt
0
Z 2π
=
4 + 2 cos(t)dt = 8π
0
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Figure 26.31 shows the vector field and the circle over which we integrate. Note
that Example 26.2.5 shows that there is a spin in the vector field. This is because
we can go around a closed circle and the net line integral is positive. This means
we have gained energy by completing the loop. Section 26.3.3 shows that this is
not possible in a gradient field. Section 28.3 shows how this phenomenon is related
to the “curl” of a vector field.
Line integrals in three dimensional coordinates can be set up equally easily.


√

−x
2

2

2

3

x +y +z


−y
3
√
E
Example 26.2.6 Compute the line integral of F(x,
y, z) = 

x 2 +y 2 +z 2

−z
3
√
2 +y 2 +z 2
x
 
t
the path cE(t) =  t  with 1 ≤ t ≤ 2.
t


Z
C

FE · d cE =

Z

2







Z

2

1

−t
√
3
t 2 +t 2 +t 2
−t
√
3
t 2 +t 2 +t 2
−t
√
3
t 2 +t 2 +t 2
1

3− 2

= −
1




 along




 

Z 2
1

−t
 ·  1  dt =
3 √ 3 dt

1

1
3t 2

1
1 1
dt = 3− 2
2
t
t

2
1

1
= − √ ≈ −0.2887
2 3

Finally, when all else fails (in two, three or any other dimensions) we can always set up the integral and compute it with a computer algebra system.


√

−x
2

2

2

3



x +y +z




−y


√

E
3  along
Example 26.2.7 Compute the line integral of F(x, y) = 
x 2 +y 2 +z 2 


−z
√
3
x 2 +y 2 +z 2
 

2 − sin π2 t

the path cE(t) = 
2t−1
 with 1 ≤ t ≤ 2. (We will revisit this line
2 3π
1 + cos 2 t
integral in Example 26.3.3.)


P(x, y, z)
E
If we let the components of FE be F(x,
y, z) =  Q(x, y, z) , then we can
R(x, y, z)
set it up the line integral directly in a computer algebra system as shown in Figure
26.32. For complicated line integrals like this one, this is highly appropriate. The
integral is

Note that we have the same start and end point as in Example 26.2.6 and that
unlike for Examples 26.2.3 and 26.2.4 we appear get the same result for the two
Figure 26.32: The setup to compute the integral
integrals this time. In Example 26.3.3 we will see that the integrals in Examples in Example 26.2.7.
26.2.6 and 26.2.7 are indeed equal.
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Line integrals over paths with corners can be pieced together from several
differentiable segments. Because this is rather common, the notation “piecewise
smooth” is usually associated with the curves along which we can compute line
integrals.
Definition 26.2.8 A curve C is called piecewise smooth if and only if there is
a parametrization cE(t), a ≤ t ≤ b of C and numbers a = t0 < t1 < · · · <
tn such that cE is differentiable with a continuous derivative on each interval
[ti−1 , ti ]. The line integral of a continuous vector field FE over a piecewise
smooth curve is defined to be
Z
Z b
FE · d cE :=
FE (E
c(t)) · cE0 (t) dt

y

6

C

v(1, 1)

cEd (t) =



1−t
1−t

where the fact that the derivative may not exist at ti does not matter. (The
integral is usually pieced together.)


cEv (t) =

 
1
t

6
(0, 0) v

a

-

v(1, 0)

 
t
cEh (t) =
0

x

Figure 26.33: The triangle in Example 26.2.9
with the boundary traversed in the positive direction.

Compute FE(cEh (t)) and cEh '(t)
here.

Explain why we could have also
parametrized
Cd with
 
t
cEd =
, where t goes
t
\backwards" from 1 to 0.

Just as before, the integral does not depend on the specific parametrization we
use.
 x 
e
E
Example 26.2.9 Compute the line integral of the vector field F(x)
=
along
x y2
the boundary of the triangle with vertices (0, 0), (1, 0) and (1, 1). Move along the
boundary in the mathematically positive direction.
The triangle is pictured in Figure 26.33. The boundary naturally decomposes
into a horizontal part C h , a vertical partCvand a diagonal part Cd . The parametrizat
tion of the horizontal part Cd is cEh =
, 0 ≤ t ≤ 1. The corresponding integral
0
is
Z
Z 1 t  
Z 1
e
1
1
E
F · d cEh =
·
dt =
et dt = et 0 = e − 1.
0
0
Ch
0
0
 
1
For the vertical part Cv , the parametrization is cEv =
, 0 ≤ t ≤ 1. Note
t
that it does not matter that we use the same parameter interval. This is a separate
integral. The line integral over Cv is
Z
Z 1 1  
Z 1
1
e
0
FE · d cEv =
·
dt
=
t 2 dt =
2
t
1
3
Cv
0
0


1−t
Finally, the diagonal part Cd is parametrized by cEd =
, 0 ≤ t ≤ 1. For
1−t
the line integral we obtain

Z
Z 1  1−t  
Z 1
e
−1
FE · d cEd =
·
dt
=
−e1−t − (1 − t)3 dt
3
(1
−
t)
−1
Cd
0
0


1
1
1
1
3
1−t
4
0
1
= e + (1 − t)
=e + ·0− e + ·1 = −e
4
4
4
4
0
The overall line integral over the boundary curve B of the triangle is
Z
Z
Z
Z
FE · d bE =
FE · d cEh +
FE · d cEv +
FE · d cEd
B
Ch
Cv
Cd
  

1
3
1
= (e − 1) +
+
−e =
3
4
12
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26.2. Line Integrals in Vector Fields

Another common notation for line integrals of vector fields is exhibited in Exercise 7

26.2.1

The Scalar Line Integral

The motivation for the line integral of a vector field is the desire to measure the
effects of a field. Because of the fundamental nature of the concept of work, the
line integral of a vector field is usually what people mean when they talk about
line integrals. Yet there is another, scalar, line integral, which arises in certain
applications.
Looking back at the introduction to this section, we see that the curve cE(t) was
partitioned into small curve elements 1E
c ≈ cE0 (t)1t. The length of each of these
0
curve elements is k1E
ck ≈ cE (t) 1t. If we had a wire that is shaped like the
trajectory of cE(t) and whichX
has linear density ρ, X
then we could approximate the

 0 ∗ 
∗
mass of the wire by the sum
ρ cE tk k1E
ck ≈
ρ cE tk∗
cE tk 1t. This
sum becomes an integral if we let the 1t go to zero. This integral is the scalar line
integral.
Definition 26.2.10 If the function f is continuous on the curve C with
parametrization cE(t) and the parametrization cE is differentiable, then we define
the scalar line integral of the function f along C as
Z
Z b
f dc :=
f (E
c(t)) cE0 (t) dt
C

a

6
d cE

One application of the scalar line integral is the computation of masses and
6 θ
I
Z
centers of mass of linearly distributed densities like wires. This application is inZ
Z
vestigated in detail in Exercise 10.
Z
Z rE
Scalar line integrals are also connected to vector fields through the law of Biot
Z
Z
and Savart. The law of Biot and Savart states how to compute the magnetic field
Z
generated by a current I through a differential wire segment d cE. Currents through
Z
Z
isolated differential wire segments are purely conceptual entities. Where would the
Z
~ uP
current come from and where would it go if the wire was not a loop? Yet, just like
mass points, they have been useful and the law of Biot and Savart has been tested
Figure 26.34: The law of Biot and Savart allows
time and again and it has always given correct results.
Theorem 26.2.11 (The law of Biot and Savart.) Suppose a current I goes
through a differential segment d cE of a wire (cf. Figure 26.34). Then the magnetic field generated by this current at a point P is
d BE =

µ0 I d cE × rE
,
4πr 3

where rE is the vector that points from the location of the wire segment to the
point P. For the magnitude of the magnetic field we obtain
dB =

µ0 I sin θ
dc,
4πr 2

where r is the distance between the differential wire segment and the point and
θ is the angle between a vector parallel to the current and the vector rE.

the computation of the magnetic field of a current.

264

Because the direction of a magnetic field is usually determined using symmetry
and the right hand rule for IE × rE, Biot and Savart’s law is normally used to compute
the magnitude of the field at the point in question.

6
the current I
goes up the z-axis

d cE =

26. Vector Fields and Line Integrals

0
0
1

!
dz

Example 26.2.12 Consider a current I in a straight (infinitely long) wire W that
goes along the z-axis. Prove that at a distance R to the wire, the magnitude of the
I
I µ0
magnetic field that surrounds the current is B =
=
. (This proves
rE = rE(z)
z
2
2π ε0 c R
2π R
q
the claim of Example 26.1.8 by using the law of Biot and Savart.)
kE
r k = R2 + z2
As a first step, we coordinatize the situation. We align the wire with the z-axis
?
- and we place the point at (R, 0, 0) (cf. Figure 26.35). This is no loss of generality,
y
because the geometry as described is preserved. At the same time, the choice of a
convenient coordinate system simplifies the resultingcomputation.

0
w
It is now easy to parametrize the z-axis as cE(t) =  0 . We will need to choose
(R, 0, 0)
z
−∞ < z < ∞ as our parameter domain, because we are considering an infinitely
x
long wire. This is no problem, because we know how to solve improper integrals.
To set up the integral, consider a differential element d cE of the wire, located
 at
0
0

(0, 0, z). For the differential length element we obtain the factor cE (z) =
0  = 1.
1
Figure 26.35: A differential wire element as The distance from a differential wire element at (0, 0, z) to the point P is
needed in Example 26.2.12.
   
R
0
p
r =  0  −  0  = R2 + z2
0
z
θ

6

and the sine of the angle between d cE and rE is sin(θ ) =
we obtain the following integral.

Integral formula 44 from the
integral table in Section A.1
on
Z page 376.
1
3 dx
(a2 +x2 ) 2
x
= √
a2 a2 +x2

Z
W

µ0 I sin θ
ds =
4πr 2
=
=

Z

∞
−∞

µ0 I √

R
R 2 +z 2

4π R 2 + z

 dz =
2

µ0 I R
z
√
4π R 2 R 2 + z 2
µ0 I R 2
µ0 I
=
2
4π R
2π R

µ0 I R
4π

z→∞
z→−∞

R
R
=√
. Overall
r
R2 + z2

Z

∞

1

 3 dz
R2 + z2 2



1
µ0 I R 1
=
−
−
4π
R2
R2
−∞

The result is exactly the formula claimed in Example 26.1.8
The connection between the scalar line integral and the line integral for vector
fields is formulated below.
Proposition 26.2.13 If FE is continuous on C and cE is smooth, then
Z
Z
E
F d cE =
FE · TE dc.
C

C

Proof. Left to the reader as Exercise 12.
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26.2.2

The Idea Behind “Differentials”

Our discussion of the law of Biot and Savart involved a lot of talk about
“differential” elements d cE. Scientists and engineers routinely use differential elements instead of small quantities like 1E
c for which we need to let
the length go to zero at some point in time.
The notational advantage is obvious. By replacing small differences with
differentials and sums with integral signs we can directly set up integrals
without any detours through limits of Riemann sums. Readers who do not
like the mystery behind differentials are welcome to re-state the law of Biot
and Savart in terms of short wire elements 1E
c. (This is a good exercise.)
The resulting integrals will be the same.
Historically, limits were introduced as a rigorous foundation to calculus
about 200 years after the inception of calculus by Leibnitz and Newton.
Leibnitz’ formulation always included the idea of differential quantities.
These differentials were to be elements of a size “smaller than any positive
real number but not zero”. It is easy to show that such elements cannot be
real numbers themselves. This made many mathematicians uneasy about
differentials. If they are not real numbers, what are they? Yet the scientific
models built upon these differentials are correct and extremely powerful.
After over a hundred years of searching for a formalism that justified using
differentials, limits came about as a formal substitute.
Differentials were considered a convenient shorthand until the 1960s when
Abraham Robinson constructed a number system that contains the differentials that Leibnitz postulated. This founded a new branch of mathematics
called “nonstandard analysis”. For us this means that differentials are notationally convenient as well as mathematically sound. Hence we should
not have any qualms about using them in applications.
In this text we give references to Riemann sums as necessary and we visualize the involved quantities as differentials. In this fashion the reader is
encouraged to be fluent in both ways of formulating the work with small
quantities. We need to be able to work in both formalisms because modeling usually is done with differentials, but numerical implementation of the
models requires the use of small finite quantities.

Exercises
1. Consider the vector field FE in Figure 26.36.

(a) For which of the paths is the line integral of FE along the
path from A to B largest?
(b) For which path is the line integral of FE along the path
from A to B smallest?

(c) What is your estimate for the value of the line integral of
FE along path 2? Explain why this is your estimate.

(d) Consider path 1. What is the relationship between the
line integral of FE from A to B and the line integral of FE
from B to A? Is your answer a general observation or
does it only apply here?

Figure 26.36: The vector field for Exercise 1.
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2. For this exercise consider the vector field FE in Figure 26.37.
(a) Find a path from A to B such that the integral of FE along
the path is positive.
(b) Find a path from A to B such that the integral FE along
the path is negative.
(c) Can you find a path from A to B such that the integral FE
along the path is 0?
(d) Given an arbitrary real number m, can you find a path
from A to B such that the integral FE along the path is
larger than m? How would you construct such a path?

i. First, along y = x from (0, 0) to (1, 1),
√
ii. Second, along x 2 + y 2 = 2 from (1, 1) to (0, 2)
in the first quadrant.
x2 !
(f) Integrate the vector field FE = y along the line segxz
1 + t) !
ment cE(t) = 3t − 2 , 0 ≤ t ≤ 1
2 − 4t
 
y
E
(g) Integrate the vector field F(x, y) =
along the boundx
2
2
ary of the intersection of the disk x + y ≤ 9 with the
first quadrant.


−y
E
(h) Integrate the vector field F(x,
y) =
around the
x
circle of radius 1 around the origin. Traverse the circle in
the mathematically positive direction.
yx 2 + z 3 !
along the posiz2
2yz
tively oriented intersection of the cylinder x 2 + y 2 = 1
and the plane z = x + 3. (Use of a computer algebra
system is acceptable. Also cf. Example 28.3.5.)

(i) Integrate the vector field

5. Line integrals of force fields.

x+y
acts on an object as it
2x
moves in the plane. Calculate the work done by FE as the
object moves from (0, 0) to (6, 2) by going first along the
curve x = y 2 from (0, 0) to (4, 2) and then along the line
segment from (4, 2) to (6, 2).


−y
(b) The force field FE =
acts on an object as it moves
2x
in the x y-plane. Calculate the work done by FE as the
object moves from (0, 0) to (2, 7) along the following
path:

(a) The force field FE =

Figure 26.37: The vector field for Exercise 2.
3. Evaluate the vector field on the given path or curve, that is, compute FE (E
c(t)) or FE (Es (u, v)) as appropriate.
E
(a) F(x,
y, z) =

!
1
on the surface sE(u, v) =
z
y + 2yz

!
u
v
u 2 + v2

4. Line integrals of vector fields.
 
x
(a) Integrate the vector field FE =
along the circle
y


1 + cos(t)
cE(t) =
, 0 ≤ t ≤ 2π
1 + sin(t)
 2
x
E
(b) Integrate the vector field F =
along the circle
y2


1 + cos(t)
cE(t) =
, 0 ≤ t ≤ 2π
1 + sin(t)


cos(x)
E
(c) Integrate the vector field F(x,
y) =
over the
−x y
 2
t
curve cE(t) = 3 0 ≤ t ≤ 1.
t


−2y
(d) Integrate the vector field FE =
along the followxy
ing paths.
i. From (0, 0) to (4, 2) by going along x = y 2
ii. Along the vertical line segment from (4, 2) to (4, −3)
(e) Integrate the vector field FE = Ei + (x + y) Ej along the
following path:



i. First, along y = x 2 from (0, 0) to (2, 4).
ii. Second, along the vertical line segment from (2, 4)
to (2, 7).


x−y
(c) The force field FE =
acts on an object as it
x+y
moves in the plane. Calculate the work done by FE as
the object moves from (1, 0) to (3, 1) along the following path:
i. First, along x 2 + y 2 = 1 in the first quadrant from
(1, 0) to (0, 1)
ii. Second, along the line segment from (0, 1) to (3, 1).
(d) The force field FE = y 2Ei + x y Ej acts on an object as it
moves in the plane. Suppose the object is moved from
(0, 0) to (3, 6) by first going along y = x 2 from (0, 0)
to (2, 4) and then along y = 2x from (2, 4) to (3, 6).
E
Calculate the work done by F.
(e) The force field FE = yEi + (x y + 1) Ej acts on an object as
it moves in the plane. Calculate the work done by FE for
each of the following motions.
i. The object moves from (0, 0) to (4, 2) along the
curve x = y 2 .
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ii. The object moves from (0, 0) to (4, 2) by going first
along the y-axis from (0, 0) to (0, 2) and then along
the line segment from (0, 2) to (4, 2).
6. (Illustrating Proposition 26.2.2.) Consider the vector field


sin(π x)
E
F(x, y) =
.
y
(a) Integrate thevector
 field along the path C with parametrizat2
tion cE(t) =
with 0 ≤ t ≤ 2.
t
(b) Integrate the vector field along
 thetsame
2  path C, this time
4 2
with parametrization cE(t) =
with 0 ≤ t ≤ 1.
2t
(c) Compare your results.
7. Another notation for line integrals of vector fields. Since x 0 (t) dt =
d x, y 0 (t) dt = dy and z 0 (t) dt = dz, a line integral can be rewritten as
Z
Z b P(x(t), y(t), z(t)) !
x 0 (t) !
E
F d cE =
Q(x(t), y(t), z(t)) · y 0 (t) dt
C
a
R(x(t), y(t), z(t))
z 0 (t)
Z b P(x(t), y(t), z(t)) !
dx !
=
Q(x(t), y(t), z(t)) · dy
a
R(x(t), y(t), z(t))
dz
Z b
=
P(x(t), y(t), z(t)) d x
a

+Q(x(t), y(t), z(t)) dy
+R(x(t), y(t), z(t)) dz.
Two dimensional and other dimensional line integrals can be rewritten similarly. As long as we remember that d x = x 0 (t) dt,
dy = y 0 (t) dt and dz = z 0 (t) dt, there is no problem computing
integrals formulated in this fashion.
Z
(a) Evaluate the line integral
x y d x + x dy where C conC

sists of the line segment from (2, −4) to (2, 0) followed
by the arc of the circle x 2 + y 2 = 4 from (2, 0) to (0, 2)
which is in the first quadrant.
(b) Evaluate the line integral

Z
(1 + x y)d x +
C

1
1 + x2


dy

for each of the following curves from (0, 0) to (2, 4).
(i) C is the parabola y = x 2 from (0, 0) to (2, 4).
ii. C consists of the line segment from (0, 0) to (2, 0)
followed by the line segment from (2, 0) to (2, 4).
iii. C consists of the line segment from (0, 0) to (0, 4)
followed by the line segment from (0, 4) to (2, 4).
8. Connections to other sections.
(a) If the content of Section 23.1.5 is familiar, solve Exercise
6c in that section.
9. Compute the given scalar line integral.
(a) Compute the line integral of f (x, y) = y over the upper
half of the circle x 2 + y 2 = 1.
(b) Compute the line integral of f (x, y) = x over the triangle with vertices (0, ±1) and (1, 0).

10. For thin, linear objects, such as wires, density often is not recorded
as mass per volume, but as mass per length instead. Consider
such a wire bent into the shape given by the curve C and assume
the curve is parametrized by cE(t). The overall mass of the wire
is, as noted inZthe introduction of Section 26.2.1, the scalar line
integral m =
C

ρ dc. In this exercise we will compute some

masses and centers of mass.
(a) Compute the mass of a wire shaped like the given curve
that has the given density. Use a CAS if you think the integral is too tedious to solve by hand, but always attempt
an exact, “by hand” solution first.


cos(t)
i. ρ(x, y) = 2+x + y, cE(t) =
, 0 ≤ t ≤ 2π
sin(t)
!
cos(t)
ii. ρ(x, y, z) = 1, cE(t) =

sin(t) , 0 ≤ t ≤ 10π
t

(b) (This exercise requires familiarity with Section 23.1.5.)
Prove the following.
Let ρ be a density function defined along the curve C
parametrized by cE(t). Prove that the center of mass of this
linearly distributed mass has coordinates
Z
xC =
xρ ds
ZC
yC =
yρ ds
ZC
zC =
zρ ds
C

(c) Compute the center of mass of each of the given wire.
Use a CAS if you think an integral is too tedious to solve
by hand, but always attempt an exact, “by hand” solution
first.
i. The wire in Exercise 10(a)i
ii. The wire in Exercise 10(a)ii
11. Use the law of Biot and Savart or other appropriate arguments to
compute the magnitude of the given magnetic field at the given
point.
(a) The magnetic field at the origin generated by a current I
that runs through the circle x 2 + y 2 = 1 in the x y-plane
in the mathematically positive direction.
(b) The magnetic field at the origin generated by a current
I that runs through the circle x 2 + y 2 = 1 in the plane
z = z 0 in the mathematically positive direction.
(c) The magnetic field at the point (R, 0, 0) generated by a
current I that runs up the z-axis from z = a to z = b.
(d) The magnetic field at the point (R, 0, 0) generated by a
current I that runs up the z-axis and another current of
equal strength I that runs up the axis x = 2R, y = 0.
12. Prove Proposition 26.2.13.
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The Fundamental Theorem for Line Integrals

In Examples 26.2.6 and 26.2.7 we obtained the same result for two line integrals of
a vector field. The curves had the same starting and ending points, but they were
not equal from start to finish. In Examples 26.2.3 and 26.2.4 we also considered
two line integrals of a vector field along different curves with the same starting and
ending points. Yet the integrals in Examples 26.2.3 and 26.2.4 were different. The
inequality was easy to explain. In Example 26.2.3 we went “with the field”, which
allows us to draw energy from the field. In Example 26.2.4 we traveled “against
the field”, which requires energy. In this section we shall investigate the fields for
which the line integral only depends on the end points of the curve, not on the curve
itself. That is, we will investigate fields for which the behavior of Examples 26.2.6
and 26.2.7 always occurs and the behavior of Examples 26.2.3 and 26.2.4 never
occurs.
Section 26.3.3 shows that gradient fields are exactly the fields for which the line
integral does not depend on the path taken. This is a nice geometric characterization
of gradient fields, which also has significant conceptual consequences (cf. Section
26.3.4).

26.3.1

Deriving the Fundamental Theorem for Line Integrals

The formal tool that gives us access to this characterization of gradient fields is the
Fundamental Theorem for Line Integrals. This theorem says that in a gradient field,
the potential difference between two points gives the amount of energy needed to
move from one point to the other.
Theorem 26.3.1 (The Fundamental Theorem for Line Integrals.) Let C be
piecewise smooth and parametrized by cE(t), a ≤ t ≤ b. If f is differentiable
E f is continuous on C, then
and ∇
Z
E f · d cE = f (E
∇
c(b)) − f (E
c(a)).
C

Proof. We will assume that cE(t) is differentiable. The result for piecewise
smooth curves is obtained by repeatedly applying the result for the differentiable
pieces of the curve (cf. Exercise 7).
The proof for differentiable curves cE(t) is an application of the multivariable
chain rule in conjunction with the Fundamental Theorem of Calculus.
Z
C

b

Z

E f (E
∇
c(t)) · cE0 (t) dt
 ∂f
  d x1 
(E
c(t))
(t)
∂ x1
dt
Z b  ∂f
d x2


c(t))   dt (t) 
 ∂ x2 (E

=

 ·  .  dt
..
.



a
. 
.

E f · d cE =
∇

a

∂f
(E
c(t))
∂ xn

b

Z
=
a

n
X
∂f
d xi
(E
c(t))
(t)dt
∂ xi
dt
i=1

Chain Rule!
Z
=
a

b

d xn
(t)
dt

d
f (E
c(t) dt
dt
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Fundamental Theorem of Calculus
f (E
c(b)) − f (E
c(a))

=

26.3.2

Using the Fundamental Theorem for Line Integrals

The Fundamental Theorem for Line Integrals significantly shortens computations
of line integrals for gradient fields.


2x + π cos(π x)y
E
Example 26.3.2 Compute the line integral of F(x, y) =
along
1
sin(π x) + y+2


t2
the curve parametrized by cE(t) =
with 0 ≤ t ≤ 1.
cos (πt)
At first glance, this task looks nearly impossible. The resulting integral will
indeed be very complicated. However, via
Z
2x + π cos(π x)y ∂ x = x 2 + sin(π x)y + c y
Z
1
sin(π x) +
∂ y = sin(π x)y + ln(y + 2) + cx
y+2
E
E f = F.
we conclude
that f (x, y) =x +sin(π x)y + ln(y + 2) is such that ∇
 
0
1
With cE(0) =
and cE(1) =
we obtain
1
−1
2

Z

FE · d cE =

C

f (1, −1) − f (0, 1) = x 2 + sin(π x)y + ln(y + 2)

E f=FE.
Verify that ∇

(1,−1)
(0,1)

= 1 + 0 · (−1) + ln(1) − [0 + 0 · 1 + ln(3)] = 1 − ln(3)

The Fundamental Theorem for Line Integrals works in any dimension. In particular, it works for three dimensional fields as encountered in Examples 26.2.6 and
26.2.7.
Example 26.3.3 (Example
26.2.7 revisited.)
Compute the line integral of the vec

−x
√
3
 

x 2 +y 2 +z 2 
π

2
−
sin
t
2


−y
√
3  along the path c
E

E(t) = 
tor field F(x,
y) = 
2t−1

x 2 +y 2 +z 2 

3π
2


1 + cos 2 t
−z
√
3
x 2 +y 2 +z 2

with 1 ≤ t ≤ 2.
 
1
1
E
E

By Example 25.1.6 we have that F = ∇ p
. Therefore, with cE(1) = 1 
x 2 + y2 + z2
1
 
2
and cE(2) =  2  we have
2
Z
C

FE · d cE =

1
p

x 2 + y2 + z2

(2,2,2)

(1,1,1)

1
1
1
= √ −√ =− √ ,
3
2 3
12
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which is the same result as in Example 26.2.6. The Fundamental Theorem
for Line Integrals explains why this is so. Any line integral of the vector field FE
depends only on the starting and ending point of the curve. Whether the path is
simple as in Example 26.2.6 or complicated as in Example 26.2.7 does not change
the result.

26.3.3

A Geometric Characterization of Gradient Fields

The Fundamental Theorem for Line Integrals has some immediate general consequences for line integrals of gradient fields. For example, because closed curves
have the same start and end point, line integrals of gradient fields over closed curves
are zero. Since line integrals over closed curves are also important in other situations (cf. Section 28.3) they are often denoted with a special symbol.
p

u

Definition 26.3.4 A curve K parametrized by cE(t) with a ≤ t ≤ b is called
closed if and only if cE(a) = cE(b). Let FE be a vector
I field. Then the
Z line integral
of FE over the closed curve K is also denoted by
FE · d cE :=
FE · d cE. That
K

K

is, the integral with the circle is a regular line integral. The circle simply points
out that the integral is over a closed curve.

C connects p and q

C

Aside from closed curves, the Fundamental Theorem for Line Integrals also
tells us something about integrals over curves with the same start and end points.
The line integral of a gradient field only depends on the start and end point of the
Figure 26.38: In a pathwise connected region D, curve.
u

q

any two points p and q can be connected by a
curve that stays within the region D. (Even if
the curve has to twist a bit.)

E The
Definition 26.3.5
Let D be a region in the domain of the vector field F.
Z
line integral
FE · d cE is path-independent in D if and only if for any two
C

u
p
Any connection from p to q
must leave the region.

curves C1 and C2 in D with the same initial and terminal points we have
Z
Z
FE · d cE =
FE · d cE
C1

C2

As we are talking about curves, it is reasonable to restrict our attention to regions in which any two points can be connected by a curve.

~

uq

Figure 26.39: In a disconnected region D, there
are p and q that cannot be connected by a
curve that stays within the region D. Disconnected regions are made up of several unconnected pieces.

Definition 26.3.6 A region D is called (pathwise) connected (cf. Figure
26.38) if and only if for all pairs p, q of points in D we have that there is
a continuous function cE on [0, 1] such that
1. cE(0) is the position vector of p, and
2. cE(1) is the position vector of q, and
3. For all t in [0, 1] the endpoint of the position vector cE(t) is in D.
Regions that are not connected are also called disconnected (cf. Figure
26.39).
Theorem 26.3.7 now sums up the informal observations made above. Moreover, it shows that our observations are equivalent to the property of being a gradi-
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ent field.

Theorem 26.3.7 Let FE be a vector field that is defined on the connected region
D. The the following are equivalent.
E f,
1. There is a function f on D such that FE = ∇
I
2. The line integral
FE · d cE is zero for every closed curve K in D,

terminal point

u

K

Z
3. The line integral

FE · d cE is path-independent in D.

= >cE2 (t)

C


cE1 (t)

Proof. We shall prove “1⇒2⇒3⇒1”, which will establish the theorem.
For “1⇒2” let K be a closed curve parametrized by cE(t) with a ≤ t ≤ b. Then
cE(b) = cE(a) and by the Fundamental Theorem for Line Integrals we obtain
I
Z
E
E f · d cE = f (E
F · d cE =
∇
c(b)) − f (E
c(a)) = 0.
K



u
initial point

K

For “2⇒3” note (cf. Figure 26.40) that two curves C1 and C2 with the same
start- and endpoints can be turned into a closed curve K by starting at the common
start point, traversing C1 in the forward direction to the common endpoint and then
traversing C2 in the reverse direction back to the common start point. With C1 and
C2 being two arbitrary curves in D with the same start and end points, we thus
obtain the following.
I
FE · d cE = 0
K
Z
Z
E
F · d cE −
FE · d cE = 0
C1
C2
Z
Z
FE · d cE =
FE · d cE
C2

C1

Since C1 and C2 were two arbitrary curves
in D with the same start and end
Z
points we have shown that the line integral
FE · d cE is path-independent in D.
C

E
For “3⇒1” we must
Z define a potential function f for the vector field F. Because the line integral
FE · d cE is path-independent in D, we can identify the value
C

of each line integral of FE in D from the endpoints
of theZ path. Thus in the rest of
Z
q

FE · d cE :=

this proof for any points p, q in D we set
p

FE · d cE for any curve C

C

which starts at the point p, ends at the point q and stays in D.
To abbreviate notation, we shallprove theresult for the case that D is a twoP(x, y)
E
dimensional region and F(x,
y) =
is a two-dimensional vector field.
Q(x, y)
The proof is the same in higher dimensions, but notation becomes a little more
cumbersome.
Z (x,y)
Choose p to be an arbitrary point in D and define f (x, y) :=
FE · d cE
p

for (x, y) in D. Since the line integral is path-independent, this defines a funcE f = FE we need to show ∂ f (x, y) = P(x, y) and
tion on D. To show that ∇
∂x

Figure 26.40: Converting between two curves
C1 , C2 with the same initial and terminal points
and a closed curve K in the part “2⇒3” of the
proof of Theorem 26.3.7. The dashed arrows
give the traversal of the joined curve K from initial point to terminal point and back to the initial
point.
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(x + h, y)

u

26. Vector Fields and Line Integrals

∂f
(x, y) = Q(x, y). Since the proofs for both equations are similar, we will only
∂y
prove the first equation. As is so often the case, the proof goes back to the definition
of partial derivatives via difference quotients.



MO

u
p

Figure 26.41: The paths used in the proof of
“3⇒1” in Theorem 26.3.7. Instead of going
down the left path and up the right one (separate
arrows), we can also go straight across.

∂f
f (x + h, y) − f (x, y)
(x, y) = lim
h→0
∂x
h
Z (x+h,y)

Z (x,y)
1
E
E
= lim
F · d cE −
F · d cE
h→0 h
p
p
As Figure 26.41 shows, the difference
is the integral over the joined path from
(x, y) to (x + h, y) that goes through p.
Z

1
= lim
FE · d cE
h→0 h
(x,y)→ p→(x+h,y)
As Figure 26.41 shows, by assumption
3, the integral over the path through p is
the same as the integral over the straight
horizontal line segment between the endpoints.
Z
1 (x+h,y) E
= lim
F · d cE
h→0 h (x,y)
The easiest way to parametrize a
path from
(x, y) to (x + h, y) is

x +t
cE(t) =
with 0 ≤ t ≤ h.
y
 
Z
1 h E
1
= lim
F(x + t, y) ·
dt
0
h→0 h 0
Z
1 h
= lim
P(x + t, y) dt
h→0 h 0

=

Use the Derivative Form of the Fundamental Theorem of Calculus
P(x, y)

Example 26.3.8 Theorem 26.3.7 makes it easy to graphically recognize vector
fields that are not conservative. For example, the field in Figure 26.42 is not conservative, because the integral along the indicated circle will not be zero. If we traverse
the circle in the mathematically positive direction, the integral will be positive, because we move “with the field” throughout the traversal. If we traverse the circle
in the mathematically negative direction, the integral will be negative, because we
move “against the field” throughout the traversal.
Figure 26.42: The vector field and the path in
It should be noted that it is not possible to prove graphically that a vector field
Example 26.3.8.
is conservative. This is because some disturbances in the field may be too small
to be correctly judged graphically, but might still be sufficient to introduce some
integrals over closed curves with small, nonzero values.
Remark 26.3.9 There is also a computational condition that is equivalent to being
a gradient field. This condition is proved in Theorem 28.4.2 for three dimensional
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vector fields. The special case of two dimensional vector fields is an easy consequence, given in Corollary 28.4.5.

26.3.4

The Impossibility of a Perpetual Motion Machine

Condition 2 of Theorem 26.3.7 shows that in a gradient field energy is neither
gained nor lost when we traverse a closed path. This conservation of energy gave
rise to the following notation.
Definition 26.3.10 Gradient fields are also often called conservative vector
fields.

If the potential function is
The level surfaces of the potential function of a conservative vector field define equal at the starting point
the regions of equal potential energy as related to the field.
and endpoint of a curve, then
the line integral is zero.
E f be a conservative vector field. The level
Definition 26.3.11 Let FE = ∇
E
surfaces of f are also called the equipotential surfaces of the vector field F.
By Proposition 25.3.12 the conservative vector field FE is perpendicular to its
equipotential surfaces.
In centuries past, ill-fated attempts have been made to construct what is called
a “perpetual motion machine”. This is a machine that, once started, either never
stops, or that possibly even produces some energy to be used elsewhere. Of course,
by the principle of conservation of energy and by the steady increase of entropy,
this is impossible. Yet that has not stopped the attempts!
A classical attempt is the “idea” of lifting up a mass and then finding a tricky
way to lower it that releases more energy than was needed to lift up the mass. The
fact that the gravitational field is a gradient field shows why such a machine will
not produce energy. If we fix the highest and lowest points on the path of the mass,
condition 2 of Theorem 26.3.7 guarantees that the amount of energy needed to go
up to the highest point is always equal to the amount of energy released on the way
down, no matter how tricky the motion is. Throw in the fact that there will always
be some friction and whatever moves the mass must eventually come to a halt. We
conclude (once more) that there will never be perpetual motion machines.
The impossibility of a perpetual motion machine does not mean however, that
it is impossible to use a conservative vector field to convert energy or that all vector
fields are conservative. Let’s analyze these two phenomena.
It is possible to use a conservative vector field to convert energy. In a hydroelectric plant the gravitational field pulls water across turbines, which convert
the kinetic energy of the water into electrical energy. The electrical energy that we
“gain” for use is offset by the water’s corresponding “loss” of kinetic and ultimately
potential energy.
Not all vector fields are conservative. Examples 26.2.3 and
 26.2.4
 show that the
−y
magnetic field of a wire, which is a scaled version of FE =
is not conservax
tive. This is not a problem, because the magnetic field does not provide forces
 that

−y
would pull an object around a circle. Vortices in fluids look similar to FE =
x
and they do speed up an object that then seemingly goes around the same circle
over and over again. However, this is an imprecise observation.
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In a vortex in a fluid, the vectors are not exactly tangential to circles. They
will either point a little bit outwards or inwards. Thus it is not the same fluid
that goes around the vortex forever and any energy “gain” by a particle in
the vortex is once more offset by a “loss” of energy in the fluid.

Exercises
1. Determine which of the vector fields below are conservative.
• For the non-conservative fields determine a closed path
along which the line integral is not zero.
• For the conservative fields find a potential function.


−y
E
(a) F(x,
y) =
x


2x + y
E
(b) F(x,
y) =
x
2. For each vector field below, if possible, prove that the vector
field is not conservative by sketching a closed curve C with
I
FE · d cE 6= 0. If this is not possible, find a potential function.
(You will need Exercise 1 in Section 26.1.)
(a) The vector field in Figure 26.27, part 1)
(b) The vector field in Figure 26.27, part 2)
(c) The vector field in Figure 26.27, part 3)
(d) The vector field in Figure 26.27, part 4)
(e) The vector field in Figure 26.27, part 5)
(f) The vector field in Figure 26.27, part 6)
(g) The vector field in Figure 26.27, part 7)
(h) The vector field in Figure 26.27, part 8)
(i) The vector field in Figure 26.27, part 9)
(j) The vector field in Figure 26.14
3. Compute the line integral of the given vector field FE over the
given curve cE. If appropriate, use the Fundamental Theorem for
Line Integrals.


2x y 2
E
(a) The line integral of the vector field F(x,
y) =
2yx 2
 t

e cos(t)
along the path rE(t) =
, where 0 ≤ t ≤ 2π.
et sin(t)


−y 2 sin(x)
E
(b) The line integral of the vector field F(x,
y) =
2y cos(x)


cos(t)
along the path rE(t) =
with 0 ≤ t ≤ 2π .
sin(t)
 2
y
E
(c) The line integral of the vector field F(x,
y) =
x2
along the circle of radius 1 about the origin.
 3
x
E
(d) The line integral of the vector field F(x,
y) =
y3
over the line segment from (2, 4) to (−2, 0).
4. Conservative force fields
1 

y  is conser(a) Show that the force field FE = 
x 
2
3y − 2
y
vative in the region y > 0 by finding a potential function
for it. Now calculate the work done by FE as it acts on an
object which moves in the upper half plane from (0, 3) to
(6, 2).


2x +

2x  !
x 2 +y 2
is
x 2 + 22y 2  + 1
x +y

2x y +

(b) Show that the force field FE =

conservative in the region (x, y) 6= (0, 0) by finding a
potential function for it. Now use this potential function
to calculate the work done by FE as it acts on an object
which moves from (2, 1) to (3, 4) along any path which
does not pass through (0, 0).

4+y 2 !
−
2
(1+x)
(c) Show that the force field FE =
is conserva2y
2y + 1+x
tive in the region x > −1 by finding a potential function
for it.


x E
(d) Show that the force field FE = (2x + ln y)Ei + 1 +
j
y
is conservative in the region y > 0 by finding a potential
function for it. Now use this potential function to calculate the work done by FE as it acts on an object which
moves in the upper half plane from (−1, 1) to (3, 2).

 

1
x
(e) Show that the force field FE =
+ 2x Ei+ 3y 2 − 2 Ej
y
y
is conservative in the region y 6= 0 by finding a potential
function for it. Now use this potential function to calculate the work done by FE as it acts on an object which
moves from (x, y) = (2, 1) to (x, y) = (1, 3) along any
curve in the upper half plane.
(f) Show that the force field
!


2x
x2
E
E
Ej is conservaF = 2+
i + 2y −
1+y
(1 + y)2
tive in the region y > −1 by finding a potential function
for it. Now calculate the work done by FE as it acts on
an object which moves from (1, 0) to (9, 3) along any
piecewise smooth curve in the region y > −1.
5. State the precise definition of a disconnected region by negating
the definition of a connected region.
6. Analyzing Theorem 26.3.7.
(a) State what it means to not be a gradient field by negating
part 2 of Theorem 26.3.7.
(b) State what it means to not be a gradient field by negating
part 3 of Theorem 26.3.7.
7. Prove the Fundamental Theorem for Line Integrals for a piecewise smooth curve cE(t), a ≤ t ≤ b.
Hint. Let a = t0 < t1 < · · · < tn−1 < tn = b be a partition
of the parameter interval such that cE(t) is differentiable on each
interval [tn−1 , ti ]. Apply the Fundamental Theorem for Line
Integrals on each interval separately and sum the results.

